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His TroRICAL ACCOUNT 
OF THE 


Riſe and Progreſs 


OF THE 


MATHEMATICKS. 


T ſeemꝰ d meet to me, when I was about to ſet 
forth the Elements of the Mathematicks, 
to premiſe a few Things concerning the 
Riſe and Excellency of this Science, that 
its Candidates may underſtand what a Kind of 
Science it is to which they are about to dedicate 
themſelves ; and that it may be made manifeſt 
againſt thoſe who flight thoſe Things whereof 
they are ignorant, of how great Value and Dig- 
nity this Knowledge is, which the wiſeſt Men 
of all Ages have, with incredible Study, la- 
bour'd to attain unto, and become poſſeſs'd of. 
Moreover, I muft own that Peter Ramu#'s 
Labours have been of great Service to me in 
the compiling of this Account, who in the 
whole firſt Book of his Inſtitution, which is 
A 2 not 
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An Hiſtorical Account of the 
not a little one, hath out of Proclus, Laertius, 
Gellius, Polybius, Tzetzes, and others, com- 
pos'd a Mathematical Hiſtory both accurately 
and copiouſly. 


The Mathematical Sciences were the firſt of 
all others amongſt Men, if we may believe Jo- 


fephus. He, Book I. Chap. 3, writeth, that the 


Poſterity of Seth obſerv'd the Order of the 
Heavens, and the Courſes of the Stars. And 
leſt theſe Inventions ſhould flip out of the 
Knowledge of Men, Adam having predicted a 
twofold Deſtruction of the Earth, one by a 
Deluge, the other by Fire, they rais'd two 
Columns, one of Brick, of Stone the other ; 
and infcribed their Inventions u them, 
that, if the Brick one ſhould ha to be 
deſtroy'd by the Deluge, that of Stone which 
would remain might afford Men an 


rity of being inſtructed, and preſent to their 


View the Things which it had inſcribed on it. 
They fay alſo that that ſtone Pillar, which even 
in our Days is ſeen in Syria, was dedicated by 
them. This Jeſepbus ſays: whom I leave to 
vouch for the Story. 


That the Afſyrians and Chaldeans were the 
firſt of Mortals, after the Flood, who applied 
themſelves to the Mathematicks, is delivered 
by the fame 7oſephus; as alſo by Pliny, Dio- 
dorus, and Cicero, But the Mathematic Arts 
which firſt ſpran 
amongſt whom they flouriſhed, were after- 
wards transferr'd out of Chaldea and Affyria 


unto the Eg ypiians, by Abrabam. For, when, 


at the Command of God, he went forth from 
| his 


g amongſt the Chaldeans, 
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Riſe and Progreſs of the Matlematicłs. 
his native Soil into Paleſtine, and from thence 
into Egypt, and perceiv'd the Egyptians to be 
taken with the Study of good Arts, and to be 
of a very notable Wit and Capacity for 
Learning (as Foſephrs teſtifies, Book I. Chap. g.); 
communicated to them Arithmetic and 
Aſtronomy z and conſequently Geometry, 
which muſt of Neceſſity go before Aſtronomy. 
In which Studies afterwards the Ezyprians to 
flouriſhed, that Ariſtotle, 1 Metaph. Chap. 1, 
doth affirm, That the Mathematic Arts were 


firſt found out in Egypt, by their Priefts; who 


by their Employment were at Leiſure for theſe 
Things. 


Then theſe Arts, croſſing the Sca out of 
Egypt, came to the Philoſophers of Greece : 
For Thales the Mileſian, who flouriſh'd 384 
Years before Chriſt, was the firſt of the Greets, 
who, coming into Egypt, transferr'd Geometry 
from thence into Greece. He it was indeed, 
who, beſides other Things, found out the 5th, 
15th, and 26th Propoſitions of the firſt Book. 
To the ſame are alſo owing the 2d, 3d, 4th, 
and 5th, of the Fourth Book. The fame Perſon 
began to obſerve the Equinoxes and Solſtices, 
as Laertius teſtifies ; and he was the firſt who 
foretold an Eclipſe of the Sun, as Hippias and 


Ariſtotle do write; and Tzetzes ſaith, That he 


alſo foreſhew'd an Eclipſe of the Moon to 
King Cyrus. For which Things fake he is to 
be look'd on as the firſt Founder and Author 
of the Mathematical Sciences in Greece. 


After him was Pythagoras of Samos Which 
molt ancient Philoſopher exceedingly improv*d 
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and adorn'd the Mathematic Sciences. And 
he fo gave himſelf to Arithmetic in particular, 
that almoſt his whole Method of Philoſophizing 
was taken from Numbers. And he firſt of 
all, as Laertius relates, abſtracted 
from Matter; in which Elevation of the Mind, 


he found out the 32d, 44th, 47th, and 48th 


Propoſitions of the Firſt Book. But he is eſ- 
pecially celebrated for the Invention of Prop. 32. 
and 47. of that Book; and he conceiv'd fo 
great Joy upon this Invention, that, as Apol- 
lodorus witneſſes in Laertius, on that Account 
he ſacrificed an Hecatomb. The fame Perſon 
firſt laid open the Matter of incommenſurable 


Magnitudes, and the Five regular Bodies. The 


ſame Perſon did both moſt diligently teach and 
exerciſe the Art of Aſtrology and Muſic : 
For he did not only acutely and ſubtly find out 
many Thirgs himſelf, but he alſo firſt opened 
a School, in which Youth might learn theſe 
honourable and noble Arts. 


Pythagoras was followed by Anaxagoras of 
Clazomene, and Oenopides of Chios, of whom 
Plato makes mention in his Dialogue, The 
Lovers, where Young Men are brought in con- 
tending about Anaxagoras and Oenopides in 
their Deſcriptions of Circles. Ariftaile reports, 
that a certain Treatiſe of Geometry was written 
by Anaxagoras ; and we have it from Laertius, 


that it was ſhew'd by him that the Sun is 


greater than Pelaponneſus (a notable Inſtance of 


\ 


the Infancy of Aſtronomy at that Time) ; and 
that he made ſome Conjectures concerning Ha- 
bitations in the Moon. As for Oenopides, to 
aim Proclus aſcribes the 12. and 13. J. 1. 


Theſe 
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Riſe and Progreſs of the Mathematicks. 


Theſe were 71 Briſo, E 
22 0 of Chios, them, for attempt- 

of the Circle, 2 
| > — and at the ſame time celebrated. 
| But, amongft them, Hippocrates was by far the 
moſt famous ; that celebrated Perſon, who, of 
a Merchant growing to be a Philoſopher and 
Geometrician, beſides the Quadrature of the 
Circle, alſo firſt attempted the Doubling of the 
Cube, by two mean Pro „Which as 
being an excellent, and indeed the only Way, 
all that have followed him to this Time have 
embrac'd it. *Tis alſo his peculiar and great 
Commendation, that he, as Proclus teſtifies, 
firſt wrote Elements, and digeſted into Order 
the Diſcoveries made by others. 


1 
1 


Democritus was admirable, not in Philoſo- 
phy only, but alſo in the Mathematicks. His 
Phyſical Monuments, and, if fuch there were, 
his Mathematical Works alſo, are wholly loſt, 
through the Envy (as ſome report) of Ariſtotle, 
who defired to have no other Writings read 
but his own. The Philoſophy of Democritus 
hath been reſtored by Peter Gaſſendus, in a 
moſt learned Work lately put forth. Theodorus 
Cyrenzus, although none of his Mathematical 
Inventions are extant, yet 1s great upon this 
Account, if there were no other, that he is re- 
GWP 


; Unto Plato therefore we are come at length, 
than whom no one brought greater I uſtre to 

the Mathematical Sciences. nd amplified 
Geometry with great and notable Additions, 
beſtowing incredible Study upon it. And 
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above all, the Art Analytic, or of Reſolution, 
was found out by him, the moſt certain Way of 
Invention and Reaſoning. He ſet off and l- 
ſtrated his Books of Philoſophy in a Mathema- 
tical Way, and encourag d ＋ 4 was ad- 
mirable in Mathematical Philoſophy. Upon the 
Door of his Academy was read this Inſcription : 
uti; dt g @ ο Let no one ignorant of 
Geometry enter here: An illuſtrious Inſtance to 
demonſtrate, how the Mathematicks are not 
foreign but proper, not unuſeful, or unbecom- 
table to ſound 
and certain Philoſophy. In a word, how great 
both Admirer and Maſter of the Mathematicks 
Plato was, that Man will of himſelf eafily un- 
derſtand, who ſhall read his Monuments 
through. 


Out of Plato's Academy, almoſt innume- 
rable Mathemaricians came forth. Thirteen of 
Plato's familiar Acquaintance are commemo- 
rated by Proclus, as Men by whoſe Studies the 
Mathematicks were improv'd. From hence 
were Leodamus the Thaſian, Archytas the Taren- 
tine, Theætetus the Athenian, by whom the Ma- 
thematicks were notably enlarged. Leodamus 
practiſed the Analyſis received from Plato, and 
is ſaid by Laertius to have found out many 
Things by the Help of it. As for Theetetus, 
both his own Inyentions, amongſt which are 
the Elements written by him, and the Inſcrip- 
tion of regular Bodies; and Plates Encomi- 
ums, who alſo inſcribed a Dialogue to his 
Name, do make him famous. 


Archytas 


Riſe and Progreſs of the Mathematicks. 


Archytas alſo wrote Elements himſelf ; and 
his Doubling of the Cube is mentioned by Eu- 
tacius; whoſe ſingular Commendation it like- 
wiſe was, that he was almoſt the Firſt that 

down the Mathematicks ro human 
Uſes; by whoſe Contrivance alſo a wooden 
Pigeon was made to fly, as Gellius reports ; he 
being followed by Dedalus, and other Arti- 
ficers, yielded Matter for the Fables of the 
Poets. Moreover, Archytas was both a Ma- 
thematician and General of an Army: He five 
Times commanded the Forces of his own Ci- 
tizens, in the Wars of his Country, and five 
Times overcame their Enemies. The meer 
Name of Neoclides is only famous, he being 
more illuſtrious for his Scholar Leon perhaps, 
than for his own Inventions. Leon certainly 
wrote Elements of all the Mathematicks, im- 
prov'd them, and made them more fit for Uſe. 
Wherefore he is deſervedly to be reckon'd 
amongſt the chief Compilers of Elements. 


Eudoxus of Cnidos was not inferior to Leon: 
A Man great in Arithmetic, and to him (if 
we may believe the Greet Scholiaſt) we owe 
the whole Fifth Book. He likewiſe wrote 
Elements, and made them more general,. and 
increas d the Sections begun by Plato; over 
and above this he was the firſt Framer of Aſtro- 
nomical Hypotheſes, and derived down the 
Springs of Geometry, as Archytas had done 
before, to Mechanicks. Amyclas the Heracleot, 
and Menechmus, and his Brother Dinoſtratus, 
Helicon of Cyzium, Theudius, Hermotimus the 
Calophonian, Philippus the Medmæan, all Plato- 

1 miſts, 
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niſts, rendered much more perfect. 
 Menachmus alſo found out the Conic Sections, 
and by the Help of them two mean Propor- 
tionals z whoſe Invention in this Caſe is pre- 
ferrd by Eutocius before any other. Tbeudius 
and Hermotimus made the Elements more uni- 
verſal and full. And all theſe, who were of 
Plato's Academy, brought Mathematic Philo- 
ſophy to Perfection, as Proclus faith. Aeno- 
crates alſo, one of Plates Auditors, and Maſter 
of Ariſtotle, as well as Ariſtotle himſelf, were 
famous for the Knowledge of the Mathematicks. 
When a certain Perſon, who knew nothing of 

, was minded to be his Auditor, Go 
thy way, ſaith he, for thou wanteſt the very 
Handles of Philoſophy. 


But of Ariſtotle, what can I fay? All his 
Books are filled with Mathematical Arguments, 
out of a Collection of which Blancane hath 
made a Book. Two of Ariſtotle's School are 
eſpecially celebrated, Eudemus and Theophraſtus. 
This latter wrote two Books of Numbers, four 
of Geometry, and one of indiviſible Lines: 
The other compos'd a Mathematical Hiftory ; 
and from him Proclus and others have bor- 
row'd theirs. To Ariſteus, Jſidore, Hypſicles, 
molt ſubtle Geometricians, we are eſpecially in- 
debted for the Books of Solids. Laſtly, Euclid 
gathered together the Inventions of others, diſ- 
pos'd them into Order, improv'd them, and 
demonſtrated them more accurately, and left to 
us thoſe Elements, by which Youth is every 
where inſtructed in the Mathematicks. He 
died in the Year before Chriſt 284. There 
follow'd Euclid almoſt an 100 Years afterwards 


Eratoſthenes 


Riſe and Progreſs of the Mathematicks. 
Eratoſthenes and Archimedes, The Name of 
Erataſtbenes was very famous, but his Writings 
are loſt. Many Remains we have of Archime- 

+ - des, and many we have loſt. 


But, when I name Archimedes, I conceive in 
my Mind the very Top of human Subtilty, and 
the Perfection of the whole Mathematical Sci- 
ences, His wonderful Inventions have been de- 
liver'd to us by Polybius, Plutarch, Tzetzes, and 
others. Conon was Contemporary to Archimedes, 
one who was both a Geometrician and an Aſtro- 
nomer, whoſe Death Archimedes laments in his 

Book of the Quadrature of the Parabola. 

There followed Archimedes and Conon, and that 

at no great Diſtance, Apollonius of Perga, ano- 
ther Prince in Geometry, who was called, by 
way of high Encomium, The Great Geometri- 
cian. There are extant Four [now Seven] moſt 
ſubtle Books of his Conicks. To the ſame Per- 
ſon are aſcribed the 14 and 15 Books of Euclid, 
which were contracted by Hypſicles. Hipparchus 
and Menelaus wrote, the latter fix, the other 
twelve Books of Subtenſes in a Circle; for 
which Invention, fo very profitable and neceſſa- 
ry, great Commendations and Thanks are due 
to both. There are alſo extant three Books of 

Menelaus concerning ſpherical Triangles. Three 

moſt uſeful Books of Sphericks of Theodoſius the 

Tripolite are alſo in the Hands of all. And 

theſe indeed, if you except Menelaus, lived all 

of them before Chriſt. 


In the Year after Chriſt 70, there appeared 
in the World Claudius Ptolemens, the Prince of 
| Aſtronomers, a Man certainly wonderful, and 
; (as Pliny faith) above the Nature of —_—_ 
ut 
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But he was not only moſt ſkilful in Aſtronomy, 
but in Geometry alſo; which as many other 
things written by him do witneſs, fo eſpecially 
do the Books of Subtenſes : Thoſe of Menelaus, 
which were Six, and the Twelve of Hipparchus, 
all contracted by him into five Theorems. As 
for Plutarch, a moſt fam'd Philoſopher, there 
are extant his Mathematical Problems. And 
all know of the learned Commentaries of Euto- 
cius the Aſcalonite upon Archimedes. By him are 
recited the Inventions of Philo, Diocles, Nicome- 
des, Sphorus, Heron, as of ſo many excellent 
Maſters in the Mathematicks, concerning dou- 


bling the Cube. Heror's Genius certainly was 


excellent, as well for Mechanicks as Geometry. 
The Doubling of the Cube deliver'd by him is 
commended by Pappus, Book 3. Prop. 7, be- 
fore all others. The admirable Works of Cteſi- 
bius the Alexandrian, to whom we owe our 
Pumps, are celebrated by Vitruvius, Proclus, 
Pliny, and Atheneus. The Name alſo of Ge- 
minus is not in the loweſt Place amongſt Mathe- 


maticians, whom Proclus has preferr'd in many 
things before Euclid himſelf. 


Diophantus, and he alſo an Aexandrian, was 
as in Arithmetic, as Archimedes, Apollo- 
nius, or Euclid in . He was certain- 
ly a Maſter of all Subtilty relating to Numbers. 
By him was found out that admirable Art 
which we call Agebra, which in theſe Times 
has been render d more perfect and univerſal by 
Francis Vieta and Renatus Carteſius. There 
are others who are celebrated amongſt the An- 
cients alſo; as Nicomachus, famous for Arith- 
metical, Geometrical, and Muſical Monuments; 


Serenus, 
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Riſe and Progreſs of the Marbematicłs. 
Serenus, well known to Geometricians for his 
two Books concerning the Section of a Cylin- 
der; Proclus, Pappus, Theon. How great a 
Mathematician Proclus was, is manifeſt from 


his learned Commentaries on Excid, and other 


Writings. And this is he, I ſuppoſe, who, as 
Zonarus and from him Ramus and Ba- 
ronius, about the Year of Chriſt 514, with Op- 
tic Artifice, and the Glaſſes which he us'd, 
burnt the Fleet of Yitalian, who was beſieging 
Conſtantinople. The Praiſes of Theon, which 
truly are deſervedly great, Peter Ramus won- 
derfully exaggerates, inſomuch that even the 
Books which hitherto all have aſcribed to Eu- 
clid ought, as he thinks, to be attributed to 
Theon. But Ramus, who every-where is ready 
to detract from Euclid, and this without ground- 
ing himſelf upon any ſolid Foundation, is not 
to be hearken'd to here. To come at length 
to a Concluſion: Let Pappus bring up the 
Rear, the laſt in Time amongſt the Ancients, 
as being one who liv'd about the Year 400; 
but in Reputation and all Mathematical Com- 
mendation to be reckon'd amongft the firſt. 
Alexandria, that City ſo fruitful of Great Men, 
which before had brought forth Hypſicles, Cte/i- 
bius, and Diophantus, produced him alſo to the 


Advantage of the Mathematicks. He 


wrote ſeven Books of Mathematical Collections. 
of which the two firſt are loſt. The five others 
do abound with ſo many, and ſuch various 
moſt noble Inventions in almoſt all Parts of the 
Mathematicks, that they are eſteemed amo gſt 
the chief Monuments of the Ancients which are 
extant. 
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And thus you have a ſhort Hiſtory of the 
Origin and Progreſs of the Mathematicks. 
From which appears the Antiquity, Excellency, 
and Dignity of this Science. Certainly the 
ſame eminent Perſons in the Commonwealth of 
Learning, who diſcover'd Philoſophy, diſco- 
ver'd alſo the Mathematicks ; like two Sifters 
born at one Birth, whom if any one would vio- 
lently ſeparate from each other, he certainly at- 
tempts to break off their native Concord, with 
moſt notable Injury and, as it were, Cruelty to 
both ; ſeeing, as it is wont to fall out in the 
Caſe of Twins, where they are remov*d from 
one another in Place or by Death; fo it will be 
like to happen here, that, Mathematicks being 
plucked away from her, Philoſophy muſt needs 
languiſh and pine away, 
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Dr. BARROw's Words, prefixed 
before his Apollonius. 


God always acts Geometrically. 


OW great a Geometrician art thou, 
O Lord? For while this Science has 
no Bounds ; while there is for ever 
Room for the Diſcovery of New Theorems, 
even by Human Faculties, Thou art ac- 
quainted with them all at one View, without 
any Train of Conſequences, without any wea- 
riſome Application of Demonſtrations. In 
other Arts and Sciences our Underſtanding is 
able to do almoſt nothing ; and like the Ima- 
gination of Brutes ſeems only to dream of 
me uncertain Propofitions : Whence it is that 
in ſo many Men are almoſt ſo many Minds. But 
in theſe Geometrical Theorems all Men are 
agreed: In theſe the Human Faculties ap- 
pear to have ſome real Abilities, and thoſe 
great, wonderful, and amazing. For thoſe 
Faculties, which ſeem of almoſt no Force in 
other Matters, in this Science appear to be 
efficacious, powerful, and ſucceſsful, &c. 
Thee therefore do I take hence occaſion to love, 
and rejoice in, and admire; and to pant after 
that Day, with the earneſt Breathings of 


any Soul, when thou ſhalt be pleaſed, out of 
7 


Dr. Barrows Words, &c. 


thy Bounty, out of thy Immenſe and Sacred 
Benignity, to grant me the Favour to 
cerve, and that with a pure Mind, and cher 
Vifion, not only theſe Truths, but thoſe 2 
which are more numerous, and more 1 
fant ; and all this without that continual — 
3 Application of the Imagination which 
cover theſe withal, &c. | 


Mathematical Notes or Abbreviations. 


= The Note for Equality, So a=6 ſignifies that 
a and b are equal. 

＋ The Note for Addition. 80 a+ b ſignifies the 
Sum of @ and 65 together. 

— "The Note for Subtraction. So a—5 ſignifies the 
Difference between a and 6. 

x The Note for Multiplication. So ax or ab 
fignifies a multiplied by 5. 

: The Note for Equality of Proportion. So A: B 
: a: ; fignifies that A bears the ſame Proportion to B, 
that à bears to 6. 

= The Note of continued Proportion. So A. B. 
C ++ ſignifies that & bears the fame Proportion to B, 
that B bears to C. 

q The Note for a Square. So C B. g. ſignifies the 
Square of the Line C B. 

c The Note for a Cube. So CB. c. fignifies the 
Cube of the Line CB. | 
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DEFINITIONS. 


Point is a Mark in Magnitude, 
which is [ſuppoſed to be] indivi- 
ſible. 

That is, which cannot be divi- 
ded fo much as in Thought. A Point is the 


Beginning, as it were, of all Magnitude, as 
Unity is of Number. 


2. A Line is a Magnitude which hath Length 
only, and wants all Breadth ; foraſmuch as it is 


underſtood to be produced from the Flowing of 
a Point. 


3. Points are the Terms of a Line. 
B 4. A 


[ 


EvcL1idD's Elements. Lib. I. 


4. A right Line, is that which lies evenly 
betwixt its Terms. 

Or, as Archimedes : A right Line is the leaſt 
of all thoſe which have the ſame Terms ; or, is 
the ſhorteſt of all thoſe which can be drawn be- 
twixt two Points. | 

Or, as Plato hath it: A right Line is that 
whoſe Extremes hide all the reſt : | That is, 
when the Eye is placed in a Continuation of the 
Line. 

Tu. Senſe is the ſame in all. The Inſtru- 
ment whereby right Lines are deſcribed, is | cal- 
led] a Rule; which whether it be trait or not, 
you may know by this Trial: 

Deſcribe a Line according to the Rule ; then 
turning the Rule ſo that that which before was 
the Right-hand End may now become the Left- 
hand End, apply it again to the Line before 
deſcribed ; if it doth now entirely fall in with 
the Line, the Rule is ſtrait; if not, the Rule 
is not ſtrait. The Reafon hereof depends on 
Axiom 13. 

5. A Surface is a Magnitude which hath on- 
ly Length and Breadth. 

It hath two Dimenſions therefore; and is un- 
derſtood to be produced by the Flowing of a 


6. Lines are the Extremes of a Surface. 
7. A Plane, or a plain Surface, is that 
which lies evenly betwixt its extreme Lines. 


Or, as Hero, that, to all the Parts whereof a 


right Line may be accommodated. 
For it is produced from the Motion of a 


right Line. 


Or, A plain Surface is that whoſe Extremes 


any of them hide all the reſt, [the Eye being 


placed in a Continuation of the Surface. 
Or, 


. 
J 
9 


Lib. IJ. Evucrtivd's Elements. 3 


Or, It is the leaſt of all Surfaces which have 
the ſame Terms. The Senſe is the ſame in all. 

Euclid hath not here defined a Body or Solid, 
becauſe he was not yet about to treat concerning 
it. But, leſt any one ſhould want the Definition 
thereof, take it here thus, A Body is a Magni- 
tude long, broad, and deep. A Body there- 
fore hath three Dimenſions, a Surface two, a 
Line one, a Point none. 

8. A plain Angle is the mutual Inclination 
to each other of two Lines, which touch one 
„ and ſo as not to make one 

ine. 

Therefore the two Lines BA, CA touching Fig. 2, 2. 
one another in A, but fo as not to make one 

Line, conſtitute an Angle. 

9. The Sides or Legs of an Angle are the 
Lines which make the Angle. 

10. The Vertex or Top of an Angle is the 
Point (A) in which the Legs do meet and touch 
one another. 

Note, That a ſingle Angle is deſigned by 
one Letter put at the Top: When there are 
' more at one Point, they are deſigned by three 

Letters, the middlemoſt of which denotes the 
Top of the Angle; and many times alſo by 
| one Letter interpos'd betwixt the Sides near the 


#4 


Top. So in Fig. 5. the Angle made by the 
Lines BA, CA is deſigned either by three Let. 
ters BAC, or by one only O. 

11. Angles are called Equal, if whea the 
Tops of them are laid upon one another, the 
Sides of one agree with the Sides of the other. 
But unto this it is not required that the Sides 
ſhould be of an equal Length. 

12. They are called Unequal, when the Top 
and one Side agreeing, the other doth not _ 

B 2 


Fig. 2, 4. 


Fig. 6. 


Fig. 6. 


7. 
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and that is called the Greater, whoſe Side falls 
without. So the Angle BAE is greater than 
the Angle BAC. 

An Angle is not diminiſh'd or increas'd by 
the Diminution or Augmentation of the Sides 
that include it. 

13. A right-lin'd Angle is that which right 
Lines conſtitute ; a curvi- lineal, which crooked 
Lines; a mix'd one, that which a right Line 
and a crooked one make. | 

14. When the right Line C A] ſtanding up- 
on the right one [BF] leans unto neither Part, 
and therefore makes the Angles on both Sides 
equal, CAB CAF both of the equal — 
are called Right ones: But the right Line CA 
which ſtands upon the other, is called a perpen- 
dicular Line, or barely a Perpendicular. 

A right Angle may alſo be defined thus: 

A right Angle is that that (BA C) when on 
the other Side an equal one ariſeth (CA F) if you 
produce or draw forth a Side, as (B A). 

Two Rules ſo joined as to contain a right 
Angle, make an Inftrument, which is called a 
Square. Pythagoras was the Inventor of it, as 
Vitruvius affirmeth, c. 2. l. 9. So great is the 
Uſe and Force of a right Angle in Framing, 
Meaturing, and Strengthening all things, that 
nothing almoſt can be done without it. The 
Proof of a Square is made thus : Apply the Side 
of it, AE to the right Line AF, and deſcribe 
the right Line CA along the other Side. Then 
rurning the Square towards B, if on both Sides 
it agrees to the right Lines CA, AB, you may 
know that it is true and exact. The Reaſon 
hereof appears from the 14th Definition itſelf. 

15. The Angle BAC, which is greater than 
the right one FAC, is called an obtuſe Angle. 

; | 16. The 
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16. The Angle (L ATI) which is leſs than the Fig. 8. 
right Angle (FAT) is called an Acute one. 

17. A plain Figure is a plain Surtace, bound- 
ed on every Side with one or more Lines. 

18. A Circle is a plain Surface contained Fig. 9. 
within the Compaſs of one Line called the Cir- 
cumference ; from which Line all the right Lines 
that can be a unto one certain Point, within 
the contained Space (A), are equal. 

19. That Peine is called the Centre. 

20. The Diameter is a right Line (BA) Fig. 9. 
drawn through the Centre, and on both Sides 
ended at the Circumference ; and conſequently 
it divides the Circle into two equal Parts. ( As 
is abundantly manifeſt from the exact Agree- 
ment of two Semi-circles when laid one upon an- 
other.) 

21. The Semi- diameter or Radius is the inde 
Line A F drawn from the Centre to the Circum- 
terence. 

22. A Semi circle is a Figure (BL C) which 
is contain*'d by the Diameter >BC, and half che 
Circumference (BL C.) 

Mathematicians are wont to divide the Cir- 
curnference into 360 equal Parts (which they call 
Degrees) the Semi circumference into 180, the 
Quadrant or Quarter into 90. 

23. A right-lin'd Figure is a plain Surface 
bounded on every Side with right Lines. 

24. A Triangle is a plain Surface contained Fig. 10. 
by three right Lines. 

This is the firſt and moſt ſimple of all right- 
lin'd Figures, and that into which they are all 
reſolv'd. 

25. An equilateral Triangle is that which Fig. 10. | 
hath all the Sides equal. N 


B 3 26. An 5 
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811,12. 26, An Tſoſceles or equicrural Triangle is that 
which hath only two Sides equal. 

g. 13. 27. A Scalenum is that which hath three un- 
equal Sides. 

1g. 13. 28. A right-angled Triangle is that which 
hath one Angle right. 

8. 12. 29. An obtuſe-angled Triangle is that which 
hath one obtuſe Angle. 

. 'g-10,11. 30. An acute-angled Triangle i is that which 
hath three acute Angles. 

":214,15. 31. Amongſt quadrilateral Figures, the Rect- | 
angle is that which hath four right, and conſe- 
quently equal Angles, whether the Sides be 
equal or not. 

g. 15. 32. A Square is that which hath equal Sides, 
and is right - angled, and conſequently equi- 
angled. 

Every Square is a Rectangle; but every 
Rectangle is not a Square. 
3.16 33. A Rhombus is a quadrilateral or four- 
ſided Figure, which is equilateral, but not equi- 
angled. 

Fig, 37. 34. A Rhomboides is that which hath the 
oppolite Sides and Angles equal ; but is neither 
equilateral, nor equianglec|. | 

314,1, 35. A Parallelogram is a quadrilateral Fi- 

+, 17. gure, which hath each two of its oppoſite Sides 
(AB, FC, and BF, AC) parallel to each 
other. Now what parallel Lines are will be 
ſhewed in the following Definition. | 

Every Rectangle and Square is a Parallelo- 
gram ; but every Parallelogram is not a Rect- 
angle or a Square. 

Fg. 18. 36. Right Lines are Parallel or Equi-diftant, 
which being i in the fame Plain, and drawn out 
on both Sides infinitely, are diſtant from one 
another by equal Intervals. 


— » — ; , 


* 


| 
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The Intervals are ſaid to be equal, in ref 
of the Perpendiculars. Wherefore if all the 
Perpendiculars (Q L) unto one of the two Pa- 


(AB, CF) are ſaid to be Parallel. 

Parallels are produced, if the right Line 
(LQ) which is perpendicular to the right 
Line (AB) be moved along (AB) always 


pe ly; for then its 1 L de- 
ſcribes the Parallel C F. 


37. The Diameter or Diagonal of a Paral- Fig. 17. 


lelogram, and every Quadrilateral, is a right 

Line (A F) drawn through the oppoſite An- 
les. 

; 38. Plain Figures contain'd by more Sides 

than four, are called Many-fided or Many- 

angled, and by a Greet Word Polygones. 

39. The external Angle of a 
gure, is that which ariſeth without the Figure 
when the Side is produced. Such are FBC, 
GCA, HAB. Every Figure therefore hath 
ſo many external Angles, as it hath Sides, and 
internal Angles. 


Poſtulates. 


Poſtulate is that which it is manifeſt in it- 
ſelf, that it may eaſily be done, or con- 
ceiv'd to be done. It is required therefore to 
be granted that we may, 

1. From any Point given draw a right Line 
unto any other Point given. 

2. Draw forth a finite right Line in Length 
ſtil} farther. 


3. From any Centre at any Interval deſcribe 
a Circle. 


B 4 Axioms, 


rallels (A B) ſhall be equal, the right Lines 


right-lin'd Fi- Fig. 14 
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Axioms. 


N Axiom is a Truth manifeſt of it- 
ſelf. 

1. Thoſe things which are equal to the ſame 
thing, are equal alſo amongſt themſelves. And 
that which 1s or leſſer than one of the 
_ is alſo greater or leſs than the other of 


* If to Equals you add Equals, the Wholes 
will be equal. 
3. It from Equals you take away Equals, 
_ Remainders will be equal. 
= & Unequals you add Equals, the 
Whoks will be 
. If trom Unequals you take away Equals, 
4 Remainders will be unequal. 
6. What things are each of them half of tlie 


fame Quantity, are equal amongſt themſelves ; 
and what things are double, or treble, or qua- 


7. What things do mutually agree with one 
another are equal. 


8. If right Lines be equal, they will mutu- 
ally agree with one another ; and the ſame thing 
is true of An 

9. T he Whale is greater than its Part. 

10. All right Angles are equal amongſt them- 
ſelves. 

11. Parallel Lines have a common Perpen- 
dicular : That is, the right "Lim which 1s per- 
pendicular to one of them is perpendicular alſo 
to 10 other. 

The two perpendicular Lines (LO, QT) 
8 equal Parts of the Parallels. 


13. Two 


— 


— 


gure is always to be 
igures of that Book in 
The reſt of the 


mary Affections of Triangles and 
Parallelograms are delivered in this firſt Book: 
The more famous Propoſitions are, 32, 25, 


37, 41, 44, 45» 47. ; 
PROP. I. Problem. 


PON a given Right Line (AB) to Fg. 23 
mate an Equilateral Triangle. 


From the Centre A, with the Interval (AB) 
2 deſcribe the Circle FCB: and from the Per Pa- 
Centre B with the fame Interval B A dæeſcribe Hul. 3. 
the Circle ACL, cutting the former 3 the 
| Point 


10 


5 Per 


© Per 


Axiom 1. 


4 Per 


Def. 25. 


Fig. 77. 


Fig. 24. 


Def. 18. 
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Point C, from which Point draw the right 
Lines CA, CB. 

I fay, that the Triangle A CB now made, 
is Equilateral. For the right Line AC is equal 
to the right Line AB, ſeeing they are Semi- 
diameters of the fame Circle FCB: And again, 
the right Line BC is equal to the fame right 
Line B A, ſeeing they are both Semi-diameters 
of the Circle LCA. Therefore AC, BC are 
© equal betwixt themſelves. And therefore all 
the Sides of the Triangle are equal. Therefore 
the Triangle A CB is both Equilateral, 


and made upon the given Line AB; which 


was the thing to be done. Q, E. F. 


Corollary. Hence we may meaſure an inacceſ- 
fible Line, as AB. For ſuppoſe any Equilateral 
Triangle whatſoever B D E applied to the Point 
B along the Line B A. Looking from the Point 
B along the Line B E, mark as many Points as 
you conveniently can in the Line BC. Then re- 
move the Triangle BD E along the Line BC, 


from one place to another of that Line, until, by 


taking aim along the Side of the Triangle E D or 
C F, you ſee the inacceſſible Point A in a Conti- 
nuation of that Line. Thus the Triangle BAC 
is as well Equilateral as B DE. If therefore 
you ſhall now meaſure the acceſſible Line BC, 
you have the Meaſure of the inacceſſible AB. 


of VP % 
PROP. II. Problem. 


ROM a given Point A to draw a 
Right Line equal to one given E F. 


Take with a Pair of Compaſſes the Interval 
E F 
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E F and transfer it from A to D, the right Line 
AD will be equal to the given E F. 


PROP. III. Problem. 


from the greater of them G H to cut 
off GI equal to the leſs E F. 


Take with a Pair of Compaſſes the Interval 
of the leſſer given Line E F, and transfer it 
unto the greater from G to I. 


PROP. IV. Theorem. 


WO unequal Right Lines being given, Fig. 24. 


F in two Triangles (X, Z) one Side of Fig. 25. 


the one (B A) be equal to one Side 4 4 
of the other, and another Side (C A) of the 
one equal to another Side (IL) of the other, 
and the Angles (A and L) made by thoſe 
Sides be alſo equal; then the Baſes (BC, FI) 
are likewiſe as alſo the Angles at the 
Baſes (B, FP, and C, I which are oppoſite 


to equal Sides, and conſequently the whole Tri- 
angles are equal. 

Fer if we faneke che Triengle Z oe be lei 
upon the Triangle X, the Sides LF, LI, will 
perfectly agree and fall in together with the 
Sides - tha, — are equal to them, AB, AC, and 
this in ſuch fort © that the three Points (L, F, 972 
ſhall fall upon the three Points (A, B, C). #* 
Therefore the whole Baſe F I will alſo fall up- 
on the whole Baſe BC. But then the Angles 
F, B, and likewiſe thoſe I, C and the whole 
Triangles will mutually (congruere) agree » 

| ad 


Fig. 78. 


Fig. 79. 


Per 15. 


ed. 1. 
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each other. All therefore, by Axiom 7th, are 
equal. Q; E. D. Which was the Thing to be 
demonſtrated. 


Coroll. (1.) Hence we may alſo in another way 
meaſure the inacceſſible Line AB. For from any 
Point whatſoever, as the Point C, let the Angie 
AC 8B be obſerved, and then let the Lines AC, BC 


| be meaſured : and in any acceſſible Plain let there 


be * 17 about the Angle F, which is equal 10 
the Angle C, two Lines FD and FE which are 

ual to the Lines AC and BC reſpeftively. And 
So there will be the acceſſible Line D E equal to 
the inacceſſible AB. A. E. I. 


Coroll. (2.) Hence alſo, thoſe who play at Bil- 
liards with Ivory Balls may learn bow by the Re- 
flexion of their own io hit and remove their Ad- 
verſaries Ball. For let B be the Ball to be ſtricken, 


A that tobich is to ſtrike it, and CD the Recti- 


linear Plain. Let the Line B E be perpendicular 
to the Line CD, and DE be equal 1 DB. If 
the Ball A be ſiricken and carried along the right 
Line AF unto the Point F, it will taere be fo 
reflected, tha! after the Reflection it Twill tend un- 
to B. For in the Triangles BFD, EFD, tbe 


Side FD is common to both, and the Side DB is 


equal to the Side DE, and the Angles at D are 
equal as being right ones. The whole Triangle; 
therefore are be goal al: and therefore the Angle B FD, 
jp pets to the A DFE, ts * equal 10 
AFC, the Angle A FC * vertically oppoſite 
to DFE. Therefore, ſeeing the Angle AFC i, 
the Angle of Incidence, which in ſuch Cafes is 
equal to bs the Angie of Reflexion, it is manifeſt that 
BFD, which bath been proved equal to AFC, is 
the Angle of the Reflexion of the Ball 4, and 

that 


* 
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that the Ball tending towards E is in the Point F 
fo reflected as to bit the Ball B. . E. D. 


Scholium or Obſervation. 


Y much the fame Way of — | 
whereby this 4th Propoſition has been de 
monſtrated, the following Theorem, which we 
ſhall have occaſion to uſe by and by, may be 
demonſtrated alſo. | 
If in two Tri X, Z, the Sides B C Fig. 25. 

and FI ſhall be equal, and the Angles adja- 

cent to theſe two Sides alſo, viz B and 

C equal to F and I: All the other Things, 
and the whole Triangles themſelves will be 

ual. 

Tor the Side FI laid upon the Side BC will 
agree, or thoroughly coincide with it. And * Per 

To heals the ere oy —_—_ 

thoſe F and I, when the Side FI is Jaid upon 

the Side BC, FL * will fall exactly upon BA,* Pe 

and I L upon CA. Therefore the Point L will 4xin 8. 
fall upon the Point A (for if it fall without A, 

the Sides FL, IL would not fall upon the 

Sides BA, CA). Therefore all Things are 


equal by Axiom 7th. 
PROP. V. Theorem. 


N an Ifoſceles or Equicrural Triangle, Fig. 26. 
the Angles at the Baſe (A, C are 
equal. 
Ler the Triangle ABC be underſtood to be 
twice put, but in an inverted Poſture cha. Be- 
cauſe therefore, in the two Triangles A BC, 


ba the Side AB is by the Suppoſition equal 
to 
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the Side cb, and the Side CB to the Side a ö, 
the Angle B to the Angle #; the Angle A 
at the Baſe will ö be equal to the Angle c. 
E. D. — 
© the ſame. 


8 


Corollary. 


Herefore an Equilateral Triangle is alſo 
Equiangular. 


PROP. VI. Theorem. 


Fig. 26. F in a Triangle ( A B C No Angles 
(A and C) be equal, the Sides alſo 
(AB, BC) which are oppofite to thoſe An- 

gles are equal alſo. 


Let the Triangle ABC be ſuppoſed to be 
twice put, but in an inverſe Situation, ca. 
Becauſe therefore in the Triangles A BC, 9 
one Side A C is equal to one Side (c a), and 
the Angle A is equal to the Angle c, and the 
Angle C equal to the Angle a, all the other 
Per Schol. things ſhall be likewiſe equal, and conſe- 
Prop. 4. quently AB ſhall be equal to the Side cb. 

. E. D. For as for the Lines CB and cb 
they are the ſame. 


Corollary. 


Herefore an equi-angled Triangle is alſo 
equilateral. 

Fig. 80. Coroll. (2.) Hence, by the means of the Sha- 

dow of the Sun, we may meaſure the Height of a 

Tower, or any elevated Point. For when the Sun 

is elevated 45 Degrees above the Horizon, the 

Shadows 
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Shadows which the Towers caſt towards the Hori- 
ron will be exactly equal to their Height, For, 
by reaſon that the Angle ACB is half a right 
Angle, the Angle BAC alſo will be half a right Per Go 
one; and, ſo by the Force of the preſent Propoſition, Bl ""- | 
the Line AB will be equal to the Line BC. The j * 
Line BC therefore being found by meaſuring, there 
is found at the ſame time the Line A B, the Height 
of the Tower above the Horizon. 
Coroll. (3.) The ſame thing alſo may be found 
without the Sun by the means of an aſtronomical 
Quadrant. For where the Angle of Elevation is 
half-right, there the Height of the Tower above 
the Obſerver's Eye is equal to the Diſtance of the 
ſame Eye, from that Part of the Tower which is 
oppoſite to it. The Diſtance therefore of the Eye 
from the Tower being given by meaſuring, there is 
given at the ſame time the Height of the Tower. 
41 | | 
ke VIIch Propoſition in Euclid is for the 
ſake of the VIIIth, which without it will here 
be demonſtrated. 


PROP. VIII. Theorem. 
F two Triangles (X, Z)] have all their Fig. 27. 
Sides — amongſt tbemſelves reſpectively 
(AC equal to EF, CBto FI. AB te EI 
they will alſs have all the Angles, which are 


oppofite to equal Sides, equal (C equal to F, 
AtoE, B to D. 


For ſuppoſe the Side A B laid upon its Equal 
EI, if then the Point C falls upon F, the Tri- 
angles will in the whole agree or coincide, and 
conſequently all the Angles will be equal. But 
the Point C will fall upon the Point F. For, 


From 
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From the Centre A let a Circle be deſcribed with 
the Semidiameter EF; and from the Centre I let 
another Circle be deſcribed with the Semidiameter 
IF; the Point C. by reaſon of the Equality of the 
Sides of both Triangles, will be in the Circumfe- 
rence of bath Circles, and conſequently in the Point 
E, the common Interſeftion ih both theſe Circum- 
ferences. Q: E. D. 


PROP. IX. Problem. 


O Biſeft or Divide into two equal 
Parts à given right-lin'd Angle, as 


16 


Fig. 81. 


TAL. 
From * _ of the s Ange take with a 
Pair of Compaſſes ual Lines, AB, AC; 


then from the —— and C deſcribe two 
equal Circles cutting one another in F ; which 
A This biſects the 
A 
For draw the Lines BF, CF; the Triangles 
FAB, FAC are to each other Equilateral ; 
for the Sides A B, AC are by the Conſtruction 
equal, as in like manner are the Sides BF, CF, 
they being Semidiameters of equal Circles ; 
and A F is common to both Triangles. There- 
Per 8. fore the Angles BAF, CAF are equal. 
41. Therefore the given Angle IA L is biſected. 


E. 
% | Corollary. 


"ENCE we may learn how an Angle 
may be divided into equal Angles, 4, 
8, 16, Sc. viz. by r 


Scbolium. 
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. 


Scbolium. 


O one hath hitherto taught the Way of 
dividing Angles into all equal Parts 
whatſoever with a Pair of Compaſſes, and a 
Rule. 

Vet may you divide any given Angle mecha- Fig. 30. 
nically into any equal Parts whatſoever, if from 
the Top of the Angle as the Centre you deſcribe 
an Arch between the Legs of the Angle, and 
divide that Arch into as many equal Parts as 
you require; for right Lines let down from A 
through the Points of the Diviſion will cut the 
Angle into ſo many equal Parts. 


| 


k ——— 


PROP. Xx. Problem. 
s 2 O bijeft a finite given Line (AB). Fig. 31- 


Upon the given A B make an Foullegel 1 "Per 1. 
Triangle A GB. Biſect its Angle Gn with! <5 
the right Line GC. The ſame ſhall biſect præced. 
the given Line A B. 

For in the Triangles X, Z the Side C G is 
common; and by the Conſtruction G B, GA 
are equal, and the Angles contained between 
them A GC, BGC, are likewiſe equal. There - 
fore the Baſes A C, BC are equal. The gi- Per 4. 
ven Line therefore A B is biſected. Q, E. F. J. 1. 
| But for Practice it is ſufficient from the Cen- 


tres A and B to deſcribe two equal Circles, 
cutting one another in G and L, and ſo to 
draw the right Line G L. 


C PROP. 
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PROP. XI. Problem. 


RO Ma given Point (A) to raiſe 


a Perpendicular in a given right Line 
5. 


With a Pair of Compaſſes take the equal 

Lines AC, AF. From the Centre C and F 

deſcribe two Circles, cutting one another in B. 

The Line which is drawn from B to A will 
be the Perpendicular required. 

For let the right Lines C B, F B be drawn. 

The Triangles X and Z are equilateral to one 

another. Therefore the Angles C A B, FAB 

* Per 8. are equal . Therefore B A is ? perpendicular 

Zr. Me tothe Line (L I). L. E. F. 

14 In Practice this and the next are eaſily per- 

formed by the Help of a Square. 


PROP. XII. Problem. 


Fig. 33. ROM @ given Point (A) which i, 
without an infinite right Line ( as 
L _ ) to let fall a Perpendicular to that 

Line 


Fig. 32. 


From the Centre A deſcribe a Circle which 

may cut the given LQ in C and I. Biſect 

* Per 10. the right Line CIA with the right Ling A B. 
4. 1. This AB is the icular required. 

For let there be drawn A C, AI. Becauſe 

by the Conſtruction X and Z are equilateral 

Per 8. to one another; therefore the Angles * CBA, 

L x. IB A are equal. Therefore AB is + perpen- 


* P r De F 5 
1 7 dicular. S. Z. E. 


PROP. 


> 


— — e 
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PROP. XII. Theorem. 


HE right Line (B A) flanding upon Fig. 34. 
the right Line (CF) either makes 

two right Angles, er Angles equal to two 

right ones. 


For if B A ſtand upon it perpendicularly, 
then by Definition 14 the two Angles BAC, 
BAF will be right ones. And if BA ſtand 
obliquely, let there be rais'd © the Perpendicu- * Per 11; 
lar AL. Where becauſe the unequal Angles "+ 
CAB, FAB poſſeſs the fame Place which 
the two right ones CAL, LAF do, and 
agree to them, they are equal to them. » Pry 
. E. D. Axiom 7, 


Corollaries. 


N the fame manner it will be demon- 
ſtrated, if more right Lines than one 
ſtand upon the ſame right Line, that the 
Angles thereby made are equal to two right 
ones. 
2. Two right Lines, cutting one another, Fig. 37. 
make the Angles equal to four right ones. 
3. All the "Angles, which are about one Fig. 36. 
Point, make Angles equal to four right ones. 
It appears from Corollary 2. 
4. The Angle C A F being known, you at Fig. 37. 
the ſame time know its Complement unto two 
right Angles BAF. For Example, let the 
Angle C AF be of 70 Degrees; the Angle 
B A F will be of 110 Degrees. For thoſe two 
Numbers added together make 180 Degrees, 
which is the Meaſure of two right Angles. 


C 2 PROP, 
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PROP. XIV. Theorem. 
F two right Lines (XR, ZR) at the 


fame oint of a right Line R make 

the Angles on both Sides (X R, Z R 
equal lo two right Angles; the Lines (X R, 
Z RN mot one right Line. 


Fig. 35- 


It you deny it, let XR, BR make one 

right Line. Ther ore the Angles X RQ, 

Piz. QRB * will mal two right Angles. Wich 
' Contra taing is“ abfuri: ſceing by the Hypo eſis 


239. XRQ, ZRQ do make two right Angics. 


RO FP. N Theorem. 
3 0.7 [ C, FD) cut ant 
25 les oppoſite at the 
AB to CAF, 
Dat because © A ſtands voon the right Line 
Per ys LI e Ani AB, F 4 Bae * ql wo 
| | at Out 2/4 DECtuie FA Hands upon 
it I the Ales FAC, FAB 
1 | Gua LWG ereſore 
"4 za! to rho 60 ner E AE, FAM. 


5 


— . — 


N 
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taketh the ſhorteſt Way of all. E. G. When the Fig, 82. 
Anzles BED, AE F are equal, the Lines AE 

and E B, taken together, are ſhorter than any 

Lines cobalſaever, as AF and FB taken together. 

For freu the Point B let the Perpendicular Line 

BC be le: down; and let BD and DC be equal; 

let the Lines alſo E C and FC be drawn. Now 

in 've Triongles BED and DEC, ſceing the 

Side DE is common to both, and the Side BD 

and D C are equal by the Hypotheſis, as is alſo 

in 1.2 like manner BD E equal to the Angie 
CDE; the Triangles ſhall be © equal in all aber; , * 4 
things, and BE ſhall be equal to C E, and the* 

Ang le BED to the Angle DEC: (robere le- 

a the Angle DEC is equal to [B E D, that 

#5] AEF, the Lincs AE, EC are prov'd to 

make one rizht Line.) Aud i in the ſame manner 

the Line B F will be proved equal to FC. 

Seeing therefore the Lines B E and E A, tuken 
together, are equal io the Line C A, and the 
Lines B F, F A taken together are equal to the 

Lines CF, FA taken together ;, it is manifeſt 

that C A, which is one Side of the Triangle 
ACF*, is leſs than the two Sides C F, * 


taten tagelber. Q. E. D. 


PROP. XVI, XVI. 


HE SE two Propoſitions are con- 
tuin'd in Propofition 32. and are 
not lere mode uſe of till then. 


PRO -KV III. Theorem. 


N ebe T'iangle the Angle (A) which pig 33 
is oftoſ'd to the greater Side (BO) is 
ler; and B. which is oppoſite to the 


ide AO, ts th? liſſer Angle. 
C 3 (A) Cannot 
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(A) Cannot be equal to (B) for then the op- 
poſite Sides B O, A O would be equal; 
which is contrary to the Hypotheſis, Neither 
can A be leſs than B, for if it were ſo, there 
might within the Angle B be made an Angle 
AB F by the right Line BF; which Angle 
ſhould be equal to A. Bur then by the 6th 
of this Book BF, A F ſhould be equal; and 
if you add to both OF, then BF, FO ſhall 
be equal to AO. But AO by the Hypo- 
theſis is leſs than BO. Therefore BF, FO 
ſhall be leſs than BO, which contradifts the 
Definition of a right Line, which is the ſhorteſt 
of all betwixt two Points. Therefore the Angle 
A is neither leſs than B, nor equal to it. 
Therefore it is greater. Q. E. D. 


PROP. XIX. Theorem. 


N the Triangle AOB the Side (BO) 

which is oppoſed to the greater Angie 
(A) ts the greater; and (A O) which is op- 
foſed to the lefſer Angle B is the leſſer. 


This Propoſition is the converſe of the for- 
mer. BO is not leis than AO, for if it were, 
the Angle (A) by the 18th would be leſs than 
B; which is contrary to the Hypotheſis. Nor 
can BO be equal to A O, for in this Caſe by 
the 5th the Angles A and B would be equal. 
But this Equality of thoſe Angles is contrary to 
the Hypotheſis. Therefore B O is greater 
than AO, ©. E. D. | 


Coroilary. Hence ue gather that a Globe or 
Ball perfectly poliſhed cannot reſt in an horizontal 
Plane perfeitly poliſhed, bat where it touches the 

Earth. 
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Earth. For let the Line A be an horizontal 
Plane, C the Earth's Centre, C A the Semidia- 
meter of the Earth, perpendicular to the Tangent 
AB. The Globe placed at B, becauſe of its Gra- 
vity, and the Declivity of the Plane, will deſcend 
towards A. For in the Triangle C A B the per- 
pendicular Line C A, which is oppoſite to the 
acute Angle A BC, is leſs than the Line BC 
which is oppoſed to the right Angle BAC; and 
fo there is from B to A a perpetual Deſcent, in 
which the Globe cannot reſt. And in the lite man- 
ner we prove the Deſcent of Fluids, and their 
Conformation into @ ſpherical Surface. 


% 


PROP. XX. Theorem. 


N any Triangle, any two Sides of it, 
taken together, are greater * the 
remaining Side. 


This with Archimedes is as it were an Axiom; 
foraſmuch as it is immediately manifeſt out of 
his Definition of a right Line; which ſee above 
amongſt the Definitions. 


PROP. XXI Theorem. 


F from the Ends of one Side A B two pig. 39. 


right Lines be drawn, and joined together 
within the Triangle, (as the Lines AO, 
BO); theſe are leſs than the Sides of the 
Triangle (AC, BC), but they comprehend 4 
greater Angle (4 O B). 


C 4 Fer 


Fig. 40. 
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For as ſor the firſt Part of the Propoſition, 
Per 20. Draw out AO unto F. AC, CF are“ greater 


J. f. than AF. Therefore the common Line FB 


being added, A C, B C are greater than A F. 
b By the FB. Again, OF, BF are greater h than OB. 
ſame. Therefore the common A O being added, AF, 
B F are greater than AO, BO. Therefore 
AC, CB are much greater than AO, OB. 
The ſecond Part ot this Propoſition will be 
demonſtrate} in the fecond Corollary of the firſt 
Part of Propoſition 32. And in the mean 
while we ſhall make no uſe of it. 


PROP. XXII. Problem. 


which any two muſt be greater than the 
third). 


Let B L one of the given Lines be taken, 
and B one of its Extremities being taken for the 
Centre, with the Interval of the other given 
Line BO deſcribe an Arch. | 

Then the other Extremity L being taken 
ſor the Centre, with the Interval of the third 
given Line LO deſcribe an Arch, cutting the 


Lines B O, Lo being drawn, I fay that that 
15 done which was tO be done. 

The Demonſtration is manifeſt from the 
Conſtruction. 


PROP. 


O make a Triangle of three given © 
right Lines /BO LB, LO) c 


former in O; which being done, and the right 
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PROP. XXIII. Problem. 


T a given Point in à right Line Fig. 40. 
% {as B) to make an Angle equal to a 
given one (A). 


Firſt of all let CF be drawn at a venture, 
cutting the Sides of the given Angle A. Then 
in the given right Line from B take B L equal 

to AF. Then from the Centre B deſcribe a 
Circle with the Interval A C; afterwards ano- 
ther from the Centre L with the Interval FC, 
which may cur the former in O. Then from 
O unto B and L having drawn right Lines : 
The Angle LBO will be equal to the given 
one A. | 

For by the Conſtruction the Triangles are 
equilateral to one another. Therefore by the 
8th of this Book the Angles B and A are 
equal, 


a 


T ſeems meet for the ſake of Beginners 
to propound ſome things here which are 

necefJary ior Practice about Angles. 

The Meaſure of an Angle is the Arch of a Fig. 41. 
Circle, which is defcribed from A, the T 
of the Angle as the Centre. Therefore loo 
| how many Degrees the Arch B C which is in- 
tercepted between the Legs of the Angle 
| BC ſhall contain, of ſo many Degrees the 
Angle BA C ſhall be faid to be. And fo be- 
cauſe BF, a Quarter of the Circumference, 
contains 9o Degrees, and meaſures the right 
Angle BA F, a right Angle ſhall be ſaid to 
| be 


—— - 
Dy — = . 


Fig. 42. 


Fig. 43- 
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be of go Degrees. In like manner becauſe 
half the Circumference, which is divided into 
180 Degrees, meaſures two right Angles, and 
the whole Circumference, which 1s divided into 
360 Degrees, meaſures four right Angles ; 
two right Angles ſhall be faid to make 180 
Degrees, and four, 360 Degrees. Theſe 
Things being premiſed, the Practice about 
Angles is as follows: 

1. At B a given Point in a right Line to 
make an Angle equal to the given one A. 

From A the Top of the given Angle as 
the Centre, deſcribe betwixt the Sides the Arch 
CF. Then from B the given Point as the 
Centre deſcribe with the fame Interval the 
Arch LZ; from which take off L O equal 
to CF. Through B and O draw a right 
Line; LBO ſhall be equal to the given A. 

2. To examine the Degrees of the given 
Angle OPQ. This is done very eaſily thro? 
any Semicircle or Protractor, which is divided 
into 180 Degrees. For put the Centre of the 
Semicircle upon P the Top of the Angle, and 
the Radius of the Semicircle P L upon the Side 
of the Angle PQ; and the Arch L O which 
is intercepted betwixt the Legs of the Angle 
will ſhew of how many Degrees the given 
Angle is. f 

3. To frame an Angle containing a given 
Number of Degrees, as 42 : 
Draw the right Line X Q, in which mark 
the Point P. Upon P put the Centre of the 
Semicircle, and its Semidiameter P L upon PQ. 
From L. number 42 Degrees, that is, until you 
come to O. A right Line, drawn from P 
through O, will give the Angle OPL of 42 


Degrees. 


FROF. 


Pn 
— 2 
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PROP. XXIV. and XXV. Theorems. 


F two Triangles (BAC, BAF) ſhall Fig. 4 
have two 922 (B A, AC) equal to 
two (B A, AF) one Side of one, to one 
Side of the other ; and if one of the Triangles 
hath the Angle (B A F) contained by thoſe 
Sides greater than the other (B AC); it 


ſhall have the Baſe B F greater than the 


Baſe (B C). 
And again, If it hath the Baſe greater, 
it ſhall The the Angle greater. 


From the Centre A deſcribe a Circle which 


paſſeth through C, it ſhall paſs alſo through F, 


becauſe A C, AF are ſuppoſed to be equal. 


Therefore B F ſhall fall betwixt the Point A 
— C. Then join CF. The Angle BCF 
than the Angle A CF; that is, by 
ha 5th of this Book, than the Angle AFC, 
and conſequently much greater than the Angle 
BFC. Therefore in the Triangle BCF, i Per 19. 
BF which is oppoſite to the greater Angle + 
B CF is greater than B C which is oppoſite to 
the leſſer Angle BF C. 

2. As for the ſecond Part of the Propoſition, 
this is manifeſt from the firſt Part. 


PROP. XXVI. Theorem. 


12 Tri angles (X and Z) have two Fig. 25. 


Angles equal to two, one Angle of the one 
„„ other ¶ B to F and 
C to J, and one Side of one equal to one of 


— — — — 
- = 
6ͤ— ———ü—H —— —ů— —-— — — 
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the other, whether it be that which is betwixt 
the equal Angles (as BC=FT) or a Side 
which ts oppoſed to one of the equal _— 
(as AC LJ]; all the other Parts ſball be 


equal. 


For in the firſt Place let the Sides (B C, FI) 
which are betwixt the equal Angles be ſuppoſed 
equal; in this Cale all the other Parts are 
equal; as hath been already demonſtrated in 
the Scholium of Propoſition 4. 

Again, Suppoſe the Sides AC, LI which 
are oppoſed to the equal Angles to be equal. 
Here becauſe the Angles (B, C) are by the 


_ Hypotheſis equal to (F, I) the other Angles 


alſo (A, L.) fhall be equal by Coroll. 9. 
Prop. 32. which Propoſition depends not upon 
this. Therefore by the firſt Part of this all the 
other Parts are equal. 


Coroll. Hence alſo, following Thales, we may 
meaſure inacceſſible Diſtances. E. G. Let A D 
be an inacceſſible Line: lo which at the Point A 
let there be erected the Perpendicular AC. Let 
there be made the Angle (ACB) equal to the 
Angle (ACD) the — ble Line 1 B ſhall be 
equal to the inacceſſible A D. Q. E. I. 


PROP. XXVII Theorem. 


F the right Line GO fhall cut two 

right Lines which are parallel (A B, 
CF); 1. The alternate Angls (RL O, 
20 TL. hlkewiſe BLO, COL) ſhall be 
equal. 2. The external Angle GLB ſhall 
be equal to the internal one on the ſame Side 
(that 
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(that is, to LOF): as likewiſe G LR 

al te LOC. 3. The two internal ones 
on the ſame Side (ALO, COL) as taken 
together, ſhall be equal to tuo right ones, as 
likewiſe the two (BLO, FO ) equal to 
two right ones. 


The firſt Part is thus proved. From O and Fig. 46. 


L draw the Perpendiculars OR, LQ. Theſe 


are perpendicular to the * two Parallels AB, Per 
CF; and by Definition 36. equal betwixt # 
, themſelves, they ſhall therefore ! intercept equal 1 pey 

Parts of the Parallels, and R L ſhall be equal Ain 12. 


to Q O. Therefore the Triangles X and Z 


are equilateral to one another. Therefore * the * Per 8. 
alternate Angles RLO, QO L which are op- & 


polite to the equal Sides RO, QI. are equal. 
Which is the firſt thing. From whence it is 
likewiſe manifeſt that the. Alternates BL. O, 
COL are equal. For becauſe as well BLO, 


ALO as COL, FOL are“ equal to two Per 13. 
right ones; therefore B I. O, A LO together © © 


are equal to COL, FOL. Therefore ta- 
king away the Equals R LO, F OL, the re- 
maining ones BLO, COL ſhall be likewiſe 
equal. 
Part ſecond. The Angle GL B is equal 
to that which is vertically oppoſite RL Oꝰ; 
but RL O by the firſt Part of this Propoſition 
is equal to LOF. Therefore G LB the ex- 
ternal Angle is equal to the internal remote one 


which is on the ſame Side, LOF. 


Part third. A L O by the fuſt Part is equal 
to LOF. But LOF with COL, makes 
Angles equal to two right ones. Therefore 


ALO with C OL doth the fame. 


Corol- 


- . 
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Corollary. Hence in Imitation of Eratoſthenes 
Fig. 85- we learn to meaſure the Compaſs of the Earth. 
For be obſerved that, on th: Day of the Summer 
Solſtice, the Sun was perpendicularly over Siene, 
a City of Egypt; and be found by the means of a 
Style perpendicularly erefed, that on the ſame Day 
the Sun was diſtan! from the vertical Point 
Alexandria, a City of Egypt, ſituate almoſt under 
the ſame Meridian with the ether, ſeven Degrees, 
with one 5th Part of a Degree ; and he knew that 
theſe two Cities were about 5000 Furlongs diſtant 
from each other. From theſe Things by the Help 
of this Propoſition he determin d the Compaſs of 
the Earth. Let A be Siene, and B be Alexandria, 
where the Gnomon BC is erected perpendicular 
to the Horizon. Let D Fand EG be the Solar 
Rays parallel to one another as to Senſe. DA 
a perpendicular to the Horizon of Siene; and 
E G a Ray oblique to the Horizon of Alexandria, 
and which paſſing by the Top of the Gnomon makes 
with it the p G CF which is of 73 Degrees. 
Now ſeeing the Angle G CF is equal to the aller- 
nate one AFB, and the Meaſure of it is the 
Arch AB of 754 Degrees, be found the Compaſs 
of the Earth by this . Analogy ;, as 53 Degrees are 
to 5000 Furlongs ; ſo the whole Circumference, 
which is of 360 Degrees, is in a groſs Number to 
2530000, the ad of the Earth in ihe ſame 
Meaſure. Q E. I 


PROP. XXVII. Theorem. 


I F a right Line (GO) cutting tuo right 
TA (AB, C F ') makes the alternate 
Angles {Lo LOF) equal; the Lines 
(4; B, F C) are parallel. 


If 
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If you deny it, let XL Z paſſing through 
the Point L be parallel to CF. Therefore 
X L O” is equal to the alternate FO L, which » By the 


cannot be, ſeeing by the Hypotheſis AL. O is foregoing. 
equal to FOL. 


PROP. XXIX. Theorem. 


I F a right Line GO cutting two right Fig. 45, 
Lines 7.4 B, CF) ſhall make the exter- 46. 
Angle 2 L B) equal to the internal ap- 
— one (LO, or fhall make the tuo 
internal Angles on the Jame Side (AL O, 
COL) equal to two right Angles ; (AB, 

CF) are parallel Lines. 


By the 15th of this Book GL B is equal to 
A LO, which is vertically oppoſite to it. But 
by the Hypotheſis GLB is equal to LOF. 
Therefore alſo A L O is equal to its alternate 
one LOF. Therefore * A B, C F are parallel. 1. 4 4 
Again, COL with FOL makes Angles - 
equal to two right ones. But by the Hypo- 
theſis COLI, with AL O makes in all two 
right Angles alſo. Therefore ALO, FOL 
the alternate Angles are equal. Therefore, 


again“, A B, CF are parallel. Ibid. 


Corollary. From the ſzcond Part of this Pro- 


Poſition it appears that every Rectangle is a Paral- 
lelogram. 


PROP. XXX. Theorem. 


F two right Lines {AB, CF) be parallel Fig. 45. 
to the fame right Line DN — are 
parallel betwixt themselves. 


It 


* Per 23. 
J. 1. 


Fig. 49. 
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It is manifeſt in itſelf, and from the forego- 
ing Propoſitions. For if all be cut by the right 
. Line GO, the external Angle G LB is equal 
to the internal oppoſite one LD N. Now 
LDN is an external Angle in reſpe& of 
DO F, and therefore equal to it. Therefore 
alſo GL. B is equal to LOF. Therefore AB, 


CF“ are parallel. 


PROP. XXXI. Problem. 


HROUGH @ given Point (A) to 
draw a Parallel to a given right 


Line (C F). 


From the Point A let there be drawn at ran- 
dom A L, cutting the given FC. At the 
Point A let there be made the Angle LAS 
equal to the Angle ALF. The Line AS 
will be parallel to C F, as is manifeſt from 
the 28th, the alternate Angles SAL, ALF 
being equal. 

As for the Practice: Draw A L, and from 
the Centre L deſcribe an Arch I Q ; and from 
the Centre A with the ſame Interval deſcribe 
the Arch OX; from which having taken off 
OB equal to IQ ; the right Line drawn thro? 
A and B will be the Parallel fought. The 
Demonſtration depends upon the 29th J. 1. 

Or otherwiſe thus : From a certain Centre P 
deſcribe a Circle which may paſs through the 
given Point A, and may cut the given Line 
oo FinQ and O. Take the Arch ON equal 

o QA. The right Line AN 2 be the 
Paraſde ſought. = 

The Demonſtratio hereof depends upon 29. 

J. 3, and the 28th © is. 


PROP. 
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PROP. XXXI. Theorem. 
„ KL 


N every Triangle any one of the external Fig. 51. 


Angles (as FBC) is equal to the two 
internal remote ones (A and C). 


Through the Point B draw 1 BL parallel to ” Per 31. 
AC. Becauſe F A cuts the two Parallels BL, II. 
AC, the external Angle FB L ſhall be equal : 
ro the internal one A. And becaue the p K * 
Line B C cuts the ſame Parallels (BL, AC); 
the Angle LE C ſhall be“ equal to its alternate * By the 
ene C. Therefore the whole Angle FBC ſhall fame. 


| be equal to A aud C both together. Q. E. D. 
| Corollaries. 
I, H E. external Angle FBC is greater Fig. 51. 


than either of the internal oppoſite 
ones A or C. : 
2. Of the Angles (C and A OB) having the Fig. 39. 
fame Baſe, A OB, which falls within, is | 
the greater. 
For let A O be produced unto F, A OB by 
this Propoſition is greater than OFB; and 
| likewiſe OFB is by this greater than C. 
Therefore AOB is much greater than C. 
3. If from one Point A there fall two right Fig. 55. 
Lines upon BC; one of them AO obliquely, 
4 the other A F perpendicularly ; this laft ſh..1l 
fall on the Side of the acute Angle AOB. 
For let it fall, if it may be, on the Side of the 
obtuſe Angle AOC, as for Inſtance in Q. In 
this Caſe the acute Angle A OB ſhall be exter- 
D nal 
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nal in reſpect of A QB; and uently 
ſhall be greater than the right one, by Coroll. 1. 
which 1s abſurd. 


PROP. XXXII. Theorem. 
TART I 


N every Triangle the three Angles taken 
together are equal to two right ones, and 
therefore make 180 Degrees. 
Draw forth one Side A B unto F. The ex- 
ternal Angle FBC is equal d to the two inter- 
nal oppolite ones, A and C. But FBC with 


ABC make © Angles equal to two right ones. 


Therefore the two A and C with the fame 


CBA make Angles equal to two right ones. 
9. E. D. 

Or thus: Draw the Line H M parallel to 
A C, the alternate Angles as well O and A, as 


N and C“ are equal. But O, Q, N make 


Angles © equal to two right ones. Therefore 


* alſo A, C, Q are equal to two right ones. 
"VS &ED | 


Corollaries. 


4. H E three Angles of any one Triangle 
taken together are equal to the three 


Angles of any other Triangle taken together. 


5. If in a Triangle one Angle be right (or 
obtuſe) the reſt are acute. 


6. If in a Triangle one Angle be right, the 
two other Angles together make one right 


Angle. 
7. In 


Degrees two Ang 
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7. In every Triangle, the Angle, which is 
"_ is equal to the other two taken 
. When you know of how many Degrees 
1 Angle of a Triangle is, you know at the 
ſame time how many Degrees the two other 
Angles, as taken together, do make up. And 
ſo on the contrary, when you know how many 
les of a Triangle taken toge- 
8 p, or what is the Sum of them, 
you know at the ſame time of how many De- 
grees the third Angle is. 

9. When two Angles of one Triangle either 
ſeverally or together are equal to two Angles 
of another Triangle, the third Angle of one 
Triangle is alſo equal to the third of the other. 

10. When two Triangles have one equal 
Angle, the Sums alſo of the reſt of the Angles 
are equal. 

11. When in an Jyoſceles the Angle contained 


by the equal Sides is a right one, the two others 


are each * them halt-right Angles. And the 
Angles of an Joſceles, which are at the Bale, 


are always acute. 
12. In an equilateral Triangle, each Angle 
a right Angle. For it is one 


third of two right ones; therefore it is two 
thirds of one right one. 


13. Hence a right Angle (BAC) is _ Fig. 54: 
be 


divided into three equal Parts; if upon A 

made the equilateral Triangle Z; for, ſceing 
FAC is two thirds of one right one, BAF 
ſhall be one third of a right one. 
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14. The Perpendicular AF is the ſhorteſt of Fig. 55. 


all Lines, which can be drawn from the Point 
(A) unto ſome right Line. For ſeeing the 
Angle F is a right one, A OF ſhall by Corol- 

D 2 lary 
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Fer 19. lary the 5th be an acute one. Therefore AF 
* is ſhorter than any other, as AO. 


15. Only one Perpendicular can fall from 
| 

| 

| 

/ 


one Point unto one right Line. This 1s ma- 
nifeſt out of the foregoing Corollary. 1 
Fig. 86. 16. [tence alſo we lenrn ie determine the Pa- 
rallax of the Stars, or the Difſerence ef their true 
f and apparent Place. Let A be the Centre of the 
| Earth, B the Place of the Obſerver, upon the Sur- 
; face of the ſame. Let D BC be the Angle of the 
| Star C accordiis to Obſervation, or the viſible 
| angular Di tance thereof from the verlical Point; 
| when in the mean while DAC ts the true an- 
| gular Diſtance. Now the external Angle DB C, 
i which is given hom Obſervation, is equal to the 
| Angle: BAC aid BCA taken together ; and con- 
fequently the Angle B CA is the Difference of the 
| Angles DBC 4 DAC. If thereſore we ſhall 
from eftronomica! Tables ſeek the Angle DAC, 


| or woat, at the time of Obſervation, is the true an- 
| gitar Diſtance of the Star from the vertical Point, 
; when ive Angle DBC is at ibe ſame time known 


by means of the Quadrant, the Difference of thoſe 


Anzles B CA. which we call the Parallax, Wil 
likewiſe be knotaun. Q. E. I. 


Scholtum. 


| Y the Teſtimony of Eudemus an ancient 
| Geometr:c:an, Pythagoras was the Finder- 
out of this Fropolition, which indeed is a Theo- 
rem mo{t excellent in itſelf, moſt fruitful in its 
Conſectaries, and of uſe in all Parts of the Ma- 
the matichs. Ariſtotle very frequently makes 
mention o ft, Wh o puts it for an Example 
. „ 129: prrfiet Demonſtration. But like 
| £215. 0 7cpoſition we have already learned, 


how 
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how many right Angles the Angles of a Tri- 
angle are equivalent to ; fo, by the Help of the 
fame, it will in the three following Propoſitions 
be manifeſt, how many right Argles the Angles 
of any rectilinear Figure whatlvever, whether 
internal or external, do make. 


Theorem 1. 


N every quaiirangular Figure the four Angles Fig. ;6. 
together make tour right ones. 
For if through the oppoſite Angles you draw 
the right Line BF, this will cut the Triangle 
into four Quadrangles, without forming any 
new Angles, whole Angles tog ther do? make * Per 32. 
tour right Anglcs. © „ 


T,eorem 2. 


L. L the Angles together of every right- 
lin'd Figure make twice ſo many right 
ones, abating "tour, as are the Sides of the 
Figure. 
From any Point A within the Figure let Fig. ;-. 
there be drawn unto the Anglcs of the Figure 
right Lines, which ſhall cut the Figure into ſo 
many Triangles as it hath Sides, and make no 
more Angles but thoſe of the Centre. Where- 
fore when each of the Triangles contains two 
rigut Angles", they muſt all together contain Per 32. 
twice ſo many right Angles as there are Sides.“ 1. 
Now the Angles abbut the Point Ai do malte Cera, 3. 
four right Angles. Therefore, if from the 5 rop. 13. 
Angles "of all the Triangles you take away the 
new Angles which are about A, me remaining 
Angles, "which indeed do alone conſtitute the 
Angles of the Figure, will make twice fo mary 
D 3 right 


i 
| 
| 
| 
| 
6 
i! 
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right Angles, excepting four, as are the Sides 


ot the Figure. 
Hence it that all right-lin'd Figures 


of the fame Species, or Number of Sides and 


Angles, have the Sums of their Angles equal. 


Which thing is worthy of Admiration. 
The Practice is thus: Double the Denomi- 
nator of the Figure, and from the Product take 


away four; the Remainder is the Number of 


the Tight Angles, which the internal Angles | of 


the Figure do make. 


Theorem 3. 


L L the external Angles of any right- 
lin'd Figure whatſoever taken together 
do make up four right Angles. 


For each of the internal Angles of the Figure 
does, with its reſpective external one, make 


two right Angles. Therefore all the internal 
ones, together with all the external ones, do make 
up twice ſo many right Angles as are the Sides 
of the Figure. Now, by the Precedent, the in- 
ternal ones, together with four right Angles added 
to them, make twice ſo many right Angles as 
are the Sides of the Figure. Therefore the 
external Angles are equal to four right ones. 
Wonderful truly is this Property of right- 
lin'd F igures from whence it follows alſo, that 
all the right-lin'd Figures of any Species what- 
ſoever have the Sums of their external Angles 


equal. And therefore the three external Angle; 


ot a Triangle are equal to the thouſand external 
Angles of a thoufand-fided Figure. Which 


Obſcrration is altogether worthy of Admiration. 


PROP. 


4 
» 
: * 
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PROP. XXXIII. Theorem. 


F two right Lines, which are equal and Fig. 59. 
parallel, as (AB, C F) be joined by two 
others (AC, BF); theſ alſo will be equal 

and parallel. 


Let AF cut the Parallels A B. CF. In the 
Triangles Q, R, the alternate Angles B A F, 
CFA will be equal. Now the Side AB is er 
ſuppoſed equal to the Side C F, and AF is * 
common ” both Triangles. Therefore the ® Per 4. 
Baſes BF, AC are equal. (Which is the firſt “ 
Part.) And then the Angles at the Baſes AFB, 

FAC are equal; and therefore AF falling 

upon the right Lines A C, and BF, makes 

the alternate Angles AFB, FAC equal. 
Therefore AC, BF are alſo © parallel. Which, Per 28. 
is the other Part. | EY 


Coroll. (1.) Hence we learn to meaſure as well Fig. 87. 
the Heights of Mountains above the Horizon as 
their horizontal Lines. Let ABC be the Side of 
a Mountain, to which apply a great Square, or 
fome Inſtrument equivalent thereto I DB. Then 
ſhall AD be ad HB, and DB equal to AH. 
Then coming unto the lower Part, <vhich is from 
the Point B unto the Point C, practiſe as before. 
So fhall E be equal io CF, and EC be equal 
te BF. Which e, the Sides parallel to the 
Horizon, AD, BE, &c. added together vill 
give the borizontal Line G C; and the perpendi- 
cular Sides BD, EC, &c. added together coil 
give the Height AG. 

Coroll. (2.) Hence alſo we learn to eſtimate the Fig, 59. 
Compoſitton of Motions. Let a Body placed at A 

4 be 


Fig. 59 
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be driven in the ſame Mement of Time by the 
Force AC, according to the Direction of the Line 
AC, and by the Force AB according to the Dire- 
lion of the Line AB. From the Conjunction of 
theſe tie Forces it cvill deſcribe the Diagonal A F. 

For ia this Line of iis Motion ncither of the Forces 
is changed. For the Body at F is equally diſtant 
from both the Lines of Direction AC, AB, as if 
it had been driven by either of the Forces ſepa- 
rately; which thing can be ſaid of u other Point. 

And this Corollary auth fo fully agree with aſtro- 
momical and other mechanical Phanomena, that it 
ts worthily reck:3::d by the famous Sir aac 
Newton, as & Foundation of bis Geometrica! 


Philoſophy. 


PR O P. XXXIV. Theorem. 


N every Parallelagram the oppoſite Sides 
and Angles are equal, and it is cut into 
two equal Parts by the Diameter. 


Becauſe AB, CF are * o parallel, and AF 
falls upon them, the alternate Angles B A F, 


CFA are? equal. Likewiſe becauſe A C, 
BF a are parallel, and upon them falls the Line 


AF, the Alternates CAF, BFA are parallel. 


- Therefore the whole Angle BAC is equal to 


the whole Angle BFC. In the ſame manner 
B and C are ſhew'd to be equal. Which was 
the firſt Part. 

Now becauſe it hath been already ſhew'd 
that the Triangles QR, Which have one com- 
mon Side A F, have alſo the Angles adjacent 
to the common Side equal, BAF to CF A; 
and CAF, to BF A; the Sides likewiſe ſhal! 

be 
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41 
be equal, A B to F C, and B F to AC; and 


thus the whole Triangles are equal. Which bs 
was the ſecond Part. | 


Scholium. 


ARTLY from this Theorem, and Fig. 60. 
partly from a Definition to be premis'd 
to the ſecond Book, the Meaſuring of a right- 
angled Parallelogram is eaſily deduced. The 
Area thereof being produced by the Multiplica- 
tion of the two contiguous Sides A F, A C 
one by another. E.G. Let AF be a Line 
of 8, AC a Line of 4 Feet. Multiply 8 by 4, 
there ariſes 32 ſquare Feet for the Area of the 
Rectangle. 
But the Area of a Square is had from the Fig. 61. 
Multiplication of the Side FI by itſelf ; as if 
FI be of 5 Feet, multiply ; into itſelf, there 
will ariſe 25 ſquare Feet for the Area of the 
Square. 
The Demonſtration is manifeſt from this 


Propofition, if parallel Lines be drawn through 
the Diviſions of the Sides. 


Corollary. Fence Surveyors do eaſily divide Fig. 88. 
the Area of a Field when it is a Parallelogram. 7 
For let ABCD be the parallclogram Field: AD 
the Diameter or iagonal Line of the ſame, the 
middle Point wa i is marked F. I bal ſoever 
right Line, as EG, paſſeth tbrougb the Point F, 
it divides the Field into equal Parts E ACG, 

EB DG. For the Triangle ABD is equal to 

the Triangle ACD, and the Triangle A E F, * Per 26. 
equal to the Triangle G FD. If therefore t» be 
Trapezium EB DF, inſtead of the Triangle 

4 EF, you fall add the T. * which is a 


10 


— 


1. 
Fer 4 equal. Therefore taking 
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to it G FD, you will not change the Area; but 
the Trapezium E B D G will be equal to the Tri- 
angle ABD or to half the Parallelogram, and 
conſequently equal to the Trapezium AEGC. 


Q. E. I. 


PROP. XXXV, XXXVI. Theorems. 


Arallelgrams upon the ſame or equal 
Baſes (AB) and between the ſame Pa- 
rallels (C., A X) are equal. 


Pig. 62. 


t Per Def. Becauſe AL, BQ are parallel, and CQ 

35- cuts them, the external Angle CL A ſhall * 

> Per 27- be equal to the internal one F QB. Then, be- 

x Per 34. Cauſe as well CF as LQ are equal* to the 

Ks. fame AB, CF is equal to L Q. Add then 

FL to both, the whole Lines CL, FQ are 

equal. Moreover, AL, B Q are equal“. 

Therefore the Triangles CL A, F QB! are 

away the common 

Li. Triangle FOL, the Planes FO AC, QBOL 

remain equal: To each of which Trapeziums 

add the Triangle A O B, the whole Parallelo- 

grams ACFB, ALQB become equal. 

LAN 

This Propoſition will be made univerſal, 

Prop. 1. J. 6. Beginners may here obſerve, 

that although of two Parallelograms which are 

between the ſame Parallels infinitely produced, 

and upon the ſame Baſe, one of them be ex- 

tended unto an infinite Length, it ſtill remains 

but equal to the other, by the Force of the pre- 
ient Demonſtration. 

[ From hence it follows, that two Cities, in - 


Y Per 34- 
L 


 mitude egral, may fo much differ in Compaſs, ** 


* 


Lib. 1. EvucLiv's Elements. 43 


the Circumference of one may exceed that of the 


other an hundred or a thouſand Times. If, for 


ance, one be of a ſquare Figure or rectangular; 
2 the other * betwixt the ſame 
Parallels indeed with the former, but very oblong. 
Moreover, it bence follows, that Figures 
equal Compaſs round may contain Area's vaſtly 
ferent. 


Scbalium. 


F en this Theorem we may learn to Fig. 62. 


meaſure any Parallelogram. For the Area 
ot it is prod —1 nm. the Alti- 


tude Q X, or CA multiplied into Baſe A B. 

For the Area of the Rectangle C B, which is 
equal ro that of the P BL, is 
made by A C, multiplying AB. There- * By the 
fore, &c. foregoing 


PR OP. XXXVII, XXXVII. Theorems. 


RIANGLES (ACB, AFB) Fig. 63. 
upon the ſame or equal Baſes (A B), 

and between the ſame Parallels (C1, AZ) 

are equal. 


Draw the Lines BL, BI parallel to the 
Sides AC, . The Parallelograms AC LB, 
A FIB“ are equal. But the given Triangles IP 
are Halves of thoſe Parallelograms ®. There- P 34 
fore the given Triangles d are equal. F'* 
This Propoſition will be made univerſal, 4 Per 
Prop. 1. l. 1. Let Beginners mark the fame {i 5 
Thing here concerning Triangles, which we 


bid them to note in the foregoing Propoſition 
concerning Parallelograms, 


Coroll. 
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Corollary (1.) Hence Surveyors eaſily divide 
the Area of a triangular Field. Let ABC be 
the Field, and let the Baſe B C be hiſected in D. 
The Triangles ABD, ADC upon the equal Baſes 
BD and DC, and having a common Top A, or 
being - between the ſame Parallels, are equal. 
Q. E. F. 
Coroll. (2.) Hence we alſo gather, with the (& 
Fig. 90. famors Sir Iſaac Newton, that the Area's wah W = 
all Bodies whatſoever that revolve round about an 
immoveable Centre, — which they are im- 
pelled, do deſcribe, are both in immoveable Planes, 
and are proportional to the Times of Deſcription. 
For let the Time be divided into equal Ports, and, 
in the firſt equal Part of Time, let the Body by 
the impreſſed Force deſcribe the right Line AB. 
The ſame Bedy in the ſecond Part of Time, if no- 
thing hindered, would go forwards ſtrait unto c, 
deſcribing the Line Bc —_ to AB; ſo that the 
Area's made by Lines drawn from the Centre 
ASB, BSc* would be equal. But when the 
© Per 37. Body comes unto B, let the Force act with one 
hl. fingle Impulſe, but a great one, and make the Body 
to defect from Bc, and to go forwards in the 
right Line BC; 1. e. let the centripetal Force be 
in that Place to the Force before impulſed, as Cc 
4 or Bg is to Bc; in this Caſe the Body will f de- 
| Fe Co- ſcribe the Diagonal BC. Let there be drawn pa- 


= ; rallel to BS the right Line Cc meeting BC in C. 

Wn. 7/1. In the ſecond Part of Time compleated, the Body 
il * will be found in the Point C, in the ſame Plane 
with the firſs Triangle S AB. Join S C. The 

Area made by a Ray drawn from toe Centre; 

that is, the Triangle S B C will be equal 10 5 

Per 37. S Be, and conſequently to the firſt Angle S AB“. 
£ »; By the ſame Argument the' Body in the third equal 
Arien i. Part of Time would by its preſent Force reach 
; from 


+ „ y 
— . N * | at 


N 
ö 
} 
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from C unto d; ſo that the Line Cd ſhould be 
equal. to the Line Bc or AB. But if the centri- 
petal Force, whether it be greater or leſſer, does 
again act upon it in the Point C, in the- End of 
the third Part of Time it will be found ſomewhere 
in the Line Dd, parallel to S C; and therefore 
as before, ſuppoſing the ſaid Force to be equal or 
unequal 10 what it was before, it will be found 
to have deſcribed the Diagonal C D, and will be 
found in the Point D, and a Ray being drawn 
from the Centre, the Triangle S DC «ill be 
equal to that Sd C; and conſequently to the others 
SCB, SAB which are equal ene to the other. 
In like manner, if the centripetal Force act ſucceſ- 
feoely in the Points D, E, F, and be the Cauſe that 
the Body in the ſeveral Parts of Time reſpeftively de- 
ſcribes the Diagonals DE, E F, &c. the Area's now 
made as a-fore will be in the ſame Plane, and 
Triangles will be deſcribed equal to the former 
Triangles. Therefore in equal Times equal Area's 
are deſcribed in an immoveable Plane ;, and ſo the 
Sums of the Area's SADS, SAFS will be 
among ſt themſelves as the Times wherein they were 
deſcribed. Now let the Number of the Triangles 
be increaſed, and their Wideneſs diminiſhed infi- 
nitely; both that laſt Perimeter of them A BC 
DEF will be a curve Line, and the Ared's 
deſcribed in one and the ſame immoveable Plane 
will in this Caſe alſo be proportional to the 
Times as well as before. Q. E. D. 


PROP. XXXIX, XL. Theorems. 
2UAL Triangles (ACB, A FB) Fig. 64. 
upon the ſame or an equal Baſe (A B) 


and on the ſame Side, are between the ſame 
Parallels, (AB, CF). | 


It 
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If you deny it, let CL be to AB 

and let BL be drawn. Then „ 

i By the to AC BI. But by the Hypotheſis A F B is 

foregoing. equal to A CB. Therefore ALB and AFB 

are equal; i. e. a Part is equal to the Whole. 
Which cannot be. Therefore, Cc. 


[ Coroll. ( 1.) Hence alſo, with the famous Sir 

Iſaac Newton, we gather, that all Bodies which 

are moved in curve Lines, and deſcribe Area 

about ſome Centre proportional to the Times, are 

perpetually urged and preſs'd by a Force impelling 

towards the Centre. For becauſe of the Equality 

of the Triangles S CB, Sc B deſcribed upon the 

ſame Baſe S B, the Points C and e ſhall be in a 

Line Ce which is parallel to the Baſe ; and ſo the 

Figure BeCg ſhall be a Parallelogram ; the 

* Pe, Sides whereof Bc and Bg are the Lines of the 

Croll. 2. Directions of the Forces, and BC is the Diagonal. 

Prop. 33- The Body therefore is urged unto C by the Force 

41.  Bg which tends unto & the Centre. And fo in 
all the Points, C, D, E, F. Q. E. D. 

Coroll. (2.) Seeing therefore, in the Motion of 

the primary Planets, the Area's made by Rays, 

or right Lines drawn from them unto the Sun, 

are always proportional to the Times, as all Aſtro- 

nomers know ;, the Planets are urged by a perpe- 

tual Force, which tends to the Sun. And the 


| fame thing is equally true of the ſecondary Planets 


with reſpect to thew primary ones.] 
PROP. XLI. Theorem. 


Fig. 6s. F F a Triangle (AFB) be in the ſame 
Parallels with a Parallelgram (AL), 


and kave the ſame or an equal Baſe (A B), 
it is half of the Parallelogram. 


Draw 


Lib. I. Evuc11d's Elements. 47 


Draw CB. The Triangles AFB, ACB 
are equal. But ACB is half of the Paralle- 2” 37, 
AL =, Therefore AFB allo i half 2 7K 


Scbolium. 


R O M this Propoſition, with the Scholium Fig. 65. 
of Prop. 35, we learn, that the Area of 
whatſoever Triangle, as AFB, is produced 
from half the Altitude FI multiplied into the 
Baſe A B, or half the Baſe multiplied into the 
Altitude, Wherefore one Side of a Triangle 
being known, and the „ that is, the 
which falls upon the known Side 
from the Angle, the Meaſure of the 
Triangle is given. As if the Baſe AB be of 
an 100 Feet, the FI 85. multiply 
half the Baſe 30 by 85, and you have the 
the Triangle A FB= 4250 Feet 
Further, the Altitude of a Triangle, 
Area of it is in all Points acceſſible, 
be known mechanically as well as the 


rectangle Triang le, the Height is the 
ich either of the Sides about the right 
Half of this therefore multiplied into 
Side adjacent to the right Angle will 
Area of the Triangle, 


PROP. 
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PROP. XLII. Theorem. 


Fig 66. O make a Parallelogram with an 


Angle equal to à given one (O); and 
equal to a given Triangle (ACB). 


Biſect the Baſe AB in F. Through C 
draw CX parallel“ to AB. Make the Angle 
B A L equal to the given one Oꝰ. Draw 
Fl parallel® to AL. ALTIF ſhall be that 
which was ſought for. | 

For let FC be drawn. The Parallelogram 
Al hath an Angle LA F equal to the given 
one O, and 1s equal to the given Triangle 
ACB; ſeeing that as well as the Triangle 
_ ACB1 as the Parallelogram AI is double 
to the ſame Triangle A CF. 


Corollary. 


HE Triangle ACB being given, a 
; Rectangle equal to it is had, if there 
be drawn a Line parallel to the Side A B, 
and AB being biſected in F, the Perpendi- 
cular B Q be erected. For the Rectangle 
under FB and Q B will be equal to the Tri- 
angle A CB. 


PROP. XLII. Problem. 


N a Parallelogram (as BL) the Com- 
flements (BO, OL) of thoſe Paral- 
lelograms which are abcut the Diameter 


(REF, CS) are equal. 


If 
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If through any Point of the Diameter 4 Q, 
as the Point O, CF be drawn parallel to he 
Side AB, and RS parallel to the Side BQ; 
the whole Parallelogram BL is divided into 
four Parallelograms, whereof two are about 
the Diameter RF, CS, the other two BO, 
OL are the Complements of theſe unto the 
whole Parallelogram B L. 

Their Equality is thus proved : The Trian- 
gles ABQ, ALQ are equal. Likewiſe the Per 34. 
Triangles ARO, OCQ * are equal to the n. 
Triangles A FO, OSQ. Therefore if from ; BY the 
the Equals AB Q, AL. you take away 
Equals, on this Side ARO, O CQ, on that 
AFO, OS Q; then BO and OL ſhall re- 
main equal. Q. E. D. 


PROP. XLIV. Problem. 


PON @ given right Line (OS) to pig 4. 

conſtitute a Parallelogram, in a given 
Angle (X), which Parallelgram fhall be 
equal to a given Triangle (V). 


Make a Parallelogram * RC equal to the Per 42. 
given V, having its Angle ROC equal to the J 1. 
given one X, and join the Side RO directly to 
the given Line OS, ſo as to make one right 
Line therewith. Then through S draw SQ * ® Per 31. 
parallel to OC, which S Q let BC meet when!“ *: 
it is produced unto Q. Then let a right Line 
drawn through Q and O meet BR produced 
unto A, Which done, through A draw AL 
parallel to OS, which AL let CO and QS 

E mcec 
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meet when it is produced unto F and L; the 
Parallelogram O is that which is required. 

* By the For OL“ is equal to R C, that is, by the 

foregoing. Conſtruction, to the given Triangle V, and is 

y Per 15. at the given Line OS; and ” the Angle FOS 

＋. 1. is equal to the Angle ROC; that is, by the 
Conſtruction, equal to the given Angle X. 

Scholium. This Propoſition contains à certain 


Geometrical Diviſion. For, in the vulgar Arith- 
metical Diviſion, the Number to be divided may 
juſtly be conſidered as being a certain Rectangle. 
7. 91-E. G. Let tbe Rectangle AB, comprebending 12 
ſquare Feet, be to be divided by 2; i. e. 4 Ref- 
Fig. gi. angle is to be found equal to that AB of 12 ſquare 
Feet, one of whoſe Sides ſhall be only 2 Feet : 
From whence it comes to be enquired of what 
Number the Side ſought ſhall conſiſt ; which Side 
is to be efteemed a certain Quotient of this Divi- 
ſion. Which Thing is performed Geometrically af- 
ter this manner: With a Pair of Compaſſes take 
the Line B D of two Feet, and draw the Diago- 
nal DEF. The Line AF is that which is ſought 
Per 43. for. For the Complements EG and EC are 
f.l. equal; and in the Rectangle EG one Side EH 
is equal to the Line BD which is of 2 Feet; and 

the Side ET is equal to AF. 

This Kind of Diviſion is called Application, 
becauſe the rectangular Space AB is applied to 
the Line BD or EH; and hence it comes that 
Diviſion is often named Application; Ræſpect be- 
ing had to the Praftice of the old Geometricians, 
who always made more Uſe of Geometrical Con- 
ſtruction, which requires only a Rule, and a Pair 
of Compaſſes, than of Arithmetical Computation, 
which is performed by Numbers. 


PROP. 
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PROP. XLV. Problem. 


PON «a given Line I and in Fig. 69. 
a od pond + pt (H) to make a Pa- 
1 to 4 given Reckilineal Fi- 


rallelogy 
gure * B 


Reſolve the given Rectilinear into the Tri- 
angles A, B, C, by drawing the right Lines 
FL, FI. 

Upon the given Line I Q in the given An- 
gle H make * the m I'V equal to- Per 44: 
the Triangle A. Then, the right Line IR be- 1. 
ing produced infinitely towards P, upon the 

right Line RV in the Angle VR P Þ make e py the 
the Parallelogram R Z equal to the Triangle fame. 
B. Again, upon the Line SZ with the An- 
gle Z SP make the Parallelogram 8 G equal 

to the Triangle C. This done, I fay 10 is the 
Parallclogram ſought for. 

For © the Angle Z VR is equal to its alter- Fer 27. 
nate IR V. But QR and IRV are equal 2 f. 8 
to two right Angles. Therefore allo QV Re. 
and Z N R are equal to two right ones. There- 
fore Q and Z V fall directly fo as to make « Per 14. 
one right Line. After the ſame manner I might J 1. 
ſhew that QZ and Zz G make one right Line. 
Therefore the whole Q V Z G is one right Line, 
and is alſo parallel to IX, ſeeing by the Con- 
ſtruction Q V is parallel to IP. Now XG 
alſo * is parallel to I Q. Seeing X G is paral- ( Per. 30. 
lel to SZ, and SZ to RV, and RV to“. 
IQ. 
I G therefore © is a Parallelogram; but that : Per def. 
it is ſuch an one as was required, is manifeſt 35: 
from the Conſtruction. 

E 2 [ Coroll. 
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Fig. 70. 


Fig. 71. 
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[Coroll. Hence is eaſily found the Exceſs 
whereby a greater rectilinear Figure exceeds a 
leſſer. To wit, if unto the ſame right Line 12 


be applied Parallelograms reſpectively equal to the 


two right liu'd Figures. For that Parallelogram 
by which the gr enter Rectilinear exceeds the leſſer 
will give 1 erence of them. Q. E. I.] 


Scholium. 


E. vill here add a Problem that will be 
uletul for the Practice of Propoſition 


14.1. 2. | 

A quadrangular Figure BF being given, to 
deſcrive an equal Rectangle. 

Retolve i into Triangles by the right Line 
AC. From the oppoſite Angles let down the 
Perpendiculars BO, FI. Biſect A C in S. 
From 8 erect the Perpendicular SL, equal to 
the two BO, FI put together. The Redt- 


angle comprehended under LS and SA is 


equal to the given BF. The Demonſtration 
appears out of Propoſition 41. 


PROP. XLVI. Problem. 


ROM a given right Line (AB) to 
deſcribe a Square. 


Erect two Perpendiculars equal to the given 
AB; to wit, AC, BE, then join CE. I 


' lay the Thing is done. 


For, ſceing the two Angles A and B are“ 


tru- right ones, AC and BE ſhall * be parallel; 
but they are alſo * equal. Therefore CE and 


AB art parallel and equal. Therefore the Fi- 
gure 


þ 
5 
4 
: 


7 
| 


* 
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gure is a Parallelogram and Equilateral. But 
all the Angles alſo are right ones (for, ſceing 
A and B are right Angles, the oppoſite ones ® ” Per 34. 
E and C are right alſo). Therefore the Figure akon 
AE is a Square. 
[In the ſame manner you may eaſily deſcribe 
a Rectangle which bath the two unequal Sides 


given. | 


PROP, XLVII. Theorem. 


N every right-angled Triangle (as ABC) Fig. -+ 
the Square of the Side (AC) which ts 
oppoſite to the right Angle is equal to the tw9 
Squares together of the two other Sides 

(AB, CB.) 


Let IC and BF be drawn; and BE parallel 
to AF. Now if to the right and therefore 
equal Angles IAB, FAC, there be added 
the common Angle B A C, the Wholes I A C 
and FAB ſhall be equal. But in the Trian- 
gles IAC, FAB, the Sides which contain 
thoſe equal Angles are equal amongſt them- Per di 
ſelves, to wit, IA, CA, to BA, AF, each 70+ 
to each. Therefore the Triangles I AC, FAB * Pwr 4 
are equal. Which becauſe they ſtand upon the“ 
ſame Baſes IA, F A with the Parallelograms 
ABLI and ZAF E, and between the ſame 
Parallels IA, LBC, and AF, E Z B, they 
are Halves “ of thoſe Parallelograms. There- » Pe ; : 
tore the Parallelograms ABLI, Z AF E, as . 
being Doubles of Equals, are equal betwixt 
themſelves. By the fame Reaſoning the right 
Lines A X, BR being drawn, it may be ſhewn 
that the Parallelograms EC, B X are equal. 

E 3 __ Fherefore 
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Therefore the whole A R is equal to IB and 
BX together, Q. E. D. 

It was taken for that LBC is pa- 
rallel to I A, in order to which LB and BC 
muſt be one right Line. Now that are 
ſo is manifeſt from the 14th, ſeeing the Angles 
LBA and CBA are both right ones by the 
Hypotheſis. 


Schalium. 


HIS Theorem (which Prop. 3 1. J. 6. 
Euclid extends unto all like or ſimilar Fi- 
gures) is commonly calPd the Pythagoric Theo- 
rem, from Pythagoras the Inventor of it; who, 
as is atteſted by Proclus, Vitruvius, and others, 
offer*d Sacrifices to the Muſes, as ſuppoſing 
himſelf to have been helped by them in ſo ex- 
cellent an Invention; in which thing he ſhew'd 
himſelf to be ignorant of God, the Lord of 
Sciences, the true and only Author of all Wif- 
dom; or certainly if he knew him, he glori 
him not as God. There is frequent and notable 
Uſe of this Theorem through all the Mathe- 
maticks ; and in particular it opens a Way unto 
the Knowledge of incommenſurable M 
a main Secret of Geometrical Philoſophy. 
That the Side of a Square incommenſurable 
to the Diameter is a thing much celebrated 
amongſt the old Philoſophers, Ariſtotle and 
Plato eſpecially ; inſomuch that Plato would 
lay, that he who knows not this is not a Man, 
but a Beaſt, Now the Knowledge of this My- 
ſtery ſeems to have taken its Riſe our of this 
47th Propoſition. For ſeeing in the 
AE the Angle A is a right Angle, the Square 


of the Diameter C B ſhall be equal to both the 


Squares 


| 
; 
| 
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of the Sides, AB, A C, and therefore 
double to one of them. Wherefore ſeeing the 
Square of CB is 2, and the Square of the Side 
AB is x or Unity, the Diameter CB ſhall be 
the ſquare Root of 2, and the Side AB the 
ſquare Root of Unity, or Unity itſelf 3 the Ra- 
tio of which Quantities (as it will be demon- 
ſtrated in its Place) cannot be explicated in 
Numbers, and therefore they are incommen- 
ſurable. 

And by this one Argument alone, if all others 
were wanting, it might evidently be made out, 
that Geometrical Magnitudes cannot be made 
up of a definite Number of Points ; for other- 
wiſe none would be incommenſurable ; foraſ- 
much as a Point would be the common Mea- 
ſure of all. 

To theſe Things we will ſubjoin three Pro- 
blems which are deduced out of the preſent 
Propoſition, and are of frequent Ute. 


Problem 1. 


F any Number of Squares are given, to Fig. 73. 
1 make one equal to them all together. 
1 Let there be three or more Squares given, 
whoſe Sides are AB, BC, CE. Make the 
right Angle FB Z having indefinite Sides, and 
unto the Sides of it transfer A B and B C, and 
then join AC. The Square of A C ſhall be 
equal to the Squares of A B and B C together *, 4 Per 47. 
Then transfer AC from B unto X, and CEL I. 
the third given Side transfer from B unto E, 
and join EX; the Square of EX ſhall be 
equal to the Squares of EB (or EC) and BX 
together; that is, equal to the three given 
E 4 Squares, 


| 
: 
} 


Fig. 74 


2. 


Fig. 7 


r Per 47. 
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Squares, whoſe Sides are A B, BC, CE: And 


ſo on as long as you pleaſe. 


Problem 2. 


WO unequal right Lines being given 
(AB, BC) to determine that Square, 
whereby the Square of the greater (AB) ex- 
ceeds the Square of the leſs (BC). 

From the Centre B with the Interval A B de- 
ſcribe a Circle. Then from C erc& a Perpen- 
dicular C E, cutting the Circumference in E. 
The Square of CE is the Exceſs or Difference 
which is ſought for. 

For let BE be drawn. The Square of BE, 
that is, of AB, is equal to the Squares of 
BC and CE together. Thereture, Ec. 


Problem 3. 


N Y two Sides of a right angled Irian- 
gle being known, to find the third. 

Let the Sides containing the right Angle be 
AB, AC, the one of 6 Feet, the other of 8. 
You are to find of how many Feet the Side 
CB, which is oppoſite to the right Angle, is. 
To do which, multiply 6 and 8 each of them 
by itſelf. From which Multiplication there will 
ariſe for the Squares of thoſe two Sides 36 and 
64; the Sum of which is an 100. The ſquare 
Root of an 100, which is 10, gives the Feet of 
the Side BC, whoſe Quantity was fought. This 
Demonſtration offers itſelf in and trom this 
47th Propoſition ; for the Sum of the Squares 
BA and CA is equal to the Square of BC. 
Therefore the Root of the Sum of them is 
equal to the Root or Side B C. 


Then 


1 
4 
x 


0 
J 
: 
5 
K 3 
* 7 
by 
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Then let the Sides AB, BC be known, 
the one of 6 Feet, the other of 10, you are 
now to find AC. Take the Square of the 
Side AB which is 36, out of the Square of the 
Side BC = 100. The Remainder 64 ſhall be 
the Square of the Side A C. The Root there- 
fore of 64, which is 8, gives the Fect of the 
Side A C, 


Corollary, From hence wwe derive the Original 
of the Tables of Sines, Tangents, and Secants. 
For, for Inſtance, let AC the Semidiameter of pig. g2. 
the Circle be of 100,000 Parts, and the Angle 
BAD of 30 Degrees. Becauſe the Chord or 
Subtenſe of bo Degrees is equal zo AC the Se- » Per 
midiameter ; BD the Sine of 20 Degrees Hall“ 1 
be equal to balf the Semidiameter, or 1 AC ; f 9 * 
and therefore ſhall contain 50,000 Parts. But 2 ALL 
now, in the right-angied Triangle A DB, the . 4 op. 3. 
Square of AB is equal 19 the Squares of A D and + 3: 
BD. Wherefore 1 the Semidiameter AB le 
ſquared (by multiplying 100,000 by 100,000) and 
from that Square ſubtract the Square of BD. 
The Remainder fhall be the Square of 1D, or 
of ihe Cofine equal to it BF; out of which ex- 
tract the ſquare Root, and you will bave the Line 
BF or AD. Then by this following ualog y, 
AD: D:: MAE: CE, or AD : 8D :: 
AC: CE, will he wad the Tangent C E. Aud 
then laſtly, if the Square of AC be ade ts lue 
Square of CE, the Reot of the Sum be. [Hg ex- 
trated will be the Secamt AE. Q. E. I. 


PROP. XLVIII. Theorem. 


F in a Triangle the Square of one of NY Pig. 76. 
Sides (AB) be equal to the toro Soares 
of 


t Per 47. 
"aſt 


* By the 
Conſtru- 
cton. 


w Per 8. 
& vs 
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of the other Sides (AC, BC) taken together, 


the Angle (A C B) which the two other Sides 
contain, is a right Angle. 


If not, the Angle A CB will be greater or 
leſſer than a right Angle. In either of which 
Caſes (as it will be demonſtrated, Prop. 12, 13, 
not on this 
the Square of AB will not be equal to the 
Squares of AC, BC together; which is con- 
trary to tac Hypotheſis. 

Or thus: Draw FC perpendicular to AC, 
and equal to CB, and join AF. The Square 
of AF is equal to the Squares of FC, CA 
together; that is, to the Squares of BC, CA; 
that is, by the Hypotheſis, ro the Square of 
AB. Therclore the right Lines AF, AB 
are equal, Becauſe therefore the Triangles are 
mutually equilateral, the Angles at C are 
4 pal. Therefore they are both right Angles *. 
f- 9. E. D. 
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| HIS Book is ſmall in Bulk, but 
great indeed in the Excellence and 
Uſefulneſs of irs Theorems. Young 
will not, I know what I 
ſay, be at firſt able to diſcover it; but, being 
further A will from their own Ex- 
perience, and with the greateſt Certainty, 
prehend that it is moſt true. ws 


A DETIXITIO N. 


Right-angled Parallelogram (as A E) Fig. 60. 
(which is wont ſimply, and without any J. l. 
Addition, to be calPd a Rectangle) is ſaid to 
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be contain'd under the two Lines AC, AF) 
which determine the Magnitude of it : 

For the one of them A C determines the 
Height, the other A F the Breadth of it. 
Now if the Side A C be underſtood to be carried 
perpendicularly along the whole A F, or A F 
along A C, by that Motion the Rectangle or 
its * will be produced. Wherefore a Rect- 
angle is rightly ſaid to be produced from the 
Drawing ot two Lines into one another, or the. 


therefore you have theſe Words, | the Rectangle 
under (or of) AC, CB, ] or for Brevity's ſake, 
the Rectangle A CB, ] there is meant that 
Rectangle which is contained under A C and 
CB multiplied one into the other. In like 
manner, when we ſay the Rectangle under AB, 
BC, or the Rectangle ABC, there is deſigned 
the Rectangle contained under the right Lines 
AB and BC, multiplied by one another. 
Moreover, of Rectangles ſome are oblong, 
ſome are ſquare. The oblong Rectangle is that 
which hath its contiguous Sides unequal, or 
which is contained under two unequal right 
Lines. The ſquare Rectangle, that which is 
contained under two equal right Lines. 


PROPOSITION JI. Theorem. 


F there be two right Lines (AB, AC) 

one whereof 15 divided into as many Parts 
as you will (AE, EF, F C) the Rectangle 
comprig d under thoſe two (AB, AC) is 
- equal to all the Rectangles together, which) 
are contain'd under the undivided Line (AB 
and 


Multiplication of them one by the other. When 
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and the ſeveral Parts of the divided Line 
(AE, E F, FC). 


Make AB icular to A C, through 
B draw the infinite Line BR parallel to A C. 
From E, F, C, erect the Perpendiculars E I, 
FL., CQ. BC will be a Rectangle under 
AB and AC; and is equal to the Rectangles 
BE, IF, LC; that is, (becauſe as well I E as 
LF are equal? to AB) equal to the Rectangles 9 IOW 
under AB, AE; AB, EF; AB, FC, 7 


Scbolium. 


H E ten firſt Theorems of this Book are 
true alſo in Numbers, if they as Lines 
be divided into Parts. The numerical Rect- 
angles are produced from the Multiplication of 
two Numbers, and the numerical Squares from 
the of the ſame Number by 
[ Let the undivided Number be 9, and the 
divided one 12. The Rectangle which is from 
9 multiplying 12==108 will be equal to the three 
Rectangles, 27, 36, and 45, which are produced 
from 9 multiplied by 3, and 4, and 5, reſpectively 
and ſeparately. Or let the Number 432 be as it 
were a Multiplicand divided into 400, and 30, 
and 2; and the Number 8 an undivided Multi- 
lier; 8 X 432 = 3456 will be equal 10 8 
X 400 = 3200 + 8 x 30 = 240 + 8 x 2 
== 16, And from this Propoſition therefore the 
Demonſtration of Multiplication is to be derived. 


PROP. 


Fig. 2. 


Fig. 17. 


Fig. 18. 
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PROP. II. Theorem. 


F the right Line (AB) be cut any 
where (as in C), the two Rettangles 
under the Whole (AB] and the Parts (AC, 
CB) are fo the Square of the whole 
Line (A B). 3 


[For AD is the 8 of the Whole ; and 
AH, CD are Reftangles under the Whole A B 
and the Parts AC, C.] 


[ Let the Number 8 be divided into 5 and 3; 
the Square of the Whole 8 x 8 = 64 is equal 
to the Rectangle 8 x 3 = 24, + 8 x 5 
= 40.] 


PROP. III. Theorem. 


L: right Line as (AB) be cut an 


where, (as for Inſtance in C); 
Rectangle contain d under the Whole AB, 
and either of the Parts (BC) is equal to a 
Rectangle under the Parts (AC, CV, tage- 


ther with the Square f the ſaid Part (B ©. 


[For AF is the Rectangle under the whol: 
Line AB, and the Part AC; and CF is the 
Reftangle under the Parts; as AE is the Square 
of the Part AC.] 

In Numbers. Let the Number 7 be divided 
into the Parts 3 and 4. The Rectangle of 
7 Xx 3 = 21 t5 equal to the Reflangle of 
3X4=12, together with the Square 3X3 =9. 
In like manner 7 Xx 4 = 28 is equal 10 the 
Rectangle 3 x 4 =12 + the Square 4 X 4 =16.] 


PROP. 
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PROP. IV. Theorem. 


ETa right Line as n 
E. Bl 2 (O) : The Square of the 
to the Squares of the 
a 0. © and to > Rectang les 
2 (FO, O L). 


[ For FD is the Square of the Whole ,, and CG Fig. 19. 
and C L the Squares of the Parts; and C F, CD, 
two Reftangles under the Parts.] 

In Numbers. Let the Number 10 be divided 
inte two Parts 7 and 3. The Square of 10x 10 
== IOO is equal to the Squares of the Parts 7X7 
= 49, 28 and to the two Reftangles 
7X3 = 21, and 7 x3 =21, And on this 
28 depends the Extraction of the Square 
Root. 


Coroll. (1.) Hence it is manifeſt, that the Fig. 19. 
Parallelograms about the Diameter of a ſquare, 
(O J. HV are Squares. 

(2.) 4s likewiſe that the Diameter of every 
Square biſefts the Angles of it. 

( 3) And that the Square of half of the Line is 
a fourth Part of the Square of the whole * 
For in that Caſe the Rectangles and Squares end 


in four equal Squares. ] 
PROP. V. Theorem. 


F a right Line as (Q be cut equally pig. 5. 
in (R), and u 


ally in (& the Rect- 
angle contain d u the unequal Parts 


(LF, 8X) taken together with the Square 
of 


Fig. 20. 


*%s. 
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of the intermediate Part (RS) ſhall be equal 
to the Square of the half (Q,R). 


[For All is the Reftangle under the unequal 
Parts, and L G the Square of the — wo 
Part, and R F the Square of half the Line; 
and therefore, becauſe the Rectangle QL is equal 
10 the Nectangle S F, and the reſt of the Space i is 
common to both, the Propoſition is manifeſt. ] 

Let the Number 8 be divided equally, that is, 
into 4 and 4, and unequally into 5 and 3. 
Rectangle of 5 X 3 = 15 together with the 
Square 1X 1 = 1 ſhall be equal to the Square 


4xX4=16.] 


PROP. VI Theorem. 
F a right Line (A B) be divided into 


g equal Parts in (O, and to it a cer- 
tain right Line (BF) be adjin'd; the Reft- 
ange ctaind under the "lb compound 
Line (41 F) and the adjoin d one (B F) taken 
togrthor with the Spuare of half the Line 
(CB; Vall be equal to the Square of (CF) 
which is crmpounded of half the Line AB 


aud the adjuin'd one, 


[er AN «is the Rectangle under the wwhot® 
comporind Line, and tue adjoin'd ane; and X & 
the 5 51 are of half the Lise AB; and CE the 
Star: £ the Line cn:pe:r:ded of half the Line 
AB, and that wehic> wa, add. Wherefore 
becauſe ihe Rectangle I HE 4 egal to th: Rec- 


angle AN T and the veſt © Fate is common 

19 Delt, AN ana KG e CF 2 E. D. 
[If the Number 6 be divi | u 

Parts 3 and 3; and toit be ci: n 2, 


+ be 
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The Rectangle of 8 x 2 = 16, taken 
ther. with the Square 3 x 3 = 9 ſhall be equal 
to the Square 5 x 5 = 25.] 


Coroll. Hence, with Maurolycus, with one 
ſengle Obſervation we learn to meaſure the Dia- 
meter of the Earth. Let the Altitude of the Moun- 
tain A D be known, and AB the Line touching Fig. 22. 
the Earth be known by meaſuring. Let the Line 
D E be cut into two equal Parts in the Centre C, 
and to it be added the Line AD. Now becanſe 
the Reflangle under A E, AD, topether with the 
Square of D C, is by this Propoſition equal to the 
Square of AC, that is, equal to the* Squares of * Per 17. 
the Lines AB, BC: From bence it follows, that, J. 1. 
if you take away on both Sides the Square of CD 
or CB, the Rectangle which is under AE, AD 
is equal to the Square of AB. Therefere let the 
knozon Square of A B be divided by the known 
Altitude of the Mountain A D, and the Quotient 
will give the Line AE. From which ſubiraft 
the known Altitude of the Mountain A D, the re- 
maining Line D E will be the Diameter of the 
Earth. Q. E. I. 


PROP. VI. Theorem. 


Fa right Line (A B) be cut any where pig. - 
(as in C), the Square of the whole Line 
(A B) taken together with the Square of 
either of the Segments (AC) is equal to ta9 
Refangles contained under the whole (AB, 
and that Segment (A C) together with the 
Square of the other Segment (CB. 


F Hr 


66 EvucLivp's Elements. Lib. II. 


Pig. 23. [ For EB is the Square of the whole Line, 
and AL the Square of the Part AC. But the 
two Rectangles under the whole Line and that 
Part, E IJ, HL, together with & B the Square 
of the other Part, poſſeſs the ſame Space that E B 
and the Square of A C doth. Therefore they are 
equal to E B and the Square of AC.} © 

Let the Number 13 be divided into any two 
Parts, as 9 and 4. The Square 13 * 13 = 169. 
together with that 9 X 9 = 81, is equal 10 
13 9 = 117, * 13 * 9 = 117, and the 
Square 4 x£4 = 16.] 


PROP. VII. Theorem. 
Fig. 8. bo a right Line (L F) be divided into 


two equal Parts in (I, and to it a cer- 
tain right Line be adjoin'd (FO); the Rect- 
angle (L IO) which is contain d under the 
half of the Line (L and the Line (TO) 
that is compounded of half the aforeſaid Line, 
and the Line adjoin'd; this Rectangle taken 
four Times, together with the Square of the 
adjoin'd Line FO, ſhall be equal to the 
Square of the whole compound Line (LO). 


Fig. 24 [For AL is the Square of the whole 
c containing four equal Reciangles under L I — 
TO (io wit, D R, B A, RO, and the fourth 
made up of L R and TH added together) and 
with thoſe four Rettangles the Square HE. 
From whence the Propoſition is manifeſt. 
[ Let the Number 12 be divided into 6 and 6 ; 
and the Number 4 be added to it. The four 
\ RefFangles 10 x 6 = 240 and 4X4= 16 are 
equal to the Square 16 % 16 = 256.] 


PROP. 
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PROP. IX. Theorem, 


F a right Line (AC) be divided equally Fig 

in (B) and unequally in (F), the Squares 
of the unequal Parts (A F, FC) will be 
double to the Squares of half the Line (AB), 
and of the intermediate Part (B F). 


[Let B E be equal and perpendicular to B A. Fig. 25. 
| From hence the Conſtruftion being made, as the 


Figure ſhews, the Lines AB, BE, BC will be 
equal : as alſo the Lines E &, G & will be equal. 
The Angles AEC, ABE, CBE, EG9, 
9 FC, will be equal; and the Angles AE B, 
3 EC, ECA. CAF, EA half right ones. 
Fecm whence the Square of A E will be double * po 47. 
the Square of A B, which is half of AC, and“ ": 
the Square of E & double to the Square of G2 
or BF the intermediate Line. But the Squar 
of AE and E & are e „„ 
AY, that 1s, to the — Ar 24 22 
or F C the unequal Parts. 
[ Let the Number 32 be FP. into 
16 and 16, and unequally into 20 and 12. The 
Square 20 X 20 = 4OO with the Square 12 X 12 
== 144, are double to the Squares of 16 X 16 
= 0000 4x 4.56] 


PROP. X. Theorem. 


| Jt a right Line (F I) be divided into two vig 100 
equal Parts in (L), and to it a certain 
right Line (as IO) be adjoin'd; the Square 
of the whole compound Line, (F O) taken to- 
gether with the Square of the additional Line 
F 2 (10), 
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(TO), Hall be double to the Squares, which 
2 deſcribed upon the half Line (FL), and 
(LO) that which is compounded of half the 
Line (FI) and the additional Line. © 


[ For a Conſtruftion being ſuppsſed not unlike to 
the former; the Square of FE is double to the 
Square © of the balf Line FL., and the Square of 

G is donde to the® Squereef EQ or LO 
which is compounded of the half Line and the ad- 
ditional one. But the Squares of FE and E G 
are © equal lo the Square of FG; that is, to the 
Square of FO the whole compound Line; laben 
together with the Square of O G or OT the addi- 
tional Line. Q. E. D.] 

[Let the Number 40 be divided into 20 and 
20, and t9 it let there be added the Number 14. 
The Square 54 X 54 = 2916, with the Square 
14 X 14 = 196, are double to the Square of 


20 X 20 = 400 taken together with 34 * 34 
= 1156. ] 


PROP. XI. Problem. 


O to cut the given right Line (A B) in 
(C) that the Rectangle (A BC) which is 
contain d under the whole Line and one Part, 
ſhall be equal to the Square of the other Part 
(AC). 
From A erect a Perpendicular A F equal to 
AB. Biſect AF in X. Draw the right Line 
XB; from the Line F A drawn forth cut off 
X I equal to X B. Then cut off A C equal to 
ATI. I fay the thing is done. 


For 
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For let the Square B A FS be perſected; 
and a Perpendicular being drawn through C, 
let the Rectangle FIL O be perſected alſo. 
Becauſe F A is biſected in X, and to it is added 
Al; there ſhall be 


2 1 4 
+ Sito the Square of XI * 
Square of XA * 
That is, = to the Square of XB © Þy the 
That is, = 3 of BAT gion. 
AX Per 47. 


Therefore let there be taken away on both * *- 

Sides the Square of X A; there will remain 
Rectangle FI A or FIL. 
== AS the Square of the Line BA; 

Wherefore again, the common Rectangle 

A O bing taken away, 
AL will remain equal to CS. 

But A L is the Square of the Line A C, 
ſceing by the Conſtruction A C and All are 
egua]. And CS is the Rectangle ABC, for- 
almuch as BS is equal to AB. Therefore the 
Rectangle ABC is equal to the Square of AC. 


 Therefare we have cut the Line AB, 45 it Was 


e quired. 


Schalium. 


II ten firſt Propoſitions of this Book 

are true alſo in Numbers. But this 
c!2venth cannot be exemplify'd in Numbers; 
ur no Number can be ſo divided that the Pro- 
duct of the Whole multiplied by one Part ſhall . 
be equal to the Square of the other. The Force 
of this Section of a Line is wondertul, for 


wich fre Prob. 30. Lis. 6. 


F-3 PROP. 
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PROP. XII. Theorem. 


N an »btuſe-angled Triangle (ACB), 

the Square of the Side (A AB) oppoſite 10 
the obtuje- Angle (C), exceeds the Squares of 
the other Sides (AC, CB), by the Rectangle 
(BCF) twice taken ; ; which ſame Rectangle 
7s comprized under (B O, one of the Sides 
containing the obtuſe Angle, and the Line 
(CF) which is intercepted betwixt the Per- 
pendrcular (A F) and the obtuſe Angle. 


The _—_ AB is equal to the Squares 
182 ot 5 F 


But he "WW of BF is equal to the Squares 
of FC, CB, with the Rectangle F CB twice 
® Per 4 taken b. Therefore if you ſubſtitute theſe for 
£2 the Square of BF; then 
the Square of AB is equal to A F Square 
F C Square 
n CB Square 
| and Rectangle B C E twice. 
i Per 47. But the Squares of AF, FC are! equal to 
4 the Square of A C. Wherefore this being ſub- 
ſticuted for them, 
AB Square is equal to A C Square 
CB Square 
+ Rectarg. BCF twice. 


Fig. 12. 


- * wv ' = 
PROP. Yi. Theorem. 
1 2 3 = 7 ; — 
Fig. 13. ＋ ahh na T6241 2 * 4 AC 'B) 
| E — 
— 4 6 WIN ICEESSF 


tbe 


Lib. II. EucL ID's Elements. 


the other Sides (AC, C B) by the Rectangle 
(BCF) twice talen; which ſame Rectangle 
is contain d under (B C) one of the Sides com- 
prehending the acute Ange (C); and the 
Line (FC) which is intercepted betwixt the 
Perpendicular (A F) let fall upon the Side 
(BC) from its oppoſite Angle (A), and the 


acute Angle (C). 
he Square of BC is equal to“ the Rect.] Per 4. 
(BFC twice, ( [. 2. 
+ FC Square 
+ FB Im | 
And AC Square is equal to C F Square” Per 47, 
＋ FA — 2 
Wherefore the FB C Squ. | equal to Rect. 
two together LA C Squ. (B F C twice, 
BF Square 
.+ 2 FC Square 
+ A F Square 


But the Rectangle BF C twice, together wich 
the Square of FC twice, is * equa] to the Rec- Per 3. 
angle B CF twice. Therefore this being :ub- < 2 
ſticuted for them, 

BC Squ. ) are equal to the Ret, BCF 
— AC 3 (twice + BF Sire) 

+ A F Square 

But the Squares of AF, BF are equal o“! Per 47. 
tae Square of AB. Therefore this being ſub⸗-- 
ſtituted for them, 

B C Squ. F equal to the Rect. B F twice 
+ AC Squ. ＋ AB Ons 

That is, BC Square + .A C Square do ex- 
ceed AB Square by the Rectangle BCF twice 
taken. 


F 4 Carol. 


Evctiy: Rinn I 


Corollary. 


HE. Propoſition is true, although the 

Perpe:nlicular falleth without the Tri- 
angle. And the Demonſtration is almoſt the 
ſame. 

i More briefly thus: ACq =® ABq + 
CBq + 2 CBE. Aid on Bolli Sides C Bg, 
ben ACI +CBq= ABq+2CBq+ 

> CBE =n ABq + 2 BCE Q. E. P. 


5 C hot INI. 


R OM this Propoſition and the 47h of 
the former Book, we have the Meature of 
ary Triangle whatioever, whote three Sides are 
known, although the Area be allogether inac- 
ceſſible. For, by the Help of thetc Theorems, 
the Perpendicular is known, albcit the Impedi- 
ments of the Place ſhould not permit us to 
mark it our. But note, That the Perpendicu- 
lar, multiplied by half the Side on which it falls, 
produceth the Area of the Triangle, as appears 
out of the Scholiam of Propoſition 41. Lib. 1. 

Let there be any Triangle (as ABC) having 
tz Sides known. It is required to give the 
Perpendicular A F, which falls from the : given 
Angle A upon the oppoſite Side CB. 
Take the Square of this Side A B oppoſite 
to the acute angle C, out of the Sum of the 
Squares of & C and BC. Py the 13th the 
Remainder ſhall be the Rectangle B CF twice 
t. ken. Divile half of the Re mainder, that is, 
the Rectangle B C F by the known Side BC; 
thence will arite the righe Line CF. Take 
the Square ov: the right Liar C F out of the 


Square 
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73 
Square of AC. The Remainder will give * * Pe- 


the Square of AF, whoſe ſquare Root will give 2.5, 2. 
icular A F. Pot. . 
ing allo may be obtained out of Pro- Li. 1 


. But the 13th ſufficeth, foraſmuch 
as in every Triangle the Perpendicular, let fall 
from ſome one of the Angles unto the oppoſite 


Side, falls within the Triangle. 


PROP. XIV. Problem. 


HE right-lin'd Figure (QX Z) be. Fig. 15. 
ing — to make a Square equal to 


rt. 


Make a Rectangular Parallelogram C [ 3. 
equal to the Rectilincar QX Z ; the Sides of < 
which Parallelogram, if they ſhall be equal, 
you have already made the Square whicli was 
Er if — be unequal draw forth the 
greater Side 1a unto L, until A I. ſhall be 
equal to AC. Then biſect I L in Z; from 
which as from a Centre through I and L. de- 
ſcribe a Circle, and let C A be produced till it 
meets the Circumference in B. The Square oi 
the right Line AB is equal to the given Rect- 
angle QX Z. 

For let the right Line Z B be drawn ; be- 


cauſe I L is cut equally in Z and uncqually 
in A; the 


Rectangle IAL 


+ Z A Square are equal to Z L. Squ. that * Fr 
equal to * Z B Square, that is, © By the 
equal to Z A m—_— | Conſtru- 

+ AB Square. Chon. 


Tak! 8 7 LI "ID 
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an equal Square; and laſtly to all theſe 


. 
EucL1D's Elements. Lib. IT. 
Taking away 
common Z A g, there remains 
Ret. IA L equal to ABg; that is, 
C and A L are equal, the Rect- 
ual to A B Square, and conſe- 
Square equal to the ReCtilineal * 


A 
eq 
B 


Scholium. 


UCLTID's Conſtruction of this Problem 
requires, that the given Rectilineal be re- 
duced unto a Rectangle by Prop. 45. I. 1. 
Which Reduction being operoſe enough, the 
Problem perhaps will more readily be diſpatch'd 
after this Manner : 

Let the given Rectilinear be reſolv'd into as 
many Quadrangles (X, Z) as it can. Then to 
each Quadrangle * make an equal Rectangle. 
If there remain, as here it happens, one Tri- 


E 


angle (Q), toitalſo? make a Rectangle equal. 


Then to each Rectangle by this 14 J. 2. make 


let one equal one be made. This will be equal 


- to the given Rectilinear QX Z. 


THE 


THE 
ELEMENTS 
8 OF 


EUCLID. 
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H E fundamental Properties of the moſt 
perfect amongſt plain Figures are de- 
monſtrated in this Book, The Uſefulneſs 


of the Book is manifeſt by this one Thing alone, 
that it treats of a Circle, that abundant Source 


of admirable Things through the whole Mathe- 
maticks. The more famous Theorems are 


16, 20, 21, 22, 31, 32, 35, 36. 


DEFINITIONS. 


1. HOSE Circles are equal whoſe Dia- 
meters or Semidiameters are equal. 


2. A right Line (FB) is faid to touch a Fig. 20. 
Circle, when it doth fo meet it in the Point (B), “ 3: 


that albeit it be produced it doth not cut it. 
3. Circles 


Fig. 37. 


Tig 33. 


Fig. 33. 


Fig. 11. 
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3. Circles are faid to touch one another, when 
they do fo meet that they do not cut each 


4. In a Circle the right Lines (BC, FL) 
are ſaid to be equi · diſtant from the Centre (A), 
when the Perpendiculars which are let fall 
them from the Centre (AO, AI) are equal. 

5. Segments or Portions of a Circle are the 
Parts into which the right Line (CE which 
cuts the Circle) doth divide it. 

6. An Angle in a Segment is that (BQC) 
which is contain*d under the right Lines, which 
are drawn uato one Point of the Circumference 
(Q) from the Ends of the Segment, (B, C). 

7. The Angle (CQB is ſaid to ſtand upon 
the Circumference (BOC), as being oppoſite 
to it. | 

8. A Sector is that Part of a Circle which 
is contain'd by two Semidiameters, as (A B, 
AF), and an Arch as (BF or BCF) inter- 


cepted betwixt the Semidiameters. 


PROPOSITION I. Problem. 
* the Centre of a given Circle. 


Let the right Line (BC) be drawn in the 
Circle at random, which biſect in Q. Through 
Q draw the Perpendicular LF, which biſect in 
A. A ſhall be the Centre. | 

If you deny it; let the Centre be O, which 
is without the right Line FL (for in FL it 
cannot be, foraſmuch as this Line is divided 
every where unequaliy but in A): and let there 
be drawn BO, QO, CO. Becaule therefore 


you ſuppoſe O to be the Centre, BO, CO 
muſt 
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muſt be equal; and the Triangles BO 

CO muſt be equilateral to each ___ 
ſceing by the Conſtruction B Q and CQ are 
equal, and QO is common. Therefore the 
= C * is equal to the Angle OQB. . Per 8. 
QC is a right Angle, and con- . 
sds en 
by Conſtruction, a Part to the Whole. Which T 1. 
is abſurd. 


Corollary. 


ROM what hath been demonſt rated it 
appears, that, if the right Line (LF) cuts 
another right Line BC into two equal Parts 
and perpendicularly, the Center is in the Line 
that cuts the other. 

The Centre of a Circle is = _ found Fig 
by a Square; the Top of it (QQ) being applied 
to the Circurmterence ; for if the right Line 
DE, joining the Points D and E in which the 
Sides of the Square cut the Circumference, be 
biſected in A, (A) ſhall be the Centre. The 
Demonſtration whereof depends on Prop. 31. 
L 3. 


PROP. I. Theorem. 


F in the Circumference of a Circle there pig. : 
be taken two Points (B and C) the right 

Line which is drawn through them falls en- 
tirely within the Circle. | 


Let there be taken in the Line BC any 
Point whatſoever, as O, and from the Centre 
A, be drawn AB, AO. AC. Becauſe AB. 

AC 


erk 


f 
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equal, the Angles alſo B and C are © 
Becauſe therefore AO C is greater 
the internal one B, it ſhall be 


32 


greater alſo 


8 
rl 


| 


fore the Poi 

ſame thing may any other Point 
of the Line BC. Therefore B C falls wholly 
within the Circle. 

ion is alſo manifeſt from the very 
Notion of a right Line and a Circle. 


Coroll. Hence it follows, that a right Line, 
touching a Circle, toucheth it in one ſingle Point 
only. For, if it touched the Circumference in two 
Points, it would be a right Line draton through 
two Points of the Circle, and conſequently would 
fall within the Circle, contrary to the Definition 
of a Tangent. And by ihe like Reaſoning (in 
paſſing from Planes to Solids) it might be prov'd, 
that every Plane toucheth a Sphere only in one 
Point. 


PROP. I. Theorem. 


I: in a Circle a right Line (B L) drawn 
through the Centre biſects anot ber (C F) 
not drawn through the Centre, it will cut it 
perpendicularly. And, i it cut it perpendi- 
cularly, it will biſect it. 


Part 1. From the Centre (A) let there be 
drawn AC, AF. The Triangles X and Z 


are 
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to 


For CO, FO 
, and AC, AF are 
Centre ; while AO 


equal, the Squares of AO, OC 
will be alſo equal ro the Squares of 
AO, OF together : Wherefore taking away 
the common Square A O, the Squares of OC, 
OF remain equal. And therefore the right 
Lines OC, OF are equal. Which was the 
other Part. | 


: | 
Coroll. (1.) Hence in equilateral Tri- | 

angle, and in that alſo which is only an Iſoſceles, 

a Line which, falling from the Top of the Angle, 

biſetts the Baſe, is | to it. And on 

the contrary, a Line, which falling from the Top 

7 the Angle is perpendicular to the Baſe, deth bi- 

eck it. 
(2.) Hence it follows, that half of the Chord 

of 8 Arch is the right Sine of half the 

Arch. 


PROP. IV. Theorem. 


F in a Circle two right Lines (BC, FL), pig. 4, -. 
not drawn both of them through the Cen- 

tre, cut each other, they cannot biſeft each 

the other. | 


For c 
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Fig. 5. For, if one of them LF paſſeth through the 
Centre, it is manifeſt that it ſhall not be biſec̃t- 
ed by BC which doth not pats through the 

Centre. 

Fig. 4. If neither of them paſſes through the Centre, 
from the Centre A draw A O. It now BC, 
FL were both biſccted in O, the Angles AOC, 

i By the AOL would be right Angles, and conſe- 

foregoing. quently equal; the Whole to a Part, which is 
abſurd. ? 


PROP. V, VI. Theorem. 


Fig. 6, 7. Ircles cutting each other, or inwardly 
touching one the other, have not the 
fame Centre. 


For, if it were otherwiſe, the right Lines 
AB, ACF, drawn from the common Centre 
A, would be equal ; and A C would be equal 
to AF; a Part to the Whole, becauſe they are 
both equal to AB. Which is abſurd. 


PR O P. VII. Theorem. 


pig. 8. F in a Circle there be taken any Point 
beſides the Centre (A), as the Point 
(O, and divers right Lines fall from thence 
unto the Circumference (as CB, CL, CO, 
C); 

1. (CB) which paſſeth through the Centre 

will be the greateſt. 
2. The remaining Part of the Diameter 

C will be leaſt. 
3. Of 
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3. Of the reſt that will be the greater, 
which is nearer to the greateſt. 
4. And no more than two equal Lines can 
be drawn from the ſaid Point (C) which is 
different from the Centre, unto the Circum- 
ference. 


Part 1. Let AL be drawn from the Centre 
A. Becauſe AL, AB are equal, the common 
Line AC being a lded to each. A C and AL 
together are equal to CB. But AL A C are 


ſhew'd to be greater than any other. 
Part 2. From the Centre A draw AO. AO 
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greater than LC. Therefore CB is greater * Per 20. 
than LC. In the fame manner BC will be“ . 


(that is, AF) is leſs than AC, CO. There- ' By the 
tore taking away the common Line AC, CO fame. 


remains greater than CF. In the fame man- 
ner CF is prov'd to be leſs than CQ, or any 
Part 3. In the Triangles COA, CLA, 
the Sides LA, AC, are equal to OA, AC, 
each to each. But the Angle LAC is 
than the Angle OA C. Therefore 
LC is greater than the Baſe OC, 
Part 4. This is manifeſt from what goes be- 
fore. For if there could be three drawn equa}, 
CO, CI, CQ, there would be two on.the 
ſame Side equal: Which is contrary to Part 3. 


Coroll. By the like Reaſoning, T heodoſius ga- 
thered, that of the Arches of great Circles drawn 
upon the Surface of a Sphere, from any Point di- 
verſe from the Pole of a certain Circle, unto that 
Circle, the greateſt is that which paſſeth througꝰ 
the Pole of that Circle; the leaſt, that <ohich is 

8 dratin 


® the „ 
„ . 


Fig. 9, 10. 
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drawn unto the oppoſite Point; and of the reſt, 
that is the greater which is neareſt to the greateſt ; 
as alſe that no more than two equal Arches can be 
drawn from that Point unto the Circle. And in 
the like manner may the Reader reaſon of himſelf 
on ſome other of the Propoſuttons of this Boat; it 
being very eaſy to paſs from Planes to Solids in 
theſe Argumentatic1s. 


PROP. VIII Theorem. 


F from a Point (A) taken without a Ur- 

cle, there be drawn unto the Circle the 

right Lines (AB, AC, AF) or (AO, 
AY, AR); 

1. Of theſe which fall upon the concave 
Circumference, the greateſt is (AB) which 
paſſes through the Centre (Z). 

2. Of the reſt, that is the greater, which 
is nearer to the greateſt (AB). 

4. Of thoſe which fall without the Circle 
or uon the convex Periphery, the laſt is 
(AO) which being produced would paſs thro" 
the Centre (Z). 

4. Of the rejt, that which is nearer to the 
leaſt is leſs than that which is farther off. 

5. No more than two equal Lines can be 
drawn unto the Circumference from the ſame 
Point (A), whether they fall within the 
Circle, or only without, 


Part 1. From Centre Z draw Z C; becauſe 
Z C, Z B are equal, the common AZ being 
added to each, AZ, + 2 C are equal to AB. 
ö - But 
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But AZ+ZC are * greater than AC. There- Per 20- 
fore A B is greater than AC. In like manner“ 
A B will be ſhewed to be greater than any other 


whatſoever. 

Part 2. Draw Z F. Becanſc in the b. 
gles AZ C, AZ F, the Sides AZ, Z C are 
equal to AZ, Z F is each to each; but the 
Angle AZ C is greater than A Z F, therefore 
the Baſe A C will be greater than the Baſe - 22 
AF. 

Part 3. Draw Z Q. The two Lines AQuri 10. 
QZ are greater than AZ?. Taking away * * 
therefore the Equals Z Q, Z O, there remains abs 
AQ greater than AO. In the ſame manner 
A O is get leſs than any other. 

Part 4. Draw ZR. The ſriglit Lines A Q, 

QZ are leſs than AR, RZ 5, therefore the * P 21. 
Equals, ZQ, ZR being taken away, AR“ 
remains greater than A 

Part 5. This is manifeſt from the {our ſore- 


going. 4 
| 2 Ie 
PROP. IX. Theorem. 2 


* 


FF from ſome Point within à Circle (as Fig ir. 
A) more 1 * two equal right Lines can 
be drawn unto the Circumference; that Point 


7s the Centre. 
This is manifeſt trom Part 4. of Propoſi- 


tion 7. 
PROP. X. Theorem. 


FNIrcles cut each other in two Points Fig. 1: 
enly. | 


— 


G 2 TEN For 


| 
| 
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For let them cut, if it may be, in more 

(B. C, F.) From A the Centre of the Circle 

LQ, let there be drawn to the Points, B, C, F, 

the Lines, AB, AC, AF: theſe will be L 

Becauſe therefore, from the Point A within the 

Circle OS, there are drawn three Lines. 

AB, AC, AF, unto its Circum L Y 

zy the mult allo be the Centre of the Circle OS. 

foregoing. Therefore the Circles LQ, OS, which cut 

one another, have the fame Centre. Which 
contradicts Propoſition 3. 


PROP. XI Theorem. 


Fig. 13. IF two Circles touch each other inwardly, 
a right Line drawn through tberr Centres 


(A and I paſſes through the Point of Con- 
W 


If yon deny it, let the Centres have, if it 

may be, that Situation that a right Line paſſing 
through them ſhall fall without the Contact B. 
cutting the Circles (in O and L); let the Cen- 

tre be A and C: ard join A B, CB. Becauie 
therefore C B,. CO ae equal, the common 

AC being added nab them, A C, + CB 

+ Per 20, fhall be equal to AO. But AC, CB are greater 
© By the than AB, that is, than A IL. Therefore alſo 
Definition A O is greater than AL, a Part than the 


4 a Cir- Whole. Which is abſurd. 


PROP. XII. Theorem. 


Pig. 14. IF Circles touch one another on the Out- 
Ade, a right Line which joins the Centres | 
muſt paſs through the Point of Contact. 
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If it be denied, let the Centres be ſo plac'd, 
as for Inſtance in A and B, that the Line 
h them ſhall not paſs through the Con- 
tact S, but cut the Circles in O and Q. Let 
the Points A, S, and B, S be joined. Then 
A8, BS together will * be greater than A B. , Per 20. 
But AS is " equal to A O, and BS equal to* 
BQ. Therefore AO and BQ cogerfee will pa, 
be greater than A B. 2 Part chan the Whole, of a Cir- 
Which cannot be. cle. 


[Coroll. A right Line, drawn from the Centre 
one of the Circles through the Point of Contact, 
will paſs through the Centre of the other.] 


PROP. XII. Theorem. 


IRCLES touch both one another, Fig 618. 
and a right Line, in a Point only. 6. 


For let two Circles touch one another inward- Fig. 15. 
ly in a Part of the Circumference I. C, if it 
may be. Then a right Line drawn thro” the 
Centres A and B will * paſs through the Point P. 11. 
of Contact, as in C. Let there be drawn alſo J. 3. 
AL, BL. Becauſe therefore BL, BC are 
equal (for they are drawn from the Centre B 
unto the Circumference OLC) the common 
Line A B being added, AB, B L ſhall be equal 
to AC, But AC is equal to AL, for they 
are both drawn from the Centre A unto the 
Circumference LC. Therefore AB, BL 

are equal to AL, contrary to Prop. 20. I. 1. 

Then let the two Circles touch one another Fg. 16. 
on the Outſide, in the Arch OL, if it may 
be. The right Line AP joining the Centres 

G 3 will 


86 


* Per 12. 
J. 3. 


Per 
Carol. 11. 
Prop. 32. 
. 

d Per 
Carol. 3 
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will paſs through the Point of Contact“, as in 
O for Inſtance. Let AL, PL, be drawn. 
The two Sides of the Triangle AL, PL will 
be equal to AO, PO or the whole AP; 
contrary to Prop 20. l. 1. 

Laſtly, ler the right Line B F and the Circle 
touch each other, if it may be, in ſome Part 
(CE): Let there be drawn unto the Centre 
the right Lines CA, EA. The Lines CA, 
E A will then be equal: And therefore the 
Triangle CAE. is an Iſoſceles, Wherefore the 
Angles C and E are acute. And therefore a 
Perpendicular let fall unto B F from the Centre 
A will fall betwixt E and C, as for Inſtance 
in D. There will therefore both AC and AE 
be equal to the Perpendicular A D, which is 


abſurd, and pr von to Coroll. 14. . 32. 
and to P, . 47. 


Corollary. 


Ircles whoſe Centres are in the ſame right 

Line, and which cut it in the fame Point 
B, do touch one another in that Point only. 

This Propoſition is manifeſt from the very 


| Notion of the Lines which are compar'd toge- 


ther. For neither can a right Line and "ho 
curve Circumference of a Circle, or the diverſe 
Curvatures of unequal Circumferences, or two 
Curvatures both convex, agree as to any Part 
of themſelves. But they would agree, if they 


touched one another in ſome entire and proper 
Part. 


PROP. 
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PR OP. XIV. Theorem. 


N a Circle equal right Lines (BC, L F) Fig. 18. 
are equally diſtant from the Centre (A). 

And what Lines are egui- diſtant from the 
Centre are equal. 


From the Centre (A) let there be drawn (A C, 
15. Likewiſe (AO, Al) at right Angles 
to BC, FL. Thus BC, FL ſhall be biſect- 
ed in O and I. Fer 3, 
Seeing therefore the whole Lines BC, FL“ 3. 
are ſuppoſed equal, the Halves allo OC, IF 
muſt be equal, and conſequently the Squares of 
them are alſo equal. Seeing therefore the Squares 
of AC, A F are equal, and the Square of A C 
is equal to OC q and OA q, as alto the Square 
of AF is equal to I Fq, and I Aq®: It fol- Per 47. 
lows that the two Squares OCq, OAq are +": 
equal to the two Squares I Fq, Il Aq. Where- 
fore taking away the Squares of O C, IF (which 
before were ſhew'd to be equal) the Square of 
OA remains equal to the Square of AI. There- 
fore the Perpendiculars OA, Al, are equal. 
Therefore © BC, F L are equi-diſtant from the © Per Def. 
Centre. Which was the firſt Part. Then for + 1 
the Converſe of it; 
If the Diſtances O A, AI are ſuppoſed equal, 
then the Squares of the equal right Lines be- 
ing taken away, by the fame Ratiocination 
it will be ſhew'd that the remaining Squares 
OCq, I'Fq are equal, and conſequzntly that 
the right Lines OC, IF are equal, which | 
ſeeing they are * Halves of the right Lines B C, Per. z. 
F L, theſe alio muſt be equal. Which was the J 3. 
ſecond Parr. f 
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PROP. XV. Theorem. 


F right Lines inſcribed in a Circle, 
the greateſt is the Diameter; and of 
the re, that is the greateſt, which is the 
neareſt to the Centre. 


Fig. 19. 


Los hone be any Ling, a6 8.5 i > 
the Diameter FL. From the Centre dra 
AR, AS. The two AR, AS, which are 
© Fey 20. equal to the Diameter, are * greater than RS, 
{.t. Therefore, &c. 

Then let BI be nearer to the Centre than 
XZ. From the Centre unto them draw the 
Perpendiculars A C, AQ. AQ ſhall be great- 

> Per Def. er than AC. Take 22 28 to 

4. J. 3. AC, and through O draw RS perpendicular 

i By the to A O, which will be equal to BI; and let 

foregoing. AR, AS, AX, AZ be join'd. Becauſe 

therefore A is the Centre, the Sides AR, AS 
ſhall be equal to AX, AZ. But the Angle 

RAS is greater than the Angle X A Z. There- 

fore the Baſe RS, that is, BI, is greater than 


is, 
„ 1. 


PROP. XVI. Theorem. 


Fig. 20. Right Line (IF) which being drawn 
through the Point (B), the Extre- 
mity of the Diameter (CB) is perpendicu- 
lar thereto, falleth all of it without the Cir- 
'cle, and toucheth it in (B). Neither can 
there any right Line be drawn betwixt itſelf 
and the Circle unto the Point of Cuntact (B) 
* but it ſhall cut the Circle. 


Part 
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Part 1. Let there be taken in the Line IBF 
any Point L, unto which from the Centre A 
draw the Line AL. Becauſe in Triangle ABL, 
the Angle ABL is a right one, by the Hy- 
„AL 


= 


8 — 


oF 
f. 


4444-4 1 


one is only in one Point. | 
2. If, from Centres taken in the fame right pig 1. 

Line infinitely protracted, there be deſcribed thro? 

B infinite Circles, as well lefſer than the firſt 


BSC, as greater; they ſhall all touch the right 
Line IF in the ſame one Point B. 


3. Circles 


Fig. 20. 


Fig. 17. 
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3. Circles therefore, growing into an Ampli- 
tude greater that any given one, approach al- 
ways, even unto Infinity, nearer and nearer to 
the Tangent, but are never join'd to it, other- 
wiſe than in one ſingle Point of Contact; which 
thing, although it be moſt evident, is yet truly 
— 

. From theſe Things it is manifeſt, that 
—_ geometrical Line whatſoever is infinitely 
diviſible. For let there be drawn from ſome 
Point of the Diameter unto the Tangent the 
right Line A Q. Infinite Circles, having Cen- 

tres in the right Line B A infinitely produced, 
touch the right Line 1 F by Coroll. 2. of this, 
and one another by Coroll. p. 13. in one and 
the ſame Point B, and con y are no 
where join'd either themſelves, or with 
the right Line I F, but in the Point B only. 
Therefore it is that they divide the 
right Line AQ into infinite Parts, that is, in- 
to Parts exceeding any Number able. 

5. The Angle of Contingence or Contact 
LBQ, (that, to wit, which is contained under 
the Tangent and the Circumference) cannot be 
divided by any right Line. 

6. Nevertheleſs, by Circumferences touching 
the Line IF in the fame Point, it may be 
divided and diminiſhed infinitely. And in this 
and the third Corollary hes hid the whole My- 
ſtery of Aſymptotes, that is, of a right Line 
approaching unto an Hyperbola, together with 
itſelf infinitely produced, unto a Diſtance 
* than any given one, yet never concurring 
with it. 


PROP. 
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PROP. XVII. Problem. 


ROM the given Point (B) to draw @ ig, 26 
right Line which ſhall touch a given 
Circle (O . 


From A the Centre of the given Circle let 
N Point ILV bp 
A B, cutting the Periphery in O. From the 

Centre A deſcribe through B another Circle 
BC, and from O draw OC icular to 
AB, which may meet the other Circle in C. 
Draw C A meeting the Circle O Q in I. 
The right Line drawn from B unto I will 
touch the Circle O Q. 

For becauſe the Sides BA, IA, are equal to 
the Sides CA, AO and the Angle A contain'd 
berwixt the equal Sides is common to both. 

In the Triangles IAB, OAC the Angles 
AOC, AIZ are alſo“ equal. Therefore AIB v Per 4. 
is a right Angle. For AOC is a right one by © *: 


the Conſtruction. Therefore BI toucheth the Per 16. 
Circle in I. J. 3. 


is” Scholium. 


Y the 31ſt following, from the given Fig. 27: 
Point O a Line touching a given Circle 
(BO may be well drawn thus: 
Let the right Line joining the given Point O 
and the Centre A be biſected in P. Then 
from the Centre P through A and O deſcribe a 
Circle, meeting the given one in B. The right 
Line OB will touch the Circle. 


For 


* 
232 —_- 
- 
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For AB being join'd, _ 
the Semicircle is a right one by Prop. 31. 
Therefore by Prop. 16. OB toucheth the Cir- 
cle BQ. | 


PRO P. XVIII Theorem. 


Fig. 28. Fa right Line (CL) touch a Circle, a 
right Line (A B) drawn from the Centre 
(A) unto the Point of Contatt (B) is perpen- 
dicular to the Tangent. 2 


If it be denied, let ſome other right Line (as 
AF) be the Perpendicular from the Centre A. 
This will cut the Circle in O. Becauſe there- 
fore the Angle AFB is ſuppoſed to be a right 
4 ABF“ muſt be acute. Therefore AB 
(that is, A O) is greater than AF“; a Part 
2-32: 1. ben the Whole. 
J. 1. 


PROP. XIX. Theorem. 


Fig. 29. IF @ Line (BC) touch the Circle, and 


rom the Point of _ (A) there be 
% ( (AD the Tangent, 
the Centre will be in that Perpendicular 


It you deny it, let the Centre be without 
AI in Z; and from it let there be drawn unto 
the Contact the Line Z A. The Angle ZAC 

* By the will be a right one!, and therefore equal to the 

Angle I A C, which by the Hy is a 
right one; chat is, the Fan will E equal to te 
Whole. 


PROP. 
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PROP. XX. Theorem. 


HE Angle at the Centre (B AC) is Fig. zo, 
double to the Angle (BFC) which is 31, 32. 
at the Circumference, when the ſame Arch 

(BC) ts the Baſe of the Angles. 


Here are three Caſes. In the firſt Caſe, the Fig. 30. 
Sides B A, BF coincide. And then becauſe 
AF, AC drawn from the Centre are equal, 
there will be in the Triangle Z, the Angles F 
and C equal. But BAC is equal to the two * 5. 
Angſes Þ and C* Therefore BA C is double : % 

. 1 
In the ſecond Caſe BA, CA fall within BF, Fig. 31. 
CF, and then FA X being drawn, XA B by 
the firſt Caſe is double of X FB; and XA C 
double of X FC. Therefore the whole BAC 
is double of the whole BFC. 

In the third Caſe, BF cuts AC, and the Fig. 32. 
Angle BAC is without the Triangle BFC. 
Here let FA L. be drawn. By the firſt Caſe 
the whole LAC is double of the whole LFC, 
and LAB taken away is double of LFB taken 
away. Therefore the remaining Angle BAC 
is alſo double of the remaining one B F C. 
E. D. 


Corollary, Hence we gather that the Sides of pig. 53. 
every Triangle are io each other as the Sines of the 
Angles oppoſite to thoſe Sides reſpectively. Let 
E FG be any Triangle; about which let a Circle 
be underſtood to be circumſcrib diu, and from the . p,, 5. 
Centre of the Circle, let there be let dozon the Per- 1. 4. 
pendiculars AB, AC, AD, which will“ biſeft - Per 3. 
the Subtenſes, Now as EFisto EG, fo: — 3. 

(that 
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b. 32. 4.1. 


Fig. 54. 


"Pi G&-EB is the Sine of the 


— 
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(that is, EB] tor E G (thatis, E D). But 
Angle BA E, that is, of 
balf the Angle EA F, that is, of the whole Angle 
EGF) oppoſite to the Side E F; and ED is the 
Sine of the 2 * E AD, that is, of half the Angle 
E AG, that is, of the whole Angle E FG, which 
is oppoſite to the Side E G. Therefore EF is to 
E G, as the Sine of the Angle EGF is to the 
Sine of the Angle E FG. Q. E. D. And from 
this one Propoſition a great Part of Trigonometr 
is deduced, Which Thing will be worth our 
ſervation. 


Coroll. (2.) From the former Corollary we 
learn to meaſure the Diſtance of the Moon. For 
aſtronomical Obſervations giving us the Angle of 
the diurnal Parallax* B CA, we find out the 
Diſtance of the Moon by the following Proportion. 
As the Sine of the Angle ACB is to the Sine of 
the Angle ABC; ſo is the Semidiameter of the 
Earth B A, unto the Moors Diſtance, AC. 


Q. E. 1. 


Coroll. (3.) From the ſecond Corollary we 
learn alſo to meaſure the Diſtance of the Sun. 
For there being given by aſtronomical Obſervations 


| the Angle of the _ qt, 


that which is made when the Moon appears pre- 
ciſely biſected), or the Angle Z EO, and together 
cilh this Angle the Moon's Diſtance Z O. We 
find the Diſtance of the Sun by this Analogy. As 
the Sine of the Angle Z E © is io the Sine of the 
Angle EOZ; which Sine is the Radius: So i; 
ZO, the Moon's Diſtance, unto Z E the __ 
of the Sun. Q. E. I. 


PROP. 
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PROP. XXI. Theorem. 


HE Angles (BC, B FC) whichin pig. 33. 
a Circle fland upon the ſame Arch 
(BOC) ; or which are in the ſame Segment 
(BAS , are all equal among themelves. 


Let firſt the Segment BQ SC be greater 
than a Semicircle, From the Centre A draw 
AB, AC. By the foregoing the Angle BAC 
at the Centre is double of each BQ C, B FC. 
Therefore they all BQ C, BF C are equal“. Pe- 
9. E. D. Axiom 6. 
Then let the Segment BQ B be equal to or Fig. 34- 
leſs than a Semicircle. In the Friangles BQI, 
CFI, becauſe the Angles vertically oppolite at 
I are equal b, the Sum of the reſt, Qand R | Po 15. 
will be equal to the Sum of the © reſt F and O. , G. {| 
Wherefore if from theſe equal Sums there be / 10. | 
taken away the Angles R and O, which by p. 32. J 1. 
the firſt Part are equal, as ſtanding upon the | 
ſame Arch Q F, the Angles which remain ; 
Q F muſt be equal. Q; E. D. ö 


Coroll. Hence we gather in Opticks, that any 1 
Line BC to the Eye placed where you will in the a 
Circumference of the Circle, whereof the Line is 
a Chord, appears of the ſame Magnitude ; lo wit, | 
becauſe it appears every where under an equa! '1 
Angle B QC. | 


[Schol. If, of two equal Angles landing upon 
the ſame Arch, ene of them be at the Circumference, 
the other ai/o will be at the Circumference. 


i 
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Fig. 33 F it be denied, B C hall either be equal to 


34- the Angle BIC on this Side the Circumference 
2 F, or to the Angle BEC, which is beyond the 
4 Per aid Circumference. But the BIC u 


vol. 1. greater, and the Angle BEC“ is leſs than the 
p- 32.1.1. Angle B Ac. Therefore, &c.] 


PROP. XXII. Theorem. 


Fig. 35. I IN any Ruadrilateral inferibed in a Circle 
ABC the ape Angles make two 
right ones. 


Let BF, C A be drawn. The Angle 
. ABC with the“ two O and X make two right 
7 Angles. But O is ro I, becauſe ir 
' os ſtands upon the fame Arch BC: And again, 
N is equal to Z , becauſe it ſtands upon the 
ſame Arch AB. Therefore ABC taken toge- 
ther with the two Angles I and Z, that is, 
with the whole oppoſite Angle A FC, makes 

two right Angles. Q. E. D. 


[ Corollary, ( 1.) Hence if one Side of a Qua- 
drilateral deſcribed in à Circle be pratracted, the 
external Angle will be equa! to the oppoſite Angle 
of the Quadrilateral ; for the internal added to 
either of them ma tes tus right Angles. 

( 2.) Likewiſe a Circle cannot be deſcribed about 
a Rhombus , becauſe its oppoſits Angles either fall 
ſhort of, or exceed two right Angles. 

(3.) Likewiſe if in any Quadrilateral AB CF 
the oppoſite Angles F and B are equal to two right 

22 er 5- ones, a Circle may be deſcribed about it. Four 8 a 
88 Circle will paſs through any three Angles C, F, A, 
> Per 22. and this jo tat the l fourth be equal 0 B; which 
* i cannot 
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cannot be unleſs it doth indeed paſs through the 
Point B*. Therefore it doth paſs through it. f * 


PROP. XXII, XXIV. Theorems. Z z. 


A RE not neceſſary ; and they treat of 
fimilar Segments, which cannot rightly 
be defin'd without Proportions. 


PROP. XXV. Problem. 
T O perfect a given Arch (ABC). Fig: 36. 


Let there be ſubtended at Random the two 
right Lines AB, CB; which bife@ in I and 
L. From I and L raiſe Perpendiculars meeting 
one another in O. This ſhall be the Centre ot 
that Circle whereof ABC is a Portion. | 
For * the Centre is both in the Line I X, * Per 
and in the Line L Z. Therefore it is in their c.. 
common Point O. 2% 
The Practice. From the Centre B taken in 
the Arch deſcribe a Circle: and with the fame 
Interval from other Centres in the Arch de- 
ſcribe two other Circles, each of which cuts the 
former twice. Two right Lines drawn thro” 
the Interſeftions, and croſſing each other in 
O, will give the Centre. 


PROP. XXVI, XXVII. Theorems. 


N equal Circles equal right Lines (C E, Fig. 37. 
F D fubtend equal Arches; and, if the 
Arches are equal, the Subtenſes are aljo 


equal. 


H T hefe 
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Theſe two Propoſitions are plainly Axioms, 
and need no Demonſtration. 


Fig. 55- [Coroll. (1.) F in a Circle ABCD the 
Arch A B be equal to the Arch DC; AD will 
be parallel to BC. For, A C being drawn, the 

Angles ACB, C AD, as ſtanding on equal 

1 Per 27. Arches, will be equal. Wherefore A D' is pa- 

J. i. rallel to BC. Q. E. D. 

Fig. 56. (2.) The right Line E E, which is draws from 
the Point A, the middle Point of ſome Arch, and 
toucheth the Circle, is par to the right Line 

| BC, which ſultends that Arch. For from the 

l Centre D dra: unto the Point of Contact A 

the right Line D 4, and join DB, DC. The 

Side DG is common, and DB is equal to DC, 


and the Angle B D A-equal to the Angle C D A, 


— — n 
* 


the Arches B A, C A being ſuppoſed to be equal. 

„Per 4. Therefore the Angles DGB, DGC are equal ®, 
| Ev. and conſequently are right Angles. But the inter- 
1 „ Per 18, mal Angles CE, G AF are alſo right Angles *. 


| L 3. Therefore BC, EF are parallel. Q. E. D. 


© Per 28. 


"PROP. XXVIII XXIX. Theorems. 


Fig. 38.  F in equal Circles the Angles whether at 
"| the Centres (BAC, FL I or at the Cir- 
cumference (BOC, FS be equal; the 
Arches alſo (BXC, FZ IJ on which they 
ſtand are equal; and, if the Arches be equal, 
the Angles alli are equal. 


Theſe two Propoſitions alſo are plainly 
Axioms, and need ro Demonſtration. 


PROP. 


RD ceo 
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PROP. XXX. Problem. 
13 O biſect᷑ a gi ven Arch (ABC). Fig. 30. 


Draw A C, which biſect in O. From O0 
draw the Perpendicular OB, meeting the Arch 
in B. I fay the Thing is done. 
For let AB, BC be join'd. The Sides 
AO, OB are by the Conſtruction equal ro CO, 
OB; and the Angles at O are cqual, as being 
right ones. Therefore the Baſes A B, CB are 
equal? . Thereſore the Arches alſo AB, BC} = + 
are equal. 4 Per 26, 
The Practice. From the Centres A and C de- J. 3. 
ſcribe with an equal Interval Arches cutting each 
other in the Points F and I, the right Line 
drawn through theſe Points will biſect the Arch 
ABC. | 


PROP. XXXI. Theorem. 


HE Ange (BCF) in a Semicircle is Fig. 49. 
a right one; that in a Segment greater 
than a Semicircle is leſs than a right one; 
that in a Segment leſs than a Semicirele is 
greater than à right one. 


Part r. From the Centre A draw AC. 
Becauſe A B and A C are equal, the Angles O 
and B are equal*. For the fame Caule the * Per 5. 
Angles 1 and F are equal. Theretore the“ “ 
Angle BCF is equal to B and F together. 
Seeing therefore the three together make two « Pe- 42. 
right Angles, BCF which is half of two right Li. 
Angles, is one right Angle. 

SY Part 2. 


100 
Fig. 41. 


Fig. 49. 


Fig. 57 
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Part 2. Let the Segment LOB F be greater 
than a Semicircle, and in it let there be the 
Angle F O L, and let LE the Diameter of the 
Circle be drawn. The Angle FOL is lefs 
than that BOL, which by Part 1. is a right 


one. Therefore, Sc. 
Fig. 41. 


Part 3. Let the Segment LOX be leſs than 
the Semicircle LOB, and X OL be the Angle 
in it. This will be greater than BO L which 
is a right one. Therefore, Sc. 


Corollary. Hence we may take a Proof of the 
Inſtrument, called a Square, whether it be ex- 
attly Reftangular or not. For in what Circle 
ſeever the Top of the Square is laid upon C, or 
any Point of the Circumference whatſoever, if the 
Sides of it do paſs through the Points of the Dia- 
meter B and F, the Angle is à right one; other- 
wiſe not. 

\ (2.) [If the Sides of a Square be held continu- 
ally upon the Points B and F, in the mean while 
that the Angle is moved round, firſt on one Side, 
then on the other, the Top of the Angle C will 
deſcribe a Circumference of a Circle, whoſe Dia- 
meter is the Line BF.) 

( 3.) Hence we learn to raiſe a Perpendicular 
at the End of a Line. Let BC be the Line, C 
the Point given, from whence @ Perpendicular is 
to be raid. From any Point whatſoever A as 
the Centre, let a Circle be deſcribed paſſing thre 


. the Point C, and cutting BC in any Point, as B. 


If the Semidiameter B F be drawn, it is mani- 


feſt that the Line C F is the Perpendicular requi- 


red, . | 
( 4.) [Hence it is manifeſt, that Circles, touch- 
ins one another inwardly, do cut all Lines, as 
1D prepertionably; or ſo, that A E the Subtenſe 
of 
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of the leſſer, is to A D the Sublenſe of the greater 
Circle, as AC, the Diameter of the leſſer, is to 
AB the Diameter of the greater. For there being 
drawn the Subtenſes EC, B D, the Triangle, 
EAC, DAB are equianzled. For the Angle 1 
is common, and AEC, ADB are right ones, 
as being Angles in a Semicircle ; and therefore 
ACE, ABD are equal. The Triangles there- 
fore are ſimilar, by the fourth Propoſition of the 
fixth Book, and AC: AB:: AE: AD. 
Q. E. D. 

(5.) In à right-angled Triangle B CF, if the 
Hypotenuſe B F be biſefted in A, the right Line 


AC cuts the Triangle into two equicrural ones 


ACB, ACF, and jo a Circle deſcribed from the 
Centre A through B muſt 7afs threugh C, the 


Top of the right Angle. 


PROP. XXXII. Theorem. 
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Fig. 40. 


F a right Line (C F) touch a Circle, and Fig 42. 
another (A B) which is drawn from the ** 
Point of Cuntact (A) cut it, the Angle, made 


to the Angle which is made in the alternate 
or oppoſite Segment. 


That is, the Angle CAB will be equal to 
the Angle L, which is made in the Segment 
ALB; and the Angle FAB will be equal to 
the Angle O, which is made in the Segment 
_AOB. For, 

Firſt, let the Line AB paſs through the 
Centre. Here by Prop. 18. CAB is a right 
Angle: and by Prop. 31. L is alto a right 
one, Therefore CAB and I, are equal. 

H 3 Then 


by the Tangent and the cutting Line, is equa! 


Fig. 42. 


WER ton 
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Then let the Line A B not paſs through the 
Centre. Let the Line AQ thereſore be drawn 
through the Centre, and B Q; be join'd. Be- 
. cauſe the Angle in the Semicircle AB Q is a 


right one, B A taken together with BA Q 


+ will make one right Angle“. But CAQ is 


alſo by Prop. 18. of this Book a right Angle. 
Theretore BQ A with BAQ are equal to 


_ CAQ. The common Angle therefore BAQ 


being taken away, there remains B Q A, which 


is equal to L“ equal to CAB. Therefore L. 


and CAB are equal: Which is the firſt Part 
to be proved. | 


Then FAB and CAB make two right 


. Angles?, and in the Quadrilateral BOAL, 


the Oppoſites L and O make two right Angles*®. 


Therefore the two FAB, CAB are equal to 


the two O and L. Therefore there being ta- 
ken away on one Side C A B, on the other L, 
which have already been ſhew'd to be equal, 
there remains F A B equal to O. Which was 
the other Part to be proved. 


p R O P. XXXII. Problem. 


PON @ given Line (BC) to make 
a Segment of @ Circle, in which the 
Angle ſball be equal to any Angle given. 


Firſt let there be an acute Angle given ABF, 


from B draw B L perpendicular to AB; and 


at C, the Extremity of the Line BC, make 
BCI equal to CBL. (by 23. J. 1.) whoſe Side 
ſhall cut B L in I. From the Centre I deſcribe 
a Circle through B: This Circle will alſo paſs 
through C (foraſmuch as, becauſe of the _—_— 
0 
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of the Angles at B and C, the Sides likewiſe 
CI, BI are (by 6. J. 1.) equal) and the Seg- 
ment BQ C ſhall contain an Angle equal to the 
given one A BF. | 
For, becauſe AB is perpendicular to the 
Diameter BL, AB will touch the Circle which 
BC cuts*. Therefore the Angle in the Seg- 5 
ment BC is equal to the Angle A B F. y the 
But, if the Angle given be obtuſe as RB C, foregoing. 
do as before, and C OB will be the Segment 
required. 


PROP. XXXIV. Problem. 


ROM aà given Circle to take away à Fig. 45. 
Segment containing an Angle equal to 


@a given one. 


Unto the Diameter of the Circle F A draw 
the Perpendicular BAL. Then e let AC be * 
drawn, which may make the Angle B A 2 
equal to that which is given. This Line AC 
| ſhall cut off the Segment A Q C, whoſe Angle 
is equal to the given one: As is manifeſt 
trom Prop. 32. 


PROP. XXXV. Theorem. 


F in a Gircle two right Lines (CL, B E) Fig. 46, 
cut one another, the Rectangle (CO 939 
under the Segments of one is — to the Rect᷑- 
angle (B O F), under the Segments of the 
other. For, | 


H 64. If | 
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If they interſect each other ia A the Centre 
of the Circle, the Thing 1s maniteſt. 


If one of them C L paſſeth through the 
Centre A, and biſects the other BF which doth 


Per z. not paſs through the Centre; it 4 cuts it per- 
3. pendicularly, and fo the Square of FO is the 
ſame with the Rectangle FOB. Let AF be 
drawn. Becauſe CI. is biſected in A and 
otherwiſe divided in O, 
It will be thus: : 
a "+ ko will be equal to AL.“ 
Hp that is, to AFq 
, equal 0 
e that 1s, eq rer 
25 Therefore the common Square A © being 
taken away, there will remain, 
Ret. COL equal to FOq. 5 is, 
. to the Rect. FOB. 
Fig. 43 Then if one of the right Lines CL paſ- 
ſes through the Centre, and cuts the other 
B F unequally in O, let a right Line drawn 
from the Centre A cut BF into two equal 
Parts in I. In this Cafe AIB will be a right 
Per z. Angle*. Now becauſe CL is biſected in A, 
L 3. and otherwiſe in O, it will be thus, 
et. COL 
1 r J in be equal to AL ꝗ b chat is, to 
＋ 2. | AB q. that is, to 
Alq.t; 
i Per —+Blq. 
L r. But AOq is equal to Olq. 148 *. There- 
ſane, 
Reg COL equal to AI q. 
+ OIq. ＋BI Þ 
＋ Ad * 


Therefore 
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Therefore the common Square A I being taken 
n COLT, 
+ Old} =B14 
But BI Square is equal to the R | Per 5. 


FOB, together wih O1 Square: becauſe “ 2. 
FB is biſected in I, and otherwiſe cut in O. 
Therefore, 
Rect. COL? are equal to Rect. FOB 
+ Olq. + Olq. 

Therefore the common Olq. being 2 5 

away, there remains, 
Rect. COL. = Rect. FOB. 

But laſtly, If neither of the Lines CL, FB Fig. 48. 
paſſes through the Centre : Through their com- 
mon Inter ſection let there be drawn the right 
Line X Z, which paſſes through the Centre. 
By what hath been juſt now demonſtrated, both 
the Rectangle COL, and that FOB are equal 
to the Rectangle ZOX. Therefore COL, 
FOB are equal betwixt themſelves. 

[Or the Propoſition may be demonſtrated more Fig. 58. 
eaſily and univerſally thus : Join AC and BD. 
Here becauſe of the Equality of the Angles C E A, 
BED as being vertically oppoſite ® ; and of the m py, 15. 
Angles C and B as being upon the ſame Arch l. 1. 
AD * ; the Triangles CEA, BED are equi n pe 21. 
angled (per Corol. 9. p. 32. I. 1.) There- J. z. 
fore * CE: EA: EB: ED. Therefore» Per . 


CEXED is equal 10 EAX EB (per 16. l. 6.) 4. 6. 
2, E. D. 


PROP. XXXVI Theorem. 


F from (B) a Point given without a Cir- Fig. 49, 
cle there be drawn unto the Circle tuo 80, 51. 
| right J 
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right Lines, ane (B F) touching it, the other 
(BC) cutting it; the Reftangle (CBO) 
which is camprebended under the whole cutting 
Lie (CB) and the Part (BO) which hes 
betwixt the Point (B) and the Circle, is 
equal to the Square of the Tangent (B F). 


1. If the cutting Line BC paſſes through 
the Centre A, join AF. This with the Line 
. FB will make a right Angle. And therefore 
becauſe C O is biſected in A, and to it is added 
OB; w- | | 
Ken. 400 J vill beequal to ABG *thatis 

” act” 

Therefore equal Squares 10% 1 | 
the AOq. AFq. 

being taken away on both Sides, there re- 


mains, 
| Rea. CBO, =BFq. 
2. But then if CB doth not paſs the 
Centre, let there be drawn AB, AF, AO, 
and AL, and let AL biſect OC in L. The 
Angle AL O is therefore a right one. Like- 
wiſe AFB is a right Angle. Now becauſe 
CO is diſected in L, and to it is added OB, 
n 2 
Rect. C Y 
+LOa. = LBq. 
Let there be added on both Sides A L Square, 
and then 
Rect. C BO) equal to L Bd 
+ LOq. + AL 
ALS q. 9. 
But the Squares of LO, A are equal“ to 
the Square of AO, or AF; and the —_— 
0 
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of LB, AL are to the of AB. . By the 
Req. CBOT a : 
AFS =ABq that is, ” ' By th 

toBFq. 
+AFq. 


Therefore the common Square, that of A F 
being taken away, there remains, 

Ret. C B O equal to the Square of B F. 

E. D. 
2405 more eaſily and univerſally thus : Draw Fig. 59. 
AB and BC. Now becauſe of the Equality of 
the Angles A, and DBC*; and for that the * Per 32. 
Angle D is common to both ; the Triangles B DC, * 3- 
ADB are equiangled *. And therefore Per 
4. lib. 6.) AD: DB:: BD: DC. Where- Gral. o- 
fore the Rectangle A Dx DC is equal 10 the &3* 4% 


Rectangle DBxDB, or DBgq. Q. E. D.) oa 


Corollaries. 


1. J F from the ſame Point B without the Cir- Fig. 52. 
cle, as many cutting Lines BC as you 
will be drawn, all the Rectangles CB O are 
equal amongſt themſelves. For each of them 
is equal to the Square of the Tangent BE. 
2. The right Lines, which from the fame 
Point touch the Circle, are equal. For each of 
their Squares is equal to the fame Rectangle. 
[ 3. I is alſo clear, that, from the ſame Point 
B taken without the Circle, there can only tt 
Lines BF, BY be drawn, which Hall touch the 
Circle. For, if a third be ſaid to touch it, it muſt 
be equal to B F, or B Q, and therefore the ſame 
with one of them. 
4. In every right-angled Triangle B F A, that Fig. 49. 
i not alſo an Jaſceles, the Rectangle ariſing from 
, tbe 
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Fig. 25. 


7 
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the Sum of the Hypotenuſe, and one Side drawn 
into the Difference betwixt them, is equal 10 the 
Square of the other Side. For the Sum of the 
Flypotenuſe B A, + AF or AC, s =BC. And 
their Difference is BA— AF=BA—AO 
=BO. And the other Side of the Triangle is 
BF. But the Rectangle CBO is equal to the 


Square of B F. Therefore, &c.] 
P RO P. XXXVII Theorem. 


F the Rectangle under CB and OB be 
equal to the $ of B F, this muſt 


touch the Circle in F. 


From B let there be drawn the Tangent B Q, 
and the right Lines EQ, EF being drawn 
from the Centre E, unto Points Q and F, 
let BE be joined. Becauſe by the Suppoſition 
the Square of BF is equal to the Rectangle 
CBO, as is alſo the Square of BQ, by 36. 
of this Book, the Squares of BQ, BF ſhall 
be equal betwixt themſelves, and conſequently 
the right Lines BQ, BF are equal. There- 
fore the Triangles FEB, BEQ are equilate- 
ral each to other. Therefore the Angles Q, F 
are equal *, But Q is a right Angle (per 18. 
J. 3.) Therefore alſo is a right Angle. 
Therefore B F toucheth the Circle ©. 


[ Corollaries 1. Hence the Angle E B F is equal 
to the Angle EB 2 (per 8. |. 1.) | 
(2.) F equal right Lines BF, BY fall 
from ſome Point B upon the comvex Circumference, 
and B F one of them toucheth the Circle, the . 
ether B 2 muſt touch it alſo. For ſeeing B 5 

| B © 
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BY are equal, their s are alſo equal. But 

BFq is equal to CBO*®. Therefore b K foregoing 
=CBO*. Therefore BY alſo toucheth the fore 


Circle i. P + I. | 
© By this 
Scholium [i.] Seeing al. Planes paſſing through Propoſi- 
the Centre of the Earth, which all fand perpen- tion. 


dicular upon the Horizon, do produce great and 
equal Circles upon the Earth Surface, we ſhall | 
here bring in ſome elegant Conſectaries from thence, | | 
out of our Author in his Aſtronomy ; which from 
Vature of Circles may very eaſily be under- 


) If any Part of the Surface of the Earth 
wh - perfetth plain, Men could no more ſtand up- 
right upon it, than upon the Side of a Hill, ſaving 

in the Point of Contact only. 

(2.) The Head of a Traveller performs a longer 
Way or Courſe than bis Feet; kikewiſe be that is 
on Horſeback, and goes the ſame Way as a Foot- 
man, meaſures a greater or longer - Has than be 
that is on Foot. As likewiſe in a Ship, the upper- 
moſt Part of the Maſt runs over more Way than 
the lower Part of it. 

(3.) If any one ſhould travel over the whole 
Circumference of the Earth, the Way gone over 
by his Head would exceed that which is gone over 
by bis Feet, by the Difference of Circumferences , 
or by the Circumference of a Circle, whoſe Semi- 
diameter is the Man's own Stature. 

(4.) If a Veſſel full of Water be elevated perpen- 
dicalarly, the Water will continually be running 
over, and yet it will remain full; namely, be- 
cauſe the Surface of the Water 1s continually com- 
preſſed into the Surface of a greater Sphere. Tra, 
if 4 Veſſel be elevated continually higher and 
higher, the Surface of the Water, whych is con- 


taind 


the 
m_ 
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tain'd in it, will continually deſtend and come 
nearer unto a Plaue; unto which yet it will never 
actually come. 

(5. Fa Veſſel full of Water be carried di- 
reftly downwards, although nothing run over, yet 
it 0 ceaſe to be full; namely, becauſe the Sur- 

ace of the Water fuells continually into a Part 
of a leſſer Sphere. From whence it follows, 

(6.) That one and the ſame Veſſel contains more 
Water at the Foot of a Mountain than at the 
Top; as e more in @ ſubterraneous Cellar, 
than in a Chamber. To which Thi ngs add, 

(7.) That two Strings on which two iron Balls 
bang „ [and conſequently the Walls 
of Buildings erefed perpendicularly] are not pa- 
rallel one to another, but Parts of Radius's meet- 
ing together in the Centre of the Earth. 


Scholium [2.] I think it not amiſs to inſert in 
this Place this following Problem alſo, wwhich was 
communicated to me by a Friend, as demonſtrated 
by me bat more briefly. 

Through the two Points (B) and (C) in a given 

Circle (BD M) to draw the Circumference of a 
Circle which Hall biſect the Circumference of the 
other given Circle. 
Through the Centre A and one of the given 
Points B let there be drawn the infinite right Line 
BAME. Unto which the Centre let there 
be erefted the P cular AD, and let BD 
be drawn. Let the Line D E be made perpen- 
dicular to B D, cutting the infinite Line BA M E 
* in the Point E. Laſtly, let à Circle be drawn * 
through the three Points, B, C, E. I ſay the 
Thing is done. For, 

Let a Chord of the ſecond Circle be drawn 
through either of the Inter/efions of the Circles, 

as 


? 
: 
: 
: 
2 


4 G, and 
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through A the Centre of the - 
cle, to wit, G Af; let alſo the Diameter of th 
firſt Circle 9 Then in the firſt 


Circie (by . 8. I. 6. and 

Prop. 17. I. ey AB x = ADg, that 2 
(becauſe the of the Semidiameters, 
AD, 46, UP ICs AF And in the 


111 


ſecond Circle there will be * ABXAE = AG per 3; 
xAf. Therefore AF= Af, and the Points F, 1.3. © 


f coincide, and the Arch FDG ual 
Arch FMG. Q. E. F. is 
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HIS Book, which is wholly Pro- 
blematical, teacheth by what Arti- 
fice, Figures, thoſe which are ordi- 

nate or regular eſpecially, may be 
inſcribed in, and circumſcribed about, Circles. 
There is very great Uſe of it in building For- 
tifications ; and from it as a Fountain have been 
derived thoſe moſt excellent Tables of Sines, 
Tangents, and Secants, to the very great Bene- 
fit of the Mathematicks. 

[ This Book is moſt ujeful for Trigonometry. 
For, by inſcribing Polygons in a Circle, we learn 
to frame Tables of Chords, Tangents, and Secants : 
by the Help of which we learn to meaſure the Mag- 
nitudes of Figures and Bodies, Neither without it 
can we duly diſtinguiſh the Aspects, as they call 

them, 


Lib. IV. Evuct 1 vd's Elements. 


them, of the Stars, as the Quartile, Sextile, &c. 
| they wholly depending upon the Inſcription of Poly- 
gons in a Circle, Neither can we otherwiſe col- 
left the Area (which is a certain Quadrature of 
a Circle) than from the Area's or Squares of 
innumerable Polygons inſcribd in, and circum- 
ſcribd about, a Circle. Ind in like manner we 
know the duplitate Propertion of Circles amongſt 
themſelves, from the duplicate Proportion of Poly- 
gon, inſcribd in, or circumſcribd about, Circles. 
And as for military Architecture, it makes /o 
much Uſe of Polygons inſcribd in Circles, that 
more than all other Sciences it may ſeem to be 
wholly owing to this Boot.] 


DEFINITIONS. 


4. Rectilineal Figure is ſaid to be inſcribꝰd 
A in a Circle, or to a have Circle cir- 
cumfcrib*d about it, when the Tops of all the 
Angles thereof are in the Circumference of the 
Circle. 

2. A rectilineal Figure is ſaid to be circum- 
ſcrib'd about a Circle, or to have a Circle in- 
ſcrib'd in it, when each one of its Sides touch- 
eth the Circle. 

3. An ordinate or regular Figure is that 
which is equilateral and equiangular. 


PROPOSITION I. Problem. 


113 


O inſcribe a right Line (A) which is Fig 1 


Circle (B D). 


Take in the Circumference any Point B. 
From the Centre oP the Interval of the gi- 
ven 


not greater than the Diameter into a * 
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ven Line A deſcribe an Arch, cutting the Cir- 


cle in C. Draw the right Line B C. I ſay 
the Thing is done. 


PROP. II. Problem. 
Fig. 2 1 0 inſeribe in a Circle a Triangle 
one (N). 
Let the Line E F touch the Circle in D. 
12 * Let E DG be made equal to the Angle C, 


188 and F D H equal to B; and join GH. I fay 
b Per 32. the Thing is done. For E DG is equal to 


. 3. 1 confequently i is equal to the Angle Ce. 


Contra And FD H is equal to“ G; and conſequently 


G to B. Therefore G DH is equal to the 
d Per 32- Angle A. Therefore what was required is 


© Per c. 
nes FA PROP. Il. Problem. 
Fig 3. O circumſcribe about a Circle a Tri- 


angle, having equal Angles with a gi- 
ven one (ILV. 


Let the Line I K be drawn forth on both 
Sides, ſo as to make the external Angles O 
and N. Make, at the Centre A, the Angles 
GAB, BA F equal to O, N reſpectively, 
which is done by 23. . 1. Then in the Points 
G, P, B, let three right Lines touch the Circle, 
meeting together in C, E, D. The Triangle 
CED is circumſcrib-d about the Circle, and is 
equi- angled to the given one I LK. For, 

In the Quadrilatera! CG AB, the Angles 

f Per 13, G and B are both of them right ones. There- 


& 3; fore 


having equal Angles with a "uu 
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fore the remaining ones GAB and C taken 
together do make two right ones, and con- Per 
ſequently are equal to the two together, O, I. 2 1 
Therefore the two GA B and O, which are . 32. J. 1. 
equal by the Conſtruction, being taken away, 
there remains C equal to I. In the fame 
manner E will be prov'd equal to the Angle 
K. Therefore D and L are“ likewiſe equal. Per G- 
That therefore is done which was demanded. ** Z. 
For that the Tangents do concur is thus 
ſhew'd : The Angles O, I, and K, N are Per 13. 
equal to four right ones; and I, K are lefs than © l 
two right ones. Therefore O, N, (that is, * Per 32. 
by the Conſtruction G A B and B AF) are 4 »- 
greater than two right ones. Therefore G A F 1! Per C- 
is leſs than two right ones. Therefore G F falls 5% 3-, 
between A and D. Theretore ſeeing A G SEE”: 
and AF D are right Angles, DGF and 
D F G are lefs than two right ones. Therefore 
CGD and EF D* meet together towards D. Per . 
In the ſame manner it may be demonſtrated that %% , 
the reſt concur. part 


PROP. IV. Problem. 
1 inſcribe a Circle in a Triangle. 


Biſect the two Angles C and E with the Lines pig. 3 
CA, EA, meeting together in A. From A 
draw the Perpendiculars, AB, AG, AF. A 
Circle, deſcribed from the Centre A through B, 
will paſs alſo through G and F, and touch the 
three Sides of the Triangle. 

For in the Triangles CAG, CAB, becauſe 
the Angles A GC, ABC, and likewiſc thoſe 
GCA, and BCA are equal by the Con- 

12 ſtruction, 


Fig 4. 
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ſtruction, and the Side A C is common, the 


Sides A G, AB! muſt be likewiſe equal. In 


like manner A B, A F may be ſhewn to be 


equal. 'Therefore the Circle, deſcrib'd from the 


Centre A, paſſeth through B, G, F. And, be- 
cauſe the Angles at thoſe three Points are equal, 


it toucheth all the Sides of the Triangle. 


That therefore is done which was required. 

[ Hence the Sides of a Triangle being known, 
the Segments of them which are made from the 
Contacts of an inſcribed Circle will be known. 
Let DC be 12. DE 18. CE 16. DC and CE 
will be 28. from which ſubtract 18 =D E = 
DG +BE, there remains 10 = CG + CB. 


Therefore CG or CB = 5. Conſequently E B or 


EFI. Woerefore FD or DG .] 


PROP. V. Problem. 


O deſcribe a Circle about a Triangle, 

or through three given Points B. C, 
D, not lying in à right Line, to deſcribe a 
Circle. | 


Connect the given Points with two right 
Lines BC, CD, which biſect with the Per- 
pendiculars E A, 0 A, meeting together in A. 
This will be the Centre of a Circle which paſ- 
ſcch through B, C, D. 

Let the right Lines AC, AD, AB be 
drawn. By the Conſtruction the Sides D O, 


O A, are equal to theſe CO, O A; and the 
Angles at O are right ones. Therefore A D- 
3 equal to A Cv. In the ſame manner A B 


may be prov'd equal to AC. Therefore AD, 


ABA are equal. Therefore a Circle, deſcribed 


R from 
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from the Centre A through B, will paſs alſo 
through C and D. Which wis the Thing 
required, 

As for the Practice, it is ſufficient to deſcribe 
from B, C, D three equal Circles, interſecting 
each other; and through the Interſcctions to 
draw right Lines, theſe meeting one another 
will give the Centre fought. 


PROP. VI, VII. Problems. 


O znſcribe a Square in, and circum- Fig © 
ſcribe one about a Circle. 


Let the Diameters BD, CE be drawn, cur- 
ting each other perpendicularly. The right 
Lines, which join the Terms of theſe, inſcribe 
a Square in a Circle. 

The Demonſtration is manifeſt from 4. J. t. 
and 31. J. 3. Then let four Tangents be 
drawn touching the Circle in B, C, D, E, 
meeting together in I, F, G, H. The Figure 
IFGH 1 a Square, circumſcrib'd about a \ 
Circle. 

The Demonſtration is manifeſt from 18. J. 3. 
with Corol. 2. Prop. 36. J. 3. and 28, and 34. 
E. 


Scbolium. 


Az deſcrib'd about a Circle is double Fig. 5. 
to that in{crib'd. For, becauſe the Angle 

BCD in the Semicircle © is a right one, the Per 31. 
Square of B D (that is, F I Square) ſhall be.. , 5 
equal to BC q CDq, and therefore double ; 1. _ 
to the Square of CD, i. e. to C DE B. | 


I 3 PROP. 


Fig. 6. 


t Per 5. 
. 


u Per Co- 
rol. 11. 
p. 32. J. 1. 


Per 6. 
4. 1. 


* Per 26. 
d. 1. 
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PROP. VIII, IX Problems. 


O inſcribe a Circle in, and circum- 
ſcribe one about a Square, (as BC 
FE). 


Let there be drawn the Diameters of the 
Square, cutting each other in A. From the 
Centre A deſcribe a Circle through B; this 
will alſo paſs through E, F, C. 

Then from the Centre A draw A D perpen- 
dicular to BC; a Circle, deſcrib'd from the 
Center A through D, will touch all the Sides 
of the Square. 

Part I. Becauſe by the Hypotheſis the Lines 
CB, EB are equal; the Angles BCE, BEC 
will be equal. But CBE is a right Angle by 
the Hypotheſis. BCE therefore and B E C are 
half right ones u. In the ſame manner CBF 
will be ſhew'd to be an half right Angle, as 
likewiſe the reſt of the Angles; and fo they 
are equal amongſt themſelves. Therefore in 
the Triangle BA C, ſeeing there are two equal 
Angles CBA, BCA, the right Lines AB and 
AC“ are equal. In the like manner the right 
Lines AB, AE, AF may be ſhew'd to be 
equal. Therefore a Circle, deſcribed from the 
Centre A through B, paſſes through E, F, C. 

Part II. From A let there be alſo drawn the 
Perpendiculars AG, AH, AI. Becauſe in the 
Triangles GBA, DBA, the Angles at D 
and G, as likewiſe thoſe at B are equal, and 
the Side A B is common, the Sides AD, AG 
muſt be equal. In the fame manner A G, 
A H, AI may be ſhew'd to be equal. There- 

| tore 
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fore a Circle deſcrib'd from the Centre A, 
which paſſeth through D, will alto paſs through 
G, H, I, and touch all the Sides of the Square ?. $28 16. 
Becauſe the Angles at D, G, H, I are right 25 
ones. Therefore we have done what was 
required. 


PROP, X. 


1 O make an Jhſceles Triangle B A C, Fig. >. 
in which the Angle P the Baſs 
(ABC, or ACB) ſhall be double to that 
which is at the Top (A). 


Let any right Line, what you will, as AB, 
be taken, which ſo cut in D * that the Rect. * Per 11. 
angle A B D ſhall be equal to A D Square.“ 2. 
Then from the Centre A through B deſcribe a 
Circle; in which inſcribe“ B C equal to A D, * > 1. 
and join AC. BAC ſhall be the Triangle © ES 
ſought. 

For let the right Line D C be drawn, and 
through A, D, C deſcribe d a Circle. Becauſe * Per 5. 


the Rectangle ABD is equal to the Square “ 4 


AD, (that is, BC) it is manifeſt, that B C © Per 37. 
toucheth that Circle DO which CD cuts.“ 3 
Therefore the Angle BCD“ is equal to the * Pe, 32. 
Angle A in the oppoſite 3 and fo the 4 3. 
common Angle DC A being added, BCA 

muſt be equal to A + D C A. But, becauſe 

the Sides A B, A C are equal, AB C is equal Sous 
to the Angle ACB. Therefore the Angle © 

ABC is .alſo equal to A + DCA. Bur the 
external Angle allo RDC is equal to the two 
internal onesf A + DCA. Therefore ABC 22 
and BDC are equal. Therefore the Line D * 

is r equal to B C, * is, by the Conſtruction p Per 6. 
| 4 CO J. 1. 
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Fig. 7, 8. 


i By the 


* Per 2. 
J. 4. 


1 Per 28. 


L 3. 


= Per 27. 


q er 29. 
J. 3. 
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to DA). Therefore the Angles A and DCA 
are equal. Wherefore the Angle ABC, which 
hath been ſhew'd equal to thoſe two, ſhall be 
double to one A. That is done therefore which 
was required. 


Corollary. 


ACH of the Angles at the Baſe B and C, 

in the J/oſceles now framed, is two Fifths 
ot two right ones, or four Fifths of one right 
one, ard the remaining one A is one Fifth of 
two 11gat ones, or two Fifths of one right one. 
As is manifeſt out of this Propoſition taken to- 
gether with that 32. J. 1. 


PROP. XI Problem. 


O inſcribe a regular Pentagon in 4 
Circle. | 


Let there be deſcribed * the Triangle BA C, 


faregoing. having the Angles at the Baſe double to that at 


the Top. Inſcribe a Triangle CAD equiangled 
to this in a Circle. Biſe& the Angles at t 
Baſe ACD, ADC, with the right Lines CE, 
DB, cutting the Circle in E and B. The 
Points A, B,. C, D, E, join'd by right 
Lines, will give an ordinate Pentagon inſcrib'd 
in a Circle. | 
For from the Conſtruction it appears, that 
the Angles I, N, Q. S8, O are equal. Where- 
fore the Arches ſubtended to them A E, E D, 
CD, CB, BA are alſo equal. Therefore the 
right Lines ſubtended to thoſe Arches ſhall 
alſo * be equal. The Pentagon therefore is 
equilateral. But it is alſo * equiangylar, be- 


cauſe 
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cauſe its Angles BAE, AED, Sc. ſtand on 
equal Arches BC DE, ABCD. Sc. That 
therefore is done which was required. 


Corollary. 


HE Angle of a regular Pentagon makes Pig. 8. 
ſix Fifths of one right Angle, or three 
Fitths of two, For the three Angles at A ſee- 
ing they are equal, as ſtanding upon equal 
Arches, BC, CD, DE, and the middlemoſt 
of them by the Corollary foregoing is two Fifths 
of one right Angle ; the three together, that 1s, 
the Angle of the Pentagon itſelf muſt make fix 
Fifths of one right one. 


[Scholium. This holds univerſally, that Figures Fig. 8. = 
of an odd Number of Sides are inſcribed in a Cir- 
cle, by means of an Iſoſceles Triangle, whoſe equal 
Angles at the Baſe are multiple of thoſe at the Top. | 
But Figures of an even Number of Sides are in- 
ſcribed by the means of Iſoſceles Triangles, whoſe 
Angles at the Baſe are each of them multiple ſeſ- 
quiaiteral of that which is at the Top. 

As in the Iſoſceles AC D, if the Angle C or D 
be threefold of A, the Side C D will be the Side 
of an Heptagon; if fourfold, it «will be the Side 
of an Enneagon, &c. But, if C or D ſhall be 11 
of A, C D will be the Side of a Square ; and, if C 
ſhall be 2; of the Angle A, CD will ſubtend a 
ſixth Part of the Circumference : In like manner, 
if C or D ſhall be zu of the Angle A, CD ſhall 
be the Side of an Octagon, &c.] 


4 0 EE ” 
F * 


| Scholium. 
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Scholium. 


UCLID's Inſcription of a Pentagon is 
ingenious, but that of Ptolomy, which he 


delivers in the firſt Book of his Almageft, is 


much more expeditious : And it is this: 

Let the Diameters E D, BF be drawn, cut- 
ting one perpendicularly in A. Biſect the Ra- 
dius AD in C. From the Centre C through 
B deſcribe an Arch, meeting the Diameter ED 
in G. The right Line GB is the Side of a 
Pentagon, and A G of a 

The Demonſtration cannot be given here, 
for it depends upon the 13th Book of Euclid. 


See ir in Clavius, in his Scholium, after Prop. 


10. J. 13. 
Problem. 


PON a given right Line (AB) to de- 
ſcribe a regular Pentagon. 

Cut AB ſo in C * that the Rectangle ABC 
may be equal to the Square of AD. From 
AB protracted on both Sides take away AD, 
BE, equal to the greater Segment A C. - From 
the 8 A and D with the Interval A B de- 
ſcribe two Arches, cutting each other in F. 
Likewiſe from the Centres B and E deſcribe, 
with the ſame Interval, two Arches cutting each 
other in G. And again, from the Centres G 
and F, with the ſame Interval, deſcribe two 
others, cutting each other in I. The Points 
A, E, I. G, B, being join'd, will give a regu- 
” ar Polygon upon the given right Line AB. - 

That it is equilateral is manifeſt from the 
Conſtruction; that it is equi- angled will be thus 
demonſtrated: 


un. nec Rhwars. 


demonſtrated : Let DF be drawn. It is ma- 
nifeſt by the Conſtruction, that ADF is an 
Tſoſceles. And the Baſe A D is the greater Seg- 
ment of the Side DF, ſo divided, that the 
_ — the Whole and the lefſer Side is 
8 uare of the (For DF 
is equal to and A equal to AC). 
Therefore the 2 A DAF ene Filho of 
two right ones; by Coroll. Prop. 10. J. 4. 
Therefore the Angle FAB is three 
Finds of ewo right ones, or fur Fiſths of one 
right one ® ; and therefore is an Angle of a re- Per 13. 
gular Pentagon 4. In the ſame manner ma 1 
be ſhewn that the Angle GB A is three Fitths Ce 

of two right ones, and ſo equal to FAB. 11. J. 4. 
From whence it is neceſſary, that the reſt F, G, 

1, ſhould be equal to theſe, as appears from 
their being equilateral to theſe, it the right 

Line F G be conceiv'd to be ſubtended. 
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PROP. XII. Problem. 


T O circumſeribe an ordinate Pentagon Fig. 10. 
about a Circle. 


Let there, by the foregoing, be inſcrib'd the 
regular Pentagon GHIKM, and let there be 
drawn Tangents in the Points G, H, I, K, M. 
which may concur in B, C, D, E, F. I ſay 
the thing is done. | 

For trom the Centre A draw the right Lines, 
AG, AB, AH, AC, AI. Here, becauſe 
from the ſame Point B, BG and BH touch 
the Circle, they are equal. Therefore the Per 
Triangles GAB, BA H are equilateral to © 2- 

8 wy 6. J. 3. 
each other. Therefore tha Angles O, P, as 1 B f. 
likewiſe L 1. 


Corol. pr. 


% 
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likewiſe thoſe Q, S, are equal. And therefore 

'the whole Angle B is double to P, and the whole 

G AH double to S. For the fame Reaſon the 

Angles C and HAI are double to T and N 

Per 29. reſpectively. But G A H and HAI are equal, 

3. becauſe they ſtand upon equal Arches, by Con- 

ſtruction GH, HI. Therefore their Halves 

S and N are alſo equal. Becauſe therefore in 

the Triangles BAH, HAC, the two Angles 

8 and N are equal, and thoſe at H are both 

22 right Angles *, and likewiſe the Side A H is 

* Per 46. common; therefore the Sides B H, CH, as 

likewiſe the Angles P, T, are equal. In the 

fame manner I might ſhew BG, FG, to be 

equal. Therefore BF, CB, which are double 

to the Equals B G, B H, are alſo equal. In the 

ſame manner it may be ſhew'd that the reſt of 

the Sides of the circumſcribed Pentagon are 

equal. Ir is therefore equilateral ; but it is 

alſo equiangled ; for, ſeeing it hath been ſhew'd 

that the Angles B and C are each of them 

double to the Equals P and T, they muſt alſo 

be equal betwixt themſelves. And in the ſame 

manner of the reſt. We have therefore de- 

ſcribed a Pentagon about a Circle. Which 

was the thing to be done. 

In the fame Way any ordinate Figure what- 

ſoever is deſcrib'd about a Circle, that is, if a 
like Figure be firſt inſcrib'd in the Circle. 


PROP. XII, XIV. Problems. 


Fig. 11. 


o inſcribe a Circle in a regular Pen- 

tagon, and circumſeribe one about it. 
Biſeck the two Angles of the Pentagon B, C, 
with the right Lines BN, CS, cutting each 
other 
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other in A. From A draw the Perpendicular 
AL. 

A Circle deſcrib'd from the Point A with 
the Interval A L touches all the Sides of the 
Pentagon; and a Circle deſcrib'd from the ſame 
Point A with the Interval AB paſſes allo 
through the Points F, E, D, C. 

Part I. In the Triangles DCA, BCA, be- 
cauſe the _ DC, CA, are equal to BC, 

CA, by the H and the Angles P 
and O are equal by the Conſtruction, thoſe allo 
and I 
hole 


will be equal by 4.1. 1. Now the 
alſo B and D are equal by the Hypo- 


theſis, Wherefore ſeeing the Angle G is half 
of B by the Conſtruction ; I allo will be half 
of D. Therefore D is biſcCted by the right 
Line DM. For the ſame Cauſe the reſt of the 
Angles of the Pentagon E, F, are biſected, 


G 
W 
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and conſequently 14 the half Angles are equal | 


betwixt themſelves. Now let the P icu- 
lars be drawn, AM, AS, AN, AR. For 
becauſe in the Triangles LBA, MBA, the 
Angles G and B LA are equal to the Angles 
Qand BM A, by the Conſtruction, and the 
Side B A is common, AL and A M muſt be 


alſo equal. In like manner I might ſhew that » Per 26. 


the reſt of the P 


AS, AR, are equal. A Circle therefore from 
the Centre A, paſſing through L, will likewiſe 
paſs through M, S, N, R, and, becauſe the 
Angles at I., M, S,. N, R, are right ones by 


the Conſtruction *, it will touch the fave Sides = Per 16. 
43. 


of the Pentagon. Which was the firſt Part. 
Part II. In the Triangle C AD, hecauſe the 
Angles O and G have already been ſhewn to be 


equal, the Sides alſo A C, AB muſt be equal ?, ' Per 6. 


and in the ſame manner, AB, AF, AE, AD, “ 
* may 


4 


erpendiculars, AM, AN, I. i. 


—_— OR 


— 


cumſcrib'd one "ah a Circle. 2 E. F. 

[In the ſame Way, in any regular Figure what- 
ſoever, a Circle may be inſcribd, and circum- 
ſeribꝰd about it.] 


PROP. XV. Problem. 


N a given Circle to deſcribe à regular 
Hexagon. 


Let the Diameter FAB be drawn. From 
the Centre B through A deſcribe a Circle, cut- 
ting the given one in Cand D. Likewiſe from 
the Centre F through A a Circle cutting the given 
one in E and G. The fix Points, B, C, E, 
F, G, D, connected by right Lines, will give 
the Hexagon required. 

From the Centre let fall the right Lines A E, 
AC, AG, AD. It is manifeſt that the Tri- 

| angles H, I, M, L are equilateral, both in 
themſelves, and with one another Then be- 
cauſe the Angles CAB, E AF, each of them 
make one Third of two right Angles (per 
Corol. 12. p. 32. J. 1.) and therefore do make 
both together two Thirds of two right Angles ; 
* Per it remains that EAC is one Third of two 
Cre. 1: right Angles; therefore the Angles E AC, 
5. 13-41. CAB are equal. But the Sides alſo EA, AC, 
are equal to the Sides BA, AC. Therefore 

the Baſe E C (per 4. J. 1.) is equal to the Baſe 

BC, that is, to the Radius AC by the Con- 
ſtruction. Wherefore the Triangle N is alſo 
equilateral. And in the ſame manner the Tri- 

angle 


Fig. 13. 


* Per 1. 
& 3, 


Lib. IV. EvucrLt1d's Elments. 


127 


N are equilateral ; it is manifeſt that all 
Sides, CB, BD, DG, GF, FE, EC, 
ual one to another, and to the Radius 
1 is therefore equilateral. 
it is alſo equiangular, ſeeing each one of 
its Angles E, C, B, D, G, F, conſiſts of two 
Angles of an equilateral Triangle. Therefore 
we have inſcribed a regular Hexagon in the 
Circle. 


Corollaries. 


I, HE Side of an Hexagon inſcrib'd in 
a Circle, [or a Chord of 60 Degrees] 
is equal to the Radius [and conſequently the 
Sine of 30 Degrees is equal to half the Ra- 
dius (per Corel. 2. p. 3. J. 3.) 
2. An Angle of a regular Hexagon is four 
Thirds of one right Angle ; as conſiſting of 
two Angles of an equilateral Triangle, each of 


which makes two Thirds of a right Angle. 


3. If there be drawn the Diameter PS, Fig. 14. 

perpendicular to the other FB; and with the 
Interval of the Radius P A, from the Centre - 
P, and S, there be made Sections in O and Q, 
in R and T, the Points, P, E, O, F, R, G, 
S, D, T, B, Q, C, connected with right Lines, 
will give a Figure of 12 Sides, inſcrib'd in a 
Circle with one Aperture of the Compaſſes. 
Which Thing is of great Service in Dialling. 

4. From what has been demonſtrated we Fig. 14. 
may ealily deſcribe an equilateral Triangle in 
a Circle. The Diameter FB being drawn, 
from the Centre B through A deſcribe the 
Arch CAD. The Points C, F, D, connect- 


ed 
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d Per 
48. P 


1 40 
J. 1. 


2 Per 
Corol. 5. 


foregoing. 
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ed with right Lines, will give the Triangle 
ſought. 

y The Side CX D of the equilateral Tri- 
angle cuts off from the Diameter BF, perpen- 
dicular to it, a fourth Part thereof BX. For 
the Angles A CX, B CX, ſtanding upon equal 
Arches GD, DB, are equal (per 29. J. 3.) and 


the Sides AC, CX, are equal to the Sides BC, 
CX. Therefore A X, B X are equal. There- 
fore BX is the fourth Part of the Diameter 
B F. 


Scbalium 1. Problem. 


OU may raiſe a regular Hexagon upon 
a right Line BC thus: Make an © equi- 
lateral Triangle CAB upon the given Line 
CB. From the Centre A through Band C 
deſcribe a Circle. This will contain an Hexa- 
the given right Line CB. The 
Thing is manifeſt from the Propoſition, and 
Corel. 1. 


Theorem. 


HE Square of a Side of an equilateral 
Triangle is treble to the of the 
Semidiameter of a Circle in which it is inſcrib'd, 
and is to the Square of the whole Diameter, as 

to 4. , 

5 Let there be drawn the Semidiameter AD. 
The Square of FD is equal to FAq+DAq 
+ the Rectangle FAX twice taken (per 12. 
J. 2.) But the Rectangle F A X twice taken is 
equal to the Square of the Semidiameter F A or 
DA: (For, becauſe A X, XB are equal, the 
Rectangle FAX, twice taken, is equal to the 

two 
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two Rectangles which are under FA, AX, 
and under FA and XB, that is, equal to the 
Rectangle FAB; that is, equal to FA q.) Per 1. 
Therefore the F Dq i is treble to FAq or DAL 2. 
the Square of the Semidiamerer. 

Now, becauſe the Square of the whole Dia- 
meter is quadruple of the Square of F A the 


Semidiameter , it is maniſeſt that the Square * Per Co. 


of FD is to the Square of the Diameter, as ror 3- 

3 to 4. 1 4 4 
Hence i it follows that a Side of an equilateral © 

Triangle is to the Diameter, as the ſquare Root 

of 3 is to 2, the ſquare Root of 4; and there- 

tore that thoſe Lines are incommeniurable. 


PROP. XVI. Problem. 


T O-- inſcribe a regular Quindecagon in a 
Circle. 


Inſcribe in the Circle A C the Side of a Pen- Fig. 15. 


ragon , and AD of Side of an equilateral © Per 11. 


Triangle, (per Corel. 4. p. 15. J. 4.) biſect & 4 
the Arch CD in E. CE is the Side of the 
Quindecagon, or fifteen-angled Figure ſought. 

For, if the whole Circumference be ſuppos'd 
to be 15, the Arch AC will be 3, and the 
Arch AD 5, and therefore the Arch CD 2, 
and conſequently CE 1. 


Corollary. 


Y this Method innumerable regular Fi- Fig. 15. 
may be inſcrib'd in a Circle. For 
if AC, A D, the Sides of two regular Figures, 
be inſcrib'd bn a Circle, the Difference of the 
Arches C D will contain ſo many Sides of a 
K new 


: 
? 


7 
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new regular Figure, as are the Unites whereby 
the Denominators of the former differ one from 


another. But the Denominator of the new Fi- 
gure is had, if the Denominators of the for- 
mer be multiplied one by the other. 

As if AD be the Side of a Square, and 
AC of a __ > 
nominators is 6. Therefore the Arch CD 
contains 6 Sides of a new Figure. But the new 
Figure is of 40 Sides. For the Denominators 
4 and 10 multiplied one by the other make 
40. 


* 


HER E hath not yet been found out the 

Art by which regular Figures of 7, 9, 
11, 13, 17, Sc. Sides may be inſcribed in a 
Circle, by a Pair of Compaſſes and a Rule on- 
ly. Foraſmuch as that Inſcription of Figures 
depends upon the Diviſion of the Circumference 
into any given Parts, which thing is yet lack- 
ing. But, if the Circumference of a Circle be 
divided into 360 Parts, you may in a mecha- 


nical Way inſcribe any regular Figures whatſo- 
ever 1n it, after this manner. 


Problem 1. 


Der n the whole 
Circumference) by the Denominator of 


the Polygon to be inſcrib'd (e. g. a Nonangle. ) 


Make at the Centre the Angle AGK of fo 
many Degrees as are the Unites of the Quo- 
tient in the faid Diviſion. A K ſhall be the 
Side of the nine-angled Figure, which is re- 
uns to be inicrib'd in ms Circle. 


Problem 
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Problem 2. 


UT upon a given right Line you may Fig. 15. 
deſcribe any regular Figure whatſoever by 
the Help of the following Table. 

A right Angle is — Angle of the Fi- 


Difference. 


In a Pentagon as 5 to 6— 1 
3 to 4— 1 
7 10 10 — 3 
2 to 3— 
9 ©. 14 — 5 
e | 
In an Undecagon as 11 to 18 — 7 ; 
In a Duedecagon as 3 to 5 — 2 


Let a regular Heptagon be to be inſcrib'd Fig. 15. 
upon the given right Line X B. From the 
Centre X with the Interval X B deſcribe a Cir- 
cle, from which cur off the Quadrant B O. See 
in the Table what is the Proportion of a righc 
Angle to the Angle of an Heptagon : You 
will find it to be as 7 to 10, and the Difference 
is 3. Divide the Quadrant therefore into ſeven 
equal Arches, ſo many of which add to it from 
O to N as the Difference hath Unites. Thro' 
the three Points B, X, N, deſcribe (per 5. J. 4.) 
a Circle, This contains an Heptagon of the 
given right Line X B. 

The Table was made by means of Theorem 2. 
in the Schal. upon p. 32. I. 1. by which is found 
the Number of right Angles, which the An- 
gles of any right-lin*'d Figure make; which 
Number, being divided by the Denominator of 
the Figure, gives the Denominator of the Pro- 


K 2 portion 
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—_— Angle of the Figure to a right 


* becauſe hitherto many things have been 
propounded concerning regular Figures, let the 
following famous Theorem of Proclus cloſe 
this Book. 


Theorem. 


NLY three regular Figures, to wit, 6 
equilateral Triangles, 4 Squares, and 3 
Hexagons, can fill a Space ; that 1s, can con- 
ſtitute one continued Superficies. Which is 
thus demonſtrated. That ſome regular Figure 
often r N ſhould be able to fill a Space, it 
15 required that the Angles of many Figures of 
that kind, being diſpoſed about one Point, ſhould 
make juſt four right ones; for juſt ſo many 
gn Angles may be placed about one Point, 
as appears from Coro 3. Prep. 13. l. 1. As 
for Example, that equilateral Triangles ſhould | 


fill a Space, it is requir'd that ſo many Angles 


Þ Corol.1 2. 


5. 32. J. 1. 


of ſuch Triangles N, M, L, K, I, H, being 
diſpos'd about the Point A, ſhould make Juſt 
four right ones. But fix Angles of an equila- 
teral Triangle do make four right ones ; 5 (for 
one makes two Thirds of one right one“, and 
therefore ſix of them make 12 Thirds of one 
right one, that is, 4 right ones): Likewiſe the 
four Angles of a Square make four right ones, 
as is manife!t; likewiſe three Angles of an 
Hexagon; {or one maketh four Thirds of one 
right Angle (per Corel. 2. p. 15. L. 4.); an 


therefore three of them do make twelve Thirds 


of one right Angle, that is, four right ones. 


. Sc. 


5 Bu: 
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But that no other Figure beſides theſe can 
do this, will manifeſtly appear, it, its Angle 
being found as above, you ſhall —_ . 
ſame by any — whatſoever ; 

Angles will always either fall ſhort of, or exceed 


four right ones. 
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Proportionals from this Fifth Book. 
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BOOK v. 


HIS Fifth Book of Elements is 


altogether neceflary for demonſtra- 
ting the Propofitions of the Sixth 
Book. The Doctrine which it 
containeth is almoſt in continual Uſe. The 
Way of Reaſoning from Geometrical Pr 101 
is moſt ſubtle, ſolid, and brief. This Method 
of Reaſoning, 252 kind of Mathematical Logic, 


| Geometry, Arithmetic, Muſic, Aftronomy, 


Staticks, all the other Parts of the Mathe- 
maticks, make eſpecĩal uſe of: Foraſmuch as they 
almoſt wholly depend upon Proportions con- 
netted together one with another; and are wont 
to borrow their Ways of Reaſoning concerning, 

Practical 
Geometry, which conſiſts in the meaſuring of 


5 Lines, 
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Lines, Figures, and Solids, is for the moſt 
part derived from the Doctrine of 
There is not a Rule in Arithmetic but what 
may be demonſtrated from the Propoſitions of 
this Fifth Book, without the Help of the 7th, 
8th, and gth Books, which treat proſeſſedly of 
Numbers. We may fitly call the Maſic of 
the Ancients, Geometrical Proportions apply'd 
to tuneful Sounds; which ſame Thing you 

may well nigh ſay concerning Staticks, which 
are. converſant about the Weights of Bodies. 


To com the whole * in few 


portion from the Mathematicks, you will l-ave 
almoſt nothing which is excellent or greatly tu 
be accounted of. 

| Schal:um. 


There is no Mathematician tb is ignorant of 
bow great Importance in Geometry the Knowledge 
of Proportions is ; for it ts the very Marrow, as 
it Were, of the Mathematical Sciences; and the 
various Ways of Reaſoning concerning Propor- 
tinnals are 1 moſt uſeful and moſt certain; 
neither can we without them move one Step. 

But then I reckon that this Doctrine is _ 
in Men's Minds with common Reaſon itſelf ; and . 
that the various Ways of Reaſoning concerning Pro- 
portionals, which Euclid by much winding and 
going about delivers in this whole Book, do not ſo 
much need Demonſtration, properly ſo calPd, as 
Muftration and Examples. And I altogether am 
of Opinion, that thoſe, who take in Hand to deliver 
this nf ca) Doctrine by a long Circuit of Pro- 
poſitions, do involve a Thing in itſelf moſt clear, 
ni a certain Cloud, and render it far more dif- 
 ficult. The Sum of the Matter I will open in a 
few Words. It is a Thing eaſily known, that 


K 4 four 


Words, If you take away the Doctrine of Pro- 
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four Quantities are then proportional, or that the 
Analogies are then alike, when the firſ® Quantity 
contains the ſecond, as often as the third contains the 
fourth ;, or when the firſt is as often contain d by the 
ſecond, as the third is by the fourth. So 16:8 :: 4 
$ 3. d 3:9::4:12., Here are like or the 
ſame Proportions ;, becauſe in the former Example 
the Con/equents 8 and 2 are contain d twice in their 
reſpentive Antecedents;, and fo the Proportion of 
the Antecedents to the Conſequents is double. And 
in the other Example the Proportions are alſo 
alike ; becauje the Conſequents ꝙ and 12 do con- 
tain their reſpective Antecederts three Times; and 
ſo the Propertion of th? Antecedents to the Conſe- 
quents is ſubtriple. (Ner is there any Proportion 
of commeaſurable Quantities which may not be exe 
preſſed by certain Numbers; nor indeed of Incom- 
menſurables, which may not be expreſſed by Num- 
bers infimtely approaching nearer and nearer unto 
the true one.) Furthermore, from cobat bas been 
ſaid it appears, that like Proportions, whatſoever 
they are, win be expreſſed not only by divers 
Numbers, but aljo by the ſame. Thus 2 10 1 de- 
ens as well the. Proportion of 16 to 8, as of 
4102. 1 10 3 no leſs expreſſeth that of 4 to 12, 
than that of 3 to 9, as is moſt manifeſt. Suppo- 
fing therefore four Quantilies to be propertional, 
A:B::a:b. It is enquir'd in this Book after 
bow many like Manners the Terms of theſe like · 
Proportions may be changed, and ordered amongſt 
themſelves. So that the emerging Proportion on 
both Sides may be ſtill alike. And it may be an- 
fewered, that it may be done after all the Way: 
and Manners poſſible ; for ſceing the Proportion 
of A to B. and that of a to b are alike, both of 
them may be expreſſed by the ſame Numbers after 
this Manner, A: B:: 9: 3, anda:b:;9: 3. 

And 
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And conſequently all the Preportions emer- 
ging on both Sides, eitber by Alternating the Terms, 
or by Inverting tbem, or by Compounding, or 
Dividing, or Con » or Mixing them, 
may be expreſſed by the very fame Numbers ; and 
conſequently the ſame Proportion will always be 

kept on both Sides. As, for Example ſake, 
A+B:B::a+b6: b, becauſe 9 T 3: 3 

. expreſſeth the ſame Proportion; which is Compo- 
ſition. The ſame is to be ſaid of all the Ways of 
changing the Terms. Tterefore let s obſerve 

this one Thinz, that Proportions which are on both 
Sides the ſame be ever changed and ordered in the 
very ſame Manner. And then there will be no room 

to queſtion, whether the Proportions which ariſe on 

both Sides be alike or no. It is indeed a Thing to be 
wonacr'd at, that no one of theſe who have hitherto 
compiled Elements of Geometry, has made uſe of this 

moſt eaſy Method of ſtating the Equality of Propor- 

| tions, for the illuſtrating of this Fifth Book about the * 
Dorine of Proportions. Take therefore the primary 
Ways which Geometry makes uſe of, in Reaſoning 
concerning like Proportions, as they are digeſted into 

this er Table. 

CC 28 * 2 :S 


„ 
Then it vill 
— A B b 
Adwacel a :: 3:0 
838 4 3 F M 
Compounding LB: B 5: SS; + :: +5 33: $ 
Dividing A—B: B 87 a—b: b ::9—3 (6) : 3 
Converting 4 : ALB: a : 4 ＋3 :: 9: g+3 (12) 
or A : @ „6 :: 9: 9—3 (6) 
Mixing ALB: B:: 213 : a—6b :: g9+3: 93 
Ex zquo A: k.: a :, &B:C:: 5 ze, then J: CAA : < 
9:8 6 :% $:28= 3 5%, ame: 
Ex æquo A:B:: 4 14 & B:C:: x : @, then A: 05 2 
perturbate 8 :3:: 8 : 3, F 3 :12:: 2 8, cher 8 :12:: 7 
Or thus, * 16:6, & 3 :2:2 24 : 16, then 8: 2:: 
a: bre a:. Set: 5. : abethena: e: Fe 
He 
. AE 
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that 15 in theſe Ways 
ERS OE TE 


into Uſe upon Occaſion, will 
& yaw 
Only two of yet 


EFINITIONS. 


l. beng fo many Times x is that 


to wit, twice, it lb hen of ir, bu being 
thrice repeated it exceeds it. 

2. One Magnitude is faid to be a multiple of 
* when the leſſer meaſures the ter, 
and conſequently is an Aliquot Part thereof; 
or when che greater contains the leſſer ſo many 
Times preciſely. 

3. Proportion is the mutual Reſpect, as to 
Sarge. of two Magnitudes of the ſame 


Therefore 


— 


„ [FIFTH BOOK 


* 


NI Book 
'L r - 
U 
J 
1 
4 
4 
0 A 
9 
| 


c | | 
fron UTP Lv r =. # | a 


„ or the fame; 1 5. 
when the Antecedent of one (A) doth equally 
or in the fame Manner (that is, neither more 
nor leſs, contain its Conſequent (B), as the 
Antecedent of the other (C) contains its Con- 
ſequent (F). 

Or when the Antecedent of the one (A) is Fig. 


ſo often contain'd in its Conſequent (B), = \. 
te Ante of the te e Co 


» when the Antecedent 
of one (I) doth more contain its Conſequent 
(L), than the Antecedent of the other (O) Fig. 4. 
doch contain its Conſequent (Qs or when the 
Antecedent of one is leſs contain'd in its Con- 
ſequent, than the Antecedent of the other in 
its Conſequent. | | 
2 7. Like 
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7. Like or fimilar Parts are thoſe which are 
equally or in the fame Manner contain'd in their 


Wholes; fo that what Sort of Part one is of 


its Whole, ſuch a Part the other is of its 
Whole. Which Thang indeed is nothing elle, 
but that the En e aaa | 
their Wholes. 

Aliquot Parts are like, which do equally 
meaſure their Wholes, as if each of them be 
one Third or one Tenth, Sc. of its Whole. 

8. Magnitudes (A, B, C, D) are faid to be 
continually proportional when the middle Terms 
(B, C) are taken twice ; that is, when they are 
__ a ES 
foregoing, and an Antecedent in pect of the 
following. 

We thus pronounce continual Proportions, 
A is to B as B to C; and B is to C, as C is to 
D. And ſo on. - 

9. Magnitudes are diſcretely proportional 
when no Term is twice taken. 

Diſcrete Propoſitions we thus pronounce, A 
is to B as CroF. When there are more than 
three proportional Magnitudes, if they be ſaid 
to be proportional, they are always underſtood 
to be diſcretely ſo. 

10. When the Magnitudes (A, B, C, D) are 
continuall ional, the firſt "od is ſaid » 
have to the\third (C) a duplicate 
that which it hath to the ſecond A he 
firſt (A) is faid to have to the fourth (D) a 
triplicate ion of that, which the 8 


firſt hath to the ſecond (B): And fo forwards. 

[If one triplicate Proportion be equal to ano- 
ther duplicate Proportion, the latter ſimple Pro- 
portion Mall be ſeſquiplicate, or one and a half of 
tbe former ſimple: Proportion. Let A, B, C, D, 


be 
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a, b, c, 19 77 og 
be unto D the fourth, as 
econd Analogy is to (c) the 
a) tis to () in a Proportion 
of that which A is in to 
4 4 P betwixt 
; whe" is the ſame thing, betwixt 
. e of the Equality of the Propor- 
tions of A io D, "Gd (a) to (c), and the middle Pro- 
portions on both Sides Fand (b); it will be A: F:. 
a : b. But the Proportion of A to F is compounded 
doko > Proportion of A to B, and of the Pro- 
on of the ſame B to C halved ; and conſequently 
the 2 of (a) to (b), which is equal to that 
of A to F, contains the entire Proportion of A to B, 
and aiſo "the ſame bald d, to wit, the Proportion 
Bio F. But the whole Proportion, with its 
1 if, is @ ſeſquiplicate or ſeſquialteral Proportion, 
or that which is one and à balf of the other. (a) 
therefore is to (b) in a Proportion ſeſquiplicate of 
that of A to B. So in Aſtronomy, ſince the Cubes 
of the Diſtances of the Planets * the Sun bear 
that Proportion one to another, which the Squares 
of their periodical Times Bear; fo that the tripli- 
cated Proportion of the Diſtances is the ſame with 18 
* the cate one of the periodical Times; it is - 
wont to be ſaid, that the periodical Times are in | 
a ſeſquiplicate or ſeſquialteral Proportion of their ti 
Diſtances from the Sun.] : 
11. Antecedent Magnitudes are ſaid to be 
Homologous or like to Antecedent, and Con- 
ſequent to Conſequent Magnitudes. As if A Fig. 1. 
is to B, as C to F; A, C, and B, F, we ho- 
mologous Quantities. 


XII. If a Set of Pairs of Quantities contain 
every one the fame Proportion, that is the very 


=> — — R— 9 
= — 1 
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Proportion alſo which the Sum of all the An- 
tecedents bears to the Sum of all the Conſe- 


quents. 
20+6+8 + 14 14 = 66 


w+3+4+9 + 7 =33 


XIX. If Parts be as Wholes, the Remain- 
ders will be alſo in the very fame 

If 30 be to 20, as 3 to2; 27 vill be we 16 
alſo, as 30 to 20, or as 3 to 2. 


- THE 


| THE 
ELEMENTS 
o F 
EUCLID. 
” —"RRm_ 


wid are ene n db 
ty to be known, that without them no Man 
can penetrate into the Secrets of „ and 
reap the ſweet Fruits of the Mathematicks. 
Each Propoſition deſerves to have an Encomi- 
um annexed ; fo great is the Utility of all. 


This Sixth Book, as hath been ſaid, begins to 
apply that excellent Doctrine concerning Geometrical 
Proportion, which was juſt before delivered, to 


divers 


* 
5 — 


* 
= 
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divers and, 98 2 23 - and, 
beginning with Triangles, mple of Fi- 
gures, ſearches out their Sides and Areas, as they 
anſwer to one another in à certain Proportion. 
Then it defines proportional Lines, and the propor- 
tional Au ons or Diminutions of Figures; 
and ſhews in what manner wwe may eitber increaſe 
or diminiſh them according to any Proportion given. 
It opens likewiſe the Golden Rule, or Rule of Pro- 
portion, the very chief of all Arithmetic ; and de- 
monſtrates that in a reftangle Triangle, not only the 
Square, but alſo the Pentagon, Hexagon, and, in 
general, every regular Polygon, which is deſcribed 
by the Hypotenuſe, is equal to the. Squares, Pen- 
tagons, Hexagon, or any regular Polygons tubat- 
ſoever, that are deſcribd by the two Sides. It 
alſo propounds moſt eaſy and certain Principles for 
meaſuring as well Solids, as Lines and Surfaces, 
which are of very great Uſe in all Parts of the 
Mathematicks. 


DEFINITIONS. 


r. IKE or ſimilar Figures 


are thoſe which 


both have all the Angles „ each to 
each other reſpectively, and the Sides which are 


oppoſed to the equal Angles or which are be- 
twixt them, or which are about the equal An- 
gles (for they come all to one) proportional. 

As the Triangle X, Z, will be ſaid to be 
like, or ſimilar, if the Angle A be equal to the 
Angle F, and the Angle B equal to the Angle 
I. and conſequently the Angle C equal to the 
Angle L: and moreover if AB be to FI, as 
BC to LI; and BC is to LI, as CA is to 
LF; and CA to LF as AB to FI; by 


comparing 
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comparing always the Sides oppoſite to the 
equal Angles. In the fame manner the Like- 
neſs of all right-lin'd Figures may be ex- 
plain'd. 

2. Reciprocal Figures are when the Antece- Fig. 29. 
dent and Conſcquent Terms of the Propor::o.:s 
appear on both Sides. 

As in the Parallelograms X, Z, 

It AC be ro CB, 

As FC ir to CL. 
The Antecedents here are A C, and FC, of 
which there is one in both Figures ; and the 
Conſequents are CB, and CL,, of which like- 
wile there is one in each Figure. And there- 
tore the Parallelograms X, Z, are calPd reci- 
procal. Underſtand the fame of other Fi- 
gures. 

3. The Altitude of a Figure is the Perpen- 
dicular let fall irom the Top to the Bate. This 
is with Laclid the fourth Definition. 

As the Altitude of the Triangle ABC is Fig. 1. 
the Perpendicular A Q which falls from the 
Top upon the Bale B C, either within the Tri- 
angle or without, upon the Baſe protracted, _ 
Now the Bale and Top are aſſumed at Plea- © 
ſure. 

4. Like Arches of Circles are thoſe which 
hn the ſame *** unto their whole Cir- 
cumferences 

As if each of them be a third or fourth 
Part, Sc. of that Circumference. 


. PROPOSITION I. Theorem. 


"RIANGLES (ABC, DEF) f. 
2 ( 40 P C, D2REF) 


which 
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which are betwixt the ſame Parallels, or 
have the fame Altitude, have the ſame 
Proportion betwixt themſelves as their Baſes, 


(AC, DF 


Upon this Theorem the whole Sixth Book 
depends, yea, whatſoever any where is demon- 
ſtrated about Figures by Proportions, whether 
Plain or Solid. 

Let there be taken any Aliquot Part of the 
Baſe DF: EG. DG one Third, and let the 
right Line GE be drawn : The Triangle DEG 
will likewiſe be one third Part of the Triangle 
DEF, as is gathered from 38. |. 1. Where- 
fore D G and the Triangle D G E are like Ali- 
quot Parts of their Conſequents. Then let 
there be taken away DG from the Baſe A C 
as often as it can, as ſuppoſe fix times, and let 
the right Lines HB, IB, KB, LB, MB, 
N B, be drawn. Becauſe the Lines CH, HI, 
Sc. are cach of them equal to DG, the fix 
Triangles CB H, HBI, Sc. are each of them 
> equal to the Triangle DEG. Therefore as 
often as D G is contain'd in the Antecedent A C, 
ſo often is the Triangle DE G contain'd in the 


Triangle A B C. By the ſame Reaſoning it may 


be ſhew'd, that the like Aliquot Parts whatſo- 
ever of the Conſequents (the Baſe D F, and the 
Triangle DEF) are in an equal Number con- 
tain'd in the Anrecedents (the Baſe A C, and 
the Triangle ABC) therefore as the Baſe A C 
is to the Baſe DF; ſo is the Triangle ABC 


to the Triangle DEF. ©, E. D. 


But now becauſe the Parallelograms A P, DR, 


are © double to the Triangles ABC, DE F, they . 
allo will be as their Baſes. 15 


Corollary. 
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Corollary. 


HE Triangles (ABC, F II.) and the Fig. 3. 
Parallelograms which have equal Baſes 
(AC, FL) or the fame, have that Proportion 

one to another, which their Altitudes (B O, 

I Q) have. 

For let QS, OR, be made equal to the 

equal Baſes (FL. AC); QS, OR will then 

be equal. Draw SI, RB. It in the Triangles . 
OBR, QIS, you take BO, IQ for the Ba- 

ſes, OR, Qs, will be their Altitudes ; which 

ſeeing they are equal, the Triangles OBR, 

QIS*, will be betwixt themſelves, as their Ba- 4 p 1. 

ſes BO, IQ. But becauſe by the Conſtruction 7. 6. 

OR is equal to A C, and QS equal to FL, 

the Triangles OBR, QLIS, are © equal to the Pe 38. 

Triangles ABC, FIL. Therefore the Tri- /. 1. 

angles ABC, FIL, arc allo as BO is to 


on 


Coroll.)(2.) Hence a Trapezium AB CD, Fig. 50. 
whoſe Sides AD and BC are parallel, may be 
divided into any equal Parts whatſoever. For let 
CE be made equal to A D. Becauſe of the Equas- 
lity of the Angles vertically oppoſite a AFD, f Per 15. 
EF C, and of the alternate Angles DAF, I. 1 
FEC, and ADF, ECE and the Equality | * © *7 
of the Baſes AD, CE, by Conſtruction, the Tri- 
angles ADF, FCE ®, are equal; and therefore w Per. 26. 
the Triangle ABE is equal to the Trapezium- . 
ABCD. Therefore the Baſe B E being divided 
into any equal Parts whatſoever ;, as, for Inſtance, 
three, BG, GR, RE, the Triangles ABG, 
AGR, ARE, ſhall each of them be one third 


Part of the Trapezium. Q. E. I. 
& aa - * PROP. 
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PROP. II. Theorem. 


Fig. 4. F to one Side of a Triangle (as BC) there 
be drawn (FL) a Parallel, this cuts 
the Sides proportionally, that is (A F) will 

be to (FB) as (AL) to (LC). 
And if the right Line (FL) cuts the 
Sides (B A, C A) proporticnally; it will be 
parallel to the other J (B C). 


Part 1. Let BL, CF be drawn. Becauſe 

FL is ſuppoled parallel ro BC, the Triangles 

' Per zy. FBL, LCF having the ſame Baſe are equal. 

. & 0: Therefore the Triangle X hath the ſame Pro- 

portion to both; now the Triangle. X is to the 

Triangle F B L, as the ſame Triangle X is to 

that LCF. But the Triangle X is to the Tri- 

t By the angle FBI., as AF is to FB; and the 

foregoing. Triangle X is to that LCF as AL is to 

de I. C. Therefore alſo AF is to FB, as AL 
o LC. 2. E. D. 


m By the Part 2. AS AF is to FB, fois the * Tri- 
foregoing. angle X to the Triangle EB L: And as A L. is 
to LC, fo is the tame Triangle X to the Tri- 
angle LCF. Now AF is ſuppos'd to be to 
FB, as AL is to LC. Therefore the Tri- 
angle X is to the Triangle FB L, as the fame 
X is to- LCF. Therefore the Triangles FB L., 
LCF are equal. Therefore ſeeing they have a 
7 3h common Bale FL., the Lines FI. BC, are 
4.1 parallel. Q E. D. 


2 


Corollary. 


* 
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* 


Corollary. 


F unto (B C) one Side of a Triangle there Fig. 5. 
be drawn more Parallels (I O, F L) all the 
Segments of the Sides will be proportional. 
Let FQ be drawn parallel to AC. The 
right Lines FS, SQ, are equal ro LO, OC. Per 34. 
But Bl is to FI as QS ro SF. There Ch 
tore BI is alſo to IF as CO to OL. 26. 


PROP. III. Theorem. 


F a right Line (B F) which biſefts an Fig. 6. 
Angle of a Triangle, Aach alſo cut the 
Baſe (AC), the Segments of the Baſe (AF, - 
FC) will have the ſame Proportion betwixt 
themſelves as the Sides (AB, BC) have. 
And if the Parts of the Baſe (AF, FC) 
' bave the ſame Proportion betwixt themſelves, 
as the other Sides (AB, CB) the Line 
(B F) which cuts the Baſe, biſects the 2 | 
Poſite Angle (A BC). 


Part 1. Draw forth CB until B L be equal to + 

BA, and join AL. Becauſe in the Triangle 
Z the Sides LB, AB, are equal, the Angles 
alfo * L and O are equal. Pecaule theretore 1 Pe» ;. 
the external Angle ABC is equal to the two I 1. | 
internal ones 4 us O, the Angle [, which by the : Per 32. | 
Hypotheſis is half AB C will be equal to the 1. | 
Angle L. Therefore A *. FB * are parallel., Per 29 
Therefore in the Triangle A CL, AF is to“ l. 
FC as LB (that is, AB) is to BC. P. 2. 
2 E. D. 0 L. 6. 


E 3 Part 
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Part 2. Protract CB again until BL be equal 

to BA. Becauſe A F is ſuppos d to be to FC, 

» Per 2. as AB (that is, LB) is to BC; AL, FB * 
J. 6. are parallel. Therefore the external I is 
Fe 27. equal to the internal one L“; and the alternate 
aq equal to the alternate O. But becauſe LB, 
* Per5. AB, are equal, the Angles L and O * are equal. 
Therefore I and Q are alſo equal. Therefore 

AC is bifefted. Q. E. D. 


PROP. IV. Theorem. 


RIANGLES which are equi- 
N angular to one another are like or 
Per Def. ſimilar, that is, have their Sides alſo I that 


1. 1.6. are oppoſite t6 the equal Angles — 


nal. 


Fig. 7. In the Triangles X, Z, let the 4 A be 
equal to the Angle F, and the Angle C to the 
Angle L, and the Angle B to the Angle I; 
I fay, chat AB is to Firm ACh mL: 


and A C is to FL as CB is to LI; and 


CB is to LI as BA is to Fl. 


Fig. 7, 8. Demonſt. If the Angle F be laid upon its 
equal A, the Sides FI, FL, will fall upon the 
Sides AB, AC. And, becauſe the external 
Angle A IL is by the Hypotheſis equal to 

Fig. 8. the internal B *, therefore IL, BC, are 
alone. rallel, Therefore BI is to IA“ as L 
Apa er 29- to LA. Therefore by compounding BA is 
»P,r2 to IF as CA to LF. And, it the Angle 
. 6. L be laid upon the Angle C, it will be ſhew'd 
in the fame manner, that AC is to FL, as 
B C is to IL; and, if the Angle I be laid up- 
on the Angle B. it will be ſhew'd in the ſame 
manner, 
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manner, that BC is to IL as AB to FI. 
The Propoſition therefore is prov'd. 


Corollaries. 


1. JF ina Triangle a Line LI be drawn pa- Fig. 8. 
rallel to one Side BC, the Triangle 


LFI will be like to the e CBF; and 
conſequently C F will be to LF, as B C to 
LI. 


For becauſe LI, B C, are parallel, the ex- 
ternal Angles FIL, F LI, will (per 27. J. 1.) 
be equal to the internal ones B and C: But F 
is common to both Triangles. Therefore they 
are equiangular. Therefore the Sides CF, LF 
oppoſite to the equal Angles B and FIL © are By the 

proportional to the Sides B C, LI, which are foregoiug. 
oppos'd to the common Angle F. 
2. If in a Triangle a right Line BF, drawn Fig. g. 
from the oppoſite Angle B, doth cut the Paral- 
lels AC, LO, it cuts them proportionally. 

For by Coroll. 1. AF is to Ll, as FB is to 
IB; and FC alſo is to TO, as FB is to IB. 
Therefore AF is to LI, as FC to I O. There- 

fore by changing AF is to FC, as LI to I O. 


* 


[3. From Coroll. 1. wwe learn to find the Fig. 51. 
Height of a Tower, or any elevated Paint, by 
only the Shadow of a Staff. Fix the Sinff FI 
perpendicularly upon the Ground in that Place 
where the Ray of the Sun X B A, that terminates 
the Shadow of the Toter BZ, may alſo paſs through 
L. There will be in the Trianzle A ZB the Line 
FL parallel ta the Height of the Tower Z B. 
Whence as AF, the Diſtance of the Staff from 
the Point of the Shadaw, is o FL the Length 
of the Staff; ſo is AZ, the Diſtance of the Tower : 


fre m 


=, op 


— 
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Fig. 52. 
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from the Point of the Shadow, to Z B the Height 


of the Tower. And, becauſe the three firſt Terms 
are eaſily bad by meaſuring, the fourth alſo, i. e. 
the Height of the Tower, is had alſo, Q. E. I. 

4. From this alſi incomfarably uſeful Propo- 


fiion, we may deduce that famous Theorem 


Piolemy ; to wit, bat in every Quadrilateral 
iaſcritd in @ Circle, the Rectangle of be Diago- 
nals ACxBD ts equal to the 8 Rectangles of 
the oppoſite Sides, A BX C D and ADxBC. 
For let the Angle B. I E be made equal to the Angle 
CAD. Becauſe the Angles BAE, C AD, are 


equal by Conſtruction, the Angics AB E, A CD, 
ſtanding upon the ſame Arch A D, are“ equal ; 


therefore the Triangles BAE, C AD, are alike. 
Ard AC: C D:; AB: B E; and conſequently © 

th: Rectangle £ the Extremes ACxBE is equal 
to the Rectangle of the Means CDx AB. In 
like manner, becauſe the Angle E AD is equal 
to BAC by Conſtruction, — the Angles ADE, 
ACB, as ſtanding upon the ſame Arch AB, 
are equal : The Triangles ADE, ACB, will be 
lite; and A D: DE:: AC: CB. Aud there- 


fore the Rectangle of the Extremes A Dx CB is 


equal to the Ref angle of the Means DEX AC. 


But ibe Reflangles 4 CxBE, ond ACxXDE, 


Fig. 10. 


are equal to the Refangle A Cx BD. Therefore 
the Rectangles 43 x DC, and 4D x BC, which 
are made by the orpeſite Sides, are equal to the 
Refangie A CN BD, which is made by the 
Diazonals. Q. E. D. ] 


PROP. V. Theorem. 


F two Triangles have all their Sides pro- 


portional each to each, they ſhall alſo be 
mutually equiangular. 


T hat 


< 
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That is, If AB be to RF, as AC to RQ; 
and as A C is to RQ fois CB to QF; and 
as CB is to QF, ſo is AB to RF; I ay. 
that the Angles oppolite to the Antecedents 
are equal to the Angles oppoſite to the Conſe- 

9 C to I, and B to F, and A 
to O. 


Ang. Antec. Conſeq. Ang. + 
C AB RF I 
B AC RQ_ F 


A CB QF O 


Make X and Z equal to A and C; and let 
the Sides meet in N. The Angles B and N, 
will * be alſo equal. Becauſe therefore the „ &- 
Triangles P, T, are equiangular, AB (by the p. * . 
foregoing) will be to RN, as A C to RQ. Bur, 
by the Hypotheſis, AB is to RF as A C to 
RQ. Therefore AB is to RF as the ſame x: 
AB is to RN. Therefore RN, REF, are 
equal. In the like manner I might ſhew that 
QN and QF are equal. Therefore the Tri- 
angles T, S, are equilateral to each other. 
Therefore the Angles I, F, O, are equal (per 8. 
J. t.) to the Angles Z, N, X, that is, by 
the Conſtruction to the Angles C, B, A. 
1 


PROP. VI. Problem. 


F two Triangles P, & have one Angle 
I (A) equal to one Angle (O); and the 
Sides (AB, AC, RF, R which contain 
the equal Angles proportional; the Triangles 
will be like. | 


Let 


/ 
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0 5 00 er 
A, C, and the Sides meet 
Thereborn the Ane B ard Ne mills be alk 
ual. Then it may be ſhew'd, as in the fore- 
going, that RF, RN, are equal. But RQ 1 
common to both Tri S, T. The Ang 
alſo O and X are equal, becauſe they are both 
equal to the fame A, the one X by the Con- 
ſtruction, and O by the Hypotheſis. There- 
equal to Z and N. 
Therefore the Triangle S is equian to the 
Triangle T ; that is, by the Con ion to 
the Triangle P. Therefore S, P are alike, 
(p04. 6.6) 4A 


PROSE Wn - 
I fſearce of any Uſe. 


PROP. VII. Theorem. 


N a Rectangle Triangle, the Perpendi- 

cular (B 25 let down from the right 
Angle to the Baſe, cuts the Triangles into 
Parts like to the Whole, and betwixt them- 
ſelves. 


In the Triangles A B F and L, the Angle 


F is common, but the Angles A B F and X 


are by the Hypotheſis right ones, and conſe- 
quently equal. Therefore the other Angles A 


i Per C. and O are alſo equal. Therefore * the Tri- 


rol. . 


p. 42. J. 1 


« Per 4. 


angles ABF and L are alike. In the fame 


* Manner the Triangles AB F and R may be 


ſhew'd to be equal, and the Angle I equal to 
the 
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Angle F. From which it is now manifeſt, 

and L alfo are alike, ſeeing the Angles 

F; O and A; U and X are equal. 

D. 


Corollaries. 


IRST, BC is a mean Proportional be- 

twixt A C, CF. 
For ſeeing there be in the Triangle R and L 
equ. Ang. I. F equ. Ang. A. O 
Sides oppoſ. AC. CB | Sid. oppoſ. CB. CF. 
It is manifeſt * that AC:CB:: CB: CF. — 
2. BF is a mean Proportional betwixt AF ; 
and CF. Likewiſe AB a mean betwixt FA 
and CA. 

For in the Triangle AB F and L. 

equ. Ang. ABF. X | equ. Ang. A. O 
Sid. oppoſ. A-F. BF | Sid. oppoſ. BF. CF 

Therefore A F: BE:: BF: CE. Like. © BY tbe 
wiſe becauſe in the Triangle AB F and R . 
there be 

equal Ang. ABF. V — yjom. F. 1 

Sid. oppoſ. A F. AB | Sid. oppoſ. AB. AC 

It will be again AF: AB:: AB: AC. 


3: Hence we learn to meaſure an inacceſſible Fig. 11. 
Line, one Term whereof is acceſſible. Let the in- 
acceſſible Line be C F. Let there be raisd from 
the Point C the Perpendicular CB. And to any 
Point of this Perpendicular, as B, let there be ap- 
plied a Square or any right Angle ABF; ſo that 
in looking along the Line B F the Point F, and 
along the Side B A the Point A may be obſerved. 
Let the acceſſible Line AC be meaſured, and from 
the following Analogy the inacceſſible C F will be 
made known, AC:CB::CB:CF. Let the 

Square 
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Square then of the Line CB be divided by the Line 
Fer C. AC, and the — will give the ſought Line 


rol. 3 
ile CF. Q. E. I. 


. 
: Let the infinite Line A Z be drawn. From 
which take AQ, QR, equal to FI, IL. 

From R draw R B. Parallel to this draw 


QC from Q. I fay the Thing is done. 
It 1 is maniteſt from Prop. 2. l. 6. 


PROP. IX. Problem. 


O divide a given Line (A B) accord- 
ing to a given Proportion (F I to IL). 


PROP. X. Problem. 
Fig. 13. O divide a given Line as (AB) in 


like manner as another given one 


(AT) hath been divided (in F, C). 


Let the right Line 1B join the Extremities 
of the two Lines. Draw Parallels to this from 
the Points F, C, which may meet the right 
Line, that is to be cut, ABinLandQ. I 
lay the Thing is done. 

: * is manifeſt from the Corollary of p. 2. 


[Or thus, if the cut Line IA be greater than 
that which is to be cut B 9, let three Circles touch- 
ing one another be deſcribd with the Diameters 
IF, IC, I A; and let the Subtenſe B 9 be fitted 
from the Point I to the Circumference of the greateſt 
Circle: The two leſſer Circles will cut the Line 
Pp, Bin the Points L, P, in the Proportion ® of the 


Corel. 4. Sections of the Diameter L A. If the Line 1 A 
5.31. J 3. be 


Fig. 53- 


— _ 
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be cut into four Parts, four Circles are to be 
drawn ; if into five, then ive Circles; and ſo 
infimtely.] 


190 


Scbalium. 


8 this Propoſition we learn to cut a Fig. 13. 1 
right Line given into any equal Parts ( 
w 


. Let an infinite right Line make 
any Angle with the right Line to be cut AB; 
from which take with a Pair of Compaſſes fo 
many equal Parts AC, CF, FI, as you would | 
divide AB into. Draw the right Line I B, and | 
the Parallels to it FL, CQ. I fay the Thing | 
is done. 4 
We may do the fame Thing otherwiſe, and Fig. 14. 
more eaſily after Maurolycus, in the Manner 
following. Let A B be to be triſected or divi- 
ded into three equal Parts. Draw the infinite 
Line I X parallel to A B, above or below it. 
From I X, if it be below A B, take with a N 
Pair of Compaſſes three equal Parts I' Q, — 
R, RS, which together may be greater than i 
AB; but leſſer if I X is above. Through I i 
and A, as likewiſe through S and B, draw right 
Lines which may meet together in C. From 
C to Q and R draw right Lines: Theſe will 
triſet the given Line AB. The Demonſtra- 
tion appears from Coroll, 2. Prop. 4. 
Again, with Maurolycus we may otherwiſe Fig. 15. 
obtain the ſame Thing, to wit, thus: Let AB 
be to be quadriſected. Draw the infinite Line 
AX ard BZ alſo an infinite Line parallel to it. 
From theſe take with the Compaſſes equal Parts 
AL, LO, OQ, and BV, VS, SR, in each 
fewer Parts by one, than are required in AB; 
then let there be drawn the right Lines, . R, 


— — — 5 
- 
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OS, QV. Theſe will quadriſect the given 
AB. | 

For becauſe, by the Conſtruction, the Lines 
LO, RS, parallel and equal, are join'd by LR 
and OS, theſe alſo® will be parallel. In the 
like manner OS and Q V are parallel. There- 
fore ſeeing A Q is cur into three equal Parts, 
Al will alſo 4 be cut into ſo many equal Parts. 
Likewiſe BC will be cut into three equal Parts. 
Therefore the Whole A B will be cur into four 
equal Parts. 

Theſe two Ways of Practice are eaſier than 
Euclid's, becauſe fewer Parallels are to be 
drawn. 


PROP. XI. Problem. 


O find a third Proportional to two 
right Lines given (AB, BC). 


Draw the right Line AC. From BA pro- 
duced take A F equal to BC. Through F 
draw the infinite Line F X parallel to A C, 
which Infinite let B C produc'd meet in L. 
I fay that AB is to BC, as BC to CL. 

For AB: AF:: BC: CL. But AF is 
equal to BC. Therefore AB: BC: : BC: CL; 


and fo C is the third Proportional fought. 
Otherwiſe. 


ET AB and BC be ſet at a right Angle. 
Join AC. From C draw C perpen- 
dicular to A C infinite; which CX let AB 
produc'd meet in L. I fay AB: BC: : BC: 


BL. It is manifeſt from Corel. x. pr. 8. 


Scholium. 
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| Scholium. 


Given Proportion may not only be con- 
tinued in three, but alſo in infinite Terms, 
and the whole Sum of the infinite p 
Terms be exhibited. Gregory of St. Vincent 
hath very handſomely proſecuted this Matter, 
and the whole Buſineſs of Geometrical 
ſion, in the whole ſecond Book of his Work. 
We, for the Sake of the Studious, will here pre- 


ſent ſuccinctly the Conſtruction and Demon- 


{tration of the Thing propoſed. 
Problem. 


ET a 
be given, as AB to BC. It is requir'd 


to continue this through infinite Terms, and 


to preſent the Sum of them all. 


Let the Perpendiculars AL, BO, be 
erected, and taken equal to the given Lines 
AB, BC, and through L, O, let a right Line 
be drawn, ing with ABC uc'd in 
Z. I fay, 1. If from C you ere& the Perpen- 
dicular CQ; CQ ſhall be a third Proportional. 
Transfer Q C into CE, and from E erect 
E R; this ſhall be a fourth Proportional. 
Transfer ER into E F, and ret FS; this 
ſhall be a fifth Proportional ; and fo the Pro- 
portion of AB to BC, that is, of AL to BO, 
will be continued through the Terms, A L, 
BO, COQ: ER, FS, Se. or AB, BC, CE, 
EF, FI, Sc. infinitely, becauſe every Term 
(as FS) may be taken away from the remaining 
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one F Z; for ſeeing LA (that is, A B) is leſs 
than AZ; F S alſo' muſt ever be leſs than 
FZ. 


I fay, 2. AZ is equal to the whole Sum of 
the infinite Proportionals. 


Part I. [I being ſupposd as before, AZ: 
BZ:: AB: BC; 15 will be by alternating AZ: 
AB:: BZ. BC. And by dividing A Z—=AB : 
AB::BZ—BC; that is, BZ: AB:: CZ: 
BC. Therefare by inverting AB: BZ :: BC: 
CZ. And by compounding AB + BZ:BZ: 
BC+CZ:CZ; thatis, AZ: B Z:: BZ: 
CZ.] But as AZ is to BZ, fois LA to 
OB; and as B Z is to CZ ſo is OB to QC. 
Therefore alſo LA is to OB, as OB is to QC. 
In the ſame Manner I might ſhew that OB is to 
2 as QC to RE; and fo forwards infinitely. 

art II. The whole Sum of the infinite 


Terms is neither leſs than A Z, nor greater; 


therefore it is equal. It is not greater, becauſe 
ſeeing we have ſhew'd above, that QC is leſſer 
than CZ, and RE than E Z, and S F than 
F Z, and fo on infinitely, all the Terms QC, 
RE, SF, Sc. may be infinitely ſet one by 
another in the right Line A Z, fo that the 
Point Z ſhall never be reach'd. Again, the 
faid Sum will not be leſs, becauſe I have above 
ſhew'd, AZ, BZ, CZ, to be continually pro- 
portional ; and in the ame Manner the fame 
Thing is ſhew'd of the reſt E Z, F Z, Se. 
Seeing therefore by transferring the Pro - 
tionals QC, ER, FS, Sc. into CE, EF, FI, 
the Remainders EZ, F Z, IZ, Sc. are always 
continually proportional, as we have already 
ſhewed ; we ſhall at the laſt corre unto a Re- 


maim ler 
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mainder leſs than any given one ; and there- 
fore the Sum of the Proportionals ſhall exceed 
every Quantity that is leſs than AZ; from 
whence itſelf cannot be leſs than AZ. Seeing 
therefore it is neither greater nor leſs than AZ, 

it ſhall be equal to it. Q, E. D. 


Theorem. 


HE Difference of the firſt Terms, the 

firſt Term, and the whole Sum of the 
infinite Proportionals, are continually propor- 
tional. 

In the upper Figure let OX be drawn pa- Fig. 19. 
rallel to AZ. Therefore I. X ſhall be the 
Difference of the firſt Term A L. or AB, and 
of the ſecond BO, or BC. Becauſe X © is 
parallel to AZ; LX ſhall be to X O, as ** Per C. 
L. A is to AZ. But X O is AB, and LA Al 
likewiſe is A B. Therefore the Difference L XI 
is to the firſt Term AB, as AB the firſt Twas. 
is to A Z the whole Sum. Q. E. D. 

The ſame Thing may be demonſtrated uni- Fig. 20 
verſally and very briefly in every kind of Quan- 
tity, thus : Let there be any continually Propor- 

tions whatſoever (as well Numbers, as other 
Quantities) AZ, BZ, CZ, Sc. and let them 
all be transferr*d upon the firſt A Z. There- 
fore AB, BC, CE, EF, Sc. will be the Dif- 
ferences of the Proportionals ; which er 
with the laſt Quantity I Z are equal to the firſt 
AZ. Now becauſe, if Proportionals be conti- 
nued infinitely, the laſt Quantity vaniſheth away, 
it is manifeſt that the Ditferences of the infinite 
Proportionals are equal to the firſt A Z. Then 
becauſe A Z is to BZ, as BZ is to CZ, and 
ſo on. By dividing, AB will be to BZ, as 
M 


Fig. 21. 
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BC to CZ; and by converting, as A B, the 
firſt Difference, is to AZ, the firſt Quantity: 
ſo BC, the ſecond Difference, is to BZ, the 
ſecond Quantity, and fo forwards. Therefore 
as AB, the firſt Difference, is to A Z the firſt 
Quantity : So all the Differences (that is, as 
I have already ſhew'd, the firſt Quantity A Z) 
are to all the Quantities, that is, to the whole 
Sum of the infinite Quantities. Q. E. D. 


PROP. XII. Problem. 


HRE E right Lines being given 


(AB, BC, AF) to find a a fourth 
Proportional. 


Let the two right Lines be dif] 


poſed, as the 
Figure ſhews, and draw the right Line BF, to 


which let the infinite Line C Z de made parallel. 
Let A F produc'd to L meet CZ. 

I fay, AB is to BC, as A F to FL, as 5 
manifeſt from Prop. 2. of this Book. Therefore 


F L is the fourth Proportional ſought. 
Scbolium. 


{4 
UR Countryman Bertin, in his Treaſury 
of Mathematical Philoſophy, doth hand- 
ſomely, from 35. l. 3 and 14 of this, which 
depends not upon the preſent Propoſition, find 
out a fourth Proportional, three being given, 
and a third too being given, after this manner: 
If three right Lines be given, let the ſecond 
CB and the third BD be join'd right to one 
another, ſo as to make one right Line, and let 


the firſt B A touch them in the Point B in 


what Angle you will. Through the Points 


+ 2 
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C, A, D, deſcribe a Circle“, which let AB“ Per 5. 
the firſt Line meet in the Point Z. BZ is a®+ 
tourth Proportional. 

For ſeeing the Rectangles ABZ, CBD, are 
equal*, AB will be to BC, as BD to BZ, Per 35. 
by the 14th of this Book, which, as was faid, “ 3. 
depends not upon this. 

If there be given two right Lines AB, BC; pig. 23. 
let BD equal to BC be join'd to BC, fo as to 
make one ſtrair Line. Then let the firſt AB 
touch BC in B in any Angle. Then the reſt 
is as before, and BZ will be the third Propor- 
tional ſought, 

The Demonſtration is the ſame; for ſeeing 
the Rectangles A BZ, CBD, are equal, AB 
will be to BC, as BD (that is, BC) is to 
BZ. 


PROP. XII. Problem. 


VO right Lines given (AC, CB) to Fig. 24. 
find a mean Proportional. 


Let the whole compound Line A B be bi- 
ſected in O, and from the Center O a Circle be 
deſcribed through A and B; from C ere& a 
Perpendicular CF, meeting the Circumference 
_} 

I fay, A Ce is to CF, as CF is to CB. 

For let AF, BF be drawn; the Triangle | 
* AFB is right angled, and from the right y Per ;;. 
Angle there is drawn the Perpendicular FC to J. 3. 
the Baſe. Thereſore A C is to CF, as: C F* Per C- 


* 1ol. 1. bp. 8. 
18 to CB. _ ? 


M 2 Corol- 
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Corollary. 


ENCE it is manifeſt, that if from any 

Point of the Circumference {as F) there 
be drawn a Perpendicular to the Diameter (FC), 
this Perpendicular is a mean Proportional be- 
twixt the Segments of the Diameter (A C, CB). 


Scbolium. 


HIS Place requires, that we ſhould ſay 

ſomething briefly concerning the finding 
out of two mean Proportionals betwixt two 
given Lines. Al! the Geometricians of Greece, 
at Plato's Suggeſtion, ſet themſelves with all 
their Might to the Solution of this Preblem. 
Divers moſt ſubtle Ways of Practice are recited 
by Eutocius in his Commentary on Archimedes; 
as thoſe of Plato, Architas the Tarentine, Me- 
næchmus, Eratcſthenes, Philo Byzantins, Hero, 
Apollonius of Perga, Nicomedes, Diacles, Sporus, 
Pappus ; to whom the later Times have added 
Verner, Gregory of St. Vincent, Renatus Carteſi- 
ug. Out of all theſe we ſhall ſelect Three more 
eaſy than the reſt. 


PLrarTo's Methtd. 


IT is requir'd to find out two Means betwixt 
A the given Lines AB, BC. 

Let AB, BC be ſet at a right Angle, ani 
be provuc'd infinitely towards X and Z. Then 
let two Squares (fo our Claudius Richards hath 
itz for Plato himſelf made uſe of one Square 
only, but which had inſerted into its Side ® DE, 
a Rule moveable along DE; let two Squares, 


I tay) 
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I fay) be taken, and the Angle D of one Square 
be applied to the right Line B X, in ſuch cer- 
tain wiſe, that one Side may alio paſs through 
A; and to the Point E, in which the other 
Side cuts the right Line B Z, let a ſecond Square 
be applied, which will paſs through C. I lay, 
that BD, BE are two Means betwixt the given 
Lines AB, BC; that is, as A B is to BD, fo 
is BD to BE, and BE to BC. 

The Demonſtration is manifeſt from Coroll. i. 
Prop. 8. J. 6. for ADE is a right-angled Tri- 
angle, and from the right Angle to the Baſe 
there falls the Perpendicular DB. Therefore 
by the ſaid Corollary, as AB is to BD, fo is 
B D to BE; and for the fame Cauſe, as BD 
to BE, ſo is BE to BC. Therefore betwixt 
the given right Lines A B, BC, there are found 
two mean Proportionals BD, BE. Which 
was the thing to be done. This Manner of 
ſolving the Problem is the eaſieſt of all to be 
underſtood. 


The Method of PHV Lo the Byzantine. 


I, T the two given right Lines AB, B C, Fig. 2-. 
be ſer together at a right Angle; then let 

the Rectangle A BCD be perfected, and let 

DA, DC be produc'd infinitely, and let the 
Diameters BD, A C be drawn, cutting each 
other in E. From the Center E through B let 

a Circle be drawn, which, becauſe ABC is a 

right Angle“, will paſs through A and C. pe, 31 
Then let a Rule be applied to the Point B, fo J. 3. 
that the intercepted right Lines BG, O F, may 

be equal. I fay, that AF, GC, are two mean 
Proportionals betwixt the given AB, BC; that 

is, as AB is to AF, ſo is AF to GC, and 

GC to CB. X 3 De 
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Demonſt. Becau'e GB, OF are equal, 
OG, BF will be alſo equal. Therefore the 
Rectangles O GB, B FO, that is, the 4 Rect- 
angles DG C, D FA, are equal. Therefore 
as GD is to DF, ſo © reciprocally A F is to 
GC; but GD is to DF, as BA to AF. 
Therefore as BA is to AF, to AF is to GC. 


Again, becauſe I have already ſhew'd that A F 


is to GC, as BA is to AF; and ſince B A is 
to AF, as GD is to DF; that is, as GC is 
to CB, A F will allo be to GC, as GC is to 
CB. Therefore all tour, BA, AF, GC, CB, 
are continually proportional; and therefore be- 
twixt the given Lines AB, BC, two Means 
have been found. ©. E. J. 

Theſe two Methods of Solution, although 


they be ingenious and eaſy enough; yet, becauſe 


a due Application of a Square and Rule is not 
made but by trying, they are not Geometrical, 


The Method of CAR TES. 


ET an Inſtrument of ſuch Sort be provi- 

cel, that two Rules may be open'd and 

ſhut about T. Let there be inſerted into theſe 
divers Squares connected together betwixt them- 
ſelves in the Points B, C, D, E, F, G, in ſuch 
fort, that in the mean while that the Rules Y X 
and Y Z are open'd, the Square BC may im- 
pel the Square CD in the Rule YZ, and the 
Square C D may impel the Square D E in the 
Rute Y X, — the Square DE may impel 
E F, and E F impel or force forward F G, and 
ſo on: But fo that while the Rules Y X and Y Z 
are ſhut, all the Points B, C, D, E, F, G, tend 
to fall upon one and the ſame Point A. By 
this Initrument not only two, but alfo four and 
fix, 
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ſix, yea, as many Means as yuu will, betwixt 
two given right Lines may be found. Which 
thing can be obtain'd neither by the Sections of 
a Cone, nor by any Methods tound odt by the 
aboveſaid Authors. 

For two Means three Squares are requir'd, 
for four Means five Squares, and fo on. 

Let the lefler of the given right Lines be 
transferr'd upon the Rule Y X, and let it be 
YB; the greater upon the Rule Y Z, and let 
it be J E. Let the firſt Square be applied to 
the Point B, and be fixed there; and let the 
Rules be open'd, until the Side of the third 
Square paſſeth through E. I ſay, that YC, 
YD, are two Means betwixt the given X B, 


YE; that is, that YBiso YC, as 1 C is to 


YD, nd YD to YE. 

The Demonſtration appears out of Corel. 2. 
Pr. 8. L. 6. For from the Nature of the In- 
ſtrument, in the Triangle 1 CD, the Angle at 
C is a right one, and from it C B falls perpen- 
dicular upon the Baſe YD. Therefore by the 
ſaid Corollary, as 1 B is to 1 C, fois YC to 
Y D. Again, becauſe in the Triangle Y D E, 
the Angle at D is a right one, and from it 
there falls the Perpendicular D C upon the Baſe 
YE, as 1 C is to Y D, ſo is YD to YE. 
Therefore YB, YC, 1 D, YE are four conti- 
nual Proportionals. Betwixt the given Line 
therefore Y B, 1 E, there have 1 _ two 

mean Proportionals Y C., Y D. 2, E. J. 
3 * given ones Y B, Y G, there 


be required four Means, open the Rules, until 


the Side of the fiith Rule F G paſſeth through 
G. There will be YC, YD, YE, YF, four 
Means betwixt YB, Y G. The Demonſtration 
is manifeſt from the ſaid Corollary. 

M 4 This 


168 EucL1dD's Elments. Lib. VI. 


This Way, although the Inſtrüment is more 
operoſe than Plato's, is in very Deed an excel- 
lent one; both becauſe it doth/nothing by bare 
Trial, and becauſe it extends itſelf unto four and 
fix, and as many Means you will. 

The Dclacal Problem, to wit, the Duplica- 
tion of the Cube is performed by two Means, 
and all Bodies whatſoever are increas'd or dimi- 

: See ell. niſnd in a given Proportion ? by the fame ; like 


p-18. 1.12. as the ſame thing is perform'd in plain Figures * 


* Coral. 3. by one Mean. Flippecrates firit open'd this 
1 Way, which, as the ſingular and only one, all 
5 that have follow'd him have em- 


brac'd. 
PROP. XIV. Theorem. 


Fig. 29, Qual Parallelograms (X, Z) which have 
ms one Angle (C) equal to one (O), have 
therr Sides ah, which are about the equal 
Angles, reciprocal ; (that is, ACis to CB, 
as Þo 0 is to OL): 
And, if they have the Sides thus reciprocal, 
the Pa; ao are equal. 


Part I. Let IL and SB being produc'd 
meet together in Q. The Parallelogram X is 
Per i. to the Parallelogram R, as A C is to CB. and 
8 Z is to R., as FO to OL. But, decauſe by 
came. the Hypotheſis X and Z are equal, X is to R 
x Zi 0R. Therefore alſo AC is to CB, as 

FO is to OL. 2 E. D. 
| By ho Part II. As A C is to CB, ſo X is to R.: 
fame. And as F O is to OL, fo is Z to RI. But 
. already by the Hypotheſis AC is to CB, as 
FO to OL. Therefore X is to R, as Z is to 
R. Therefore X and R are equal. 1 
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[ Coroll. On this depends the Demonſtration of 
the inverſe Rule of Proportion. For in it there is 
always ſome Rectangle given, as X; and one Side 
of another Reftangle, as CB; and the other 
Side is ſought. As therefore AC the firſt Side of 
the given Reflangle is to CB, the given Side of 
the other Rectangle; ſo reciprocally F C the fought 
Side is to C L the ſecond Side of the given Rett- 
angle. The Rectangle therefore CB x FC is 
equal to the Rectangle ACx CL : And, tbe latter 
Rectangle given being divided by the given Side of 

. the former CB, the Quotient will give the ſought 
Side FC. Q. E. I.] 


PROP. XV. Theorem. 


Qual Triangles (ACL, FCB) which Fig- 31, 
have one Angle (C) equal to one (O) * 
have alſo their Sides about the equal Angles 
reciprocal (that is, AC is to CB, as FO 
to O L). 
And, if they bave their Sides thus recipro- 
cal, the Triangles are equal. 


Let the right Line LB be drawn; the reſt 
of the Demonſtration is the fame as that of the 


_ Corollary. 


S well Parallelograms as Triangles, which 
have their Baſes and Altitudes reciprocal, 


are equal: And fo converſely. 1 
2 
tions. | 


PROP. 
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PROP. XVI. Theorem. 


Fig. 33- JF four right Lines (AB, FI; IL, BC) 
be proportional, (that is, if AB be to 

FT as TL is to BC) the Rectangle (X) under 

the Extremes (AB, BC) is equal to the | 

Rectangle (Z) under the Means (FI, IL). 

And, if a Rectangle under the Extremes be 

equal to a Rectangle under the Means, rhef 
four right Lines will be proportional. 


Part I. In the Rectangles X and Z, about 

the right, and therefore equal Angles B,*I, by 

| the Hypotheſis AB is to FI as reciprocally IL 

n Per 14. to CB. Therefore X and Z are equal. 


16. 2. E. D. 
Part II. Wr nom ſuppor 
a By the equal, therefore about the equal 
ſame. EF en 
Z. D. 
[Coroll. (1.) Hence it is eaſy to apply the given 
„Ter 12. Rectangle Z“ to the groen right Line AB; to 
6. wit, by mating AB: FI::IL: BC. For BC 


is the Rectangle Z applied to the given right Line 
AB.) 


[ Coroll. (2.) Upon this Propoſition depends the 
Demenſtration of the diret! Rule of Proportion. 
For in it there is always grven ſome Reftangle, as 
CL: And anotber lite Rectangle is ſought, one 
Side whereof is alſo given. It will therefore be, 
as BC, the firſt Side of of the Retftangle given, is 10 
EO the Side of the Rectangle fought ; ſo diretly 
CE, the ſecond Side of the be Rettangle given, is 10 
OA the other ſought Side. Therefore the Ref- 

angle 
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angle CEX EO is equal to the Rectangle 
BCxOA. And the Rectangle CE x EO, being 
divided by B C the Quotient, will give O A the 
other Side which was ſought. Q. E. I.] 


PROP. XVII. Theorem. 


F three right Lines (AB, FL, BC) be Fig 34 
proportional, the Rectangle under the 
Extremes (AB, BC) ſhall be equal to the 
. of the Mean (FL). 

And, if the Reftangle under the Extremes 

be equal to the Square of the Mean, thoſe 

three right Lines are proportional. 


Part I. Let O be taken equal to the Mean 
F IL. 'Becauſe therefore by the Hypotheſis 
Ag is to FL as FL to BC, and O is equal 
to FL; AB will alſo be to FL, as O is 0 
BC. Therefore * the Rectangle under the v By the 
Extremes A B, B C, is equal to the Rectangle foregoing. 
under the Means F L and O, that is, is equal 
to the Square of FL. 

Part II. This is demonſtrated in like man- 
ner from the ſecond Part of the foregoing. 
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Corollary. 


ROM this, taken together with the 1 3th, Fig. 24. 
it is manifeſt, that, if in a Circle F C be 
rpendicular to the Diameter, the Rectangle 
ACB is equal to the Square of FC. 
[ (2.) Y 4x8 be equal to ze Square of 
C; thn A: C:: C: B. 
(3. If A: C::C: B; and C4 be divided 


by 4, the Aetien! * will be B. Per 
Carol. 2. 
P R O P. 5. 16. J 6. 
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PROP. XVIII. Problem. 


m IT JT PON a given right Line (RS) to 
deſeribe a Polygon like, and in like 
manner pofited to @ given one (B . 


Reſolve the given Polygon BQ into Tri- 
angles. Upon the given right Line R S make 
„Fer 23. the Angles R, O, equal to the Angles B, A. 
2). The Sides then will meet together in X. Upon 

XS make the Angles V, I, equal to the Angles 
T, C. The Sides will then meet together in 
Z. I ſay the Thing is done. 

For becauſe the Angles R, O, are equal to 
the Angles B, A, the Angles E, K muſt alſo 
be equal ( per Corol. 9. pr. 32. l. 1.); and be- 
cauſe alſo by the Conſtruction V is equal to T, 
the whole E V muſt be equal to the whole K T. 
In like manner becauſe O, I, are equal to A, 
C, reſpectively, the whole Angles OI, A C, 
muſt be equal. And, becauſe V and I alſo are 
—_ to T and C by the Conſtruction, Z and Q 
likewiſe muſt be equal (per Corol. . pr. 32. l. 1.) 
to T and C. Therefore the Polygons RZ, 
B Q, are mutually equiangular. It remains, 
that we ſhew that their Sides alſo are propor- 
tional. RS is to BF as SX to FL; and 
again, SX is to FIL, as SZ to FQ. There- 
fore ex æqu⁰νã, RS is to S Z, as B F to FQ. &c. 


Coroll. Hence is derived the Method of making 
Maps or Charts, whether Geographical or Choro- 
graphical, or thoſe which Surveyors of Land 
make ; and of framing Ithnographical Delineations 
of Fields, Buildings, Countries. For they are 
vathing elſe but the Reduction of great Figures 

1 10 
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unto like Figures which are of a ſmall Compaſs, 
which is performed by the Means of this Propoſition. 


PROP. XIX. Theorem. 


HE Proportion of like Triangles Fig. 36, 
(X, Z) is duplicate of the Proportion *” 

of their Sides (AC, FI) which are ſubtended 

to the equal Angles. 


That is, if it be made as A C is to FI, © Per rr. 
ſo is Fl to a third AQ; the Triangle X is to © © 
Triangle Z, as AC the firſt is to the third 
Proportional A Q. See Defin. 10. 5. 

Becauſe the Triangles X, Z are like, BA, 
will be to LI“ as ACis to IF. But by the » Per 4. 
Conſtruction, as A C is to IF, fo is IF to J. 6. 
AQ. Therefore alſo B A is to LI“, as IFF ns. 
to AQ. Therefore in the Triangles QB A + © 
and Z, the Sides about the Angles A, I, which 
by the Definition of like Triangles are equal, 
are reciprocal. Therefore QB A and Z are 
equal“. But the Triangle X is to QB A, as? Per 1, 
the Baſe A C to the Baſe AQ. Therefore 4 6. 
X is to Z as AC to AQ. 2. E. D. 


Coroll. Hence is their Error to be corrected, 
who think that like Figures are in the ſame Pro- 
portion to one another, that their Sides are. For 
if of two, not only like Triangles, but alſo Squares, 
Pentagons, Hexagons, &c. yea, and Circles alſo, 
the Sides or Diameters be betwixt themſelves as 2 
to 1, the Figures or Areas themſelves are as 4 
to 1 : If the Sides be betwixt tbemſelves as 3 
to 1, the Figures themſelves or Areas are as 9 
to 13; to wit, in @ duplicate Proportion of thoſe | 
Sides. | 

PROP. | 
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PROP. XX. Theorem. 


Fig. 38. IKE Polygons (ABCDE, FGHIK) 
are divided, (1.) into like Triangles 
(F, S, and Q, T, and R, V in Number 
equal: (2.) And proportional to the N holes. 
And (3.) the Proportion of the Polygons is 
duplicate to that of the Sides, (AB, FG) 
which are betwixt the equal Angles (B, G, 


and BAE, GFN. 


Part I. Becauſe the Polygons are like, they 
are mutually (per Deſin. 1. I. 6.) equiangular, 
and their Angles equal B A E to GF K, and 
B to G, and BCD to G Hl, and C D E to 
HI K, and E to K. Becauſe therefore A B 

* By the is to BC“ as FG to GH, and the Angles B 

ſame. and G are equal, the Triangles P, S,* are like. 

1 6. In like manner it will be demonſtrated that R 

: and V are like, Then becauſe the Wholes 

BCD, GHI, and the ſubducted ones BCA, 

G HF are equal, the remaining ones alfo, 

ACD, F HI are equal. In the fame manner 

I might ſhew that ADC, FIH are equal. 

Therefore (per Corol. 9. pr. 32. J. 1.) the third 

CAD is equal to the third HF I. Where 

Per 4. alfo® the Triangles Q and T are like. The 
7.6. firſt Part thereof is manifeſt. 

Part II. Becauſe P and S are like, the Pro- 
© By the portion of P to S is duplicate to that of © CA 
foregoing. to H F. But for the ſame Cauſe alſo the Pro- 

portion of Q to T is duplicate to the Proportion 
of CA to HF. Therefore P is to 8 as Q to 
T. In the fame manner I will ſhew that as 
QistoT, ſo R is to V. Therefore as one 

Antecedent 
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Antecedent P is to one Conſequent 8, fo all 


the Antecedents P, Q, R, taken together, are 
to all the Conſequents, 8, T, V, taken toge- 
ther, that is, ſo is Polygon to Polygon. 
Which was the other Part. 


Part III. The Proportion of P to 8 is du- 


plicate to that of A B to FG. But the Pro- By the 
portion of Polygon to Polygon is the ſame with fore going. 
the Proportion of P to 8, as I have already 
 ſhew'd. Therefore alſo the Proportion of Po- 

lygon to Polygon is duplicate to the P tion 

of ABto GF. Which was the third Part. 


Corollaries. 


1. LL ordinate or regular Figures, as 
Squares, equilateral Triangles, Pen- 
1 are rr themſelves in the du- 
plicate Proportion of the Sides. For all regu- 
lar Figures are like, as is manifeſt from 
Defin. t. 6. 

2. If, in any like Figures whatſoever, the Fig. 38. 
Sides AB, FG, which are placed betwixt equal | 
Angles be known, the Proportion of the Fi- | 
gures is alſo known. As, for Example, let | 
AB be of two Feet, and F G of fix Feet, and 
as 2 is to 6, fo let 6 be to ſome other Num- 
ber; to wit, 18. The leſſer Figure is to the 
as 2 is to 18, or as 1 is to 9. Now a 
third proportional Number is found, if { per 
Corel. 3. pr. 17. I. 6.) the ſecond of the given 
ones be multiplied by itſelf, and the Product 
divided by the firſt. 

3. From the ſame Propoſition is drawn the Fig. ;5. 
excellent Method of increafing or diminiſhing 
any rectilineal Figure in a given Proportion. 

As if I would make a Pentagon, whole Side 
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is AB fivefold of another. Find a mean Pro- 

Piz. portional BX © betwixr the Terms of the Pro- 

4.6. given, AB, BC; upon this frame f a 

7 6. tagon like to the given one. This ſhall be 

intuple of the given one. 

For by the 2oth the Pentagon AB is to BX, 

which is like to it, as A B the firſt is to BC 

the third Proportional. 

Moreover, ſeeing the Proportion of Circles 

alſo is duplicate to the Proportion of their 

Diameters, as will be ſhew'd, p. 2. I. 12. This 
Practice belongs likewiſe to Circles. 


Fig. 4x. [Schol. Seeing the Proportion of the Squares 
E, K, is duplicate of the Proportion of their Sides, 
OR, SV; from thence the duplicate Proportion 
of the Sides, O R, SV is wont commonly to be 


expreſsd by the Proportion of O Rg to & V.] 


PROP. XXI. Theorem. 


IGURES (A, B) which are like to 
the ſame (C) are al lite betwixt 
themſelves. 


This is manifeſt from Defin. 1. 1. 6. and 
from Axiom 1. J. 1. 


PROP. XXII. Theorem. 


Fig- 40, F four or more right Lines (FI, LA. 
* I and OR, SV) be proport: onal; like 
Figures, and in hike Sort deſcribed by them 
#1 B, and E, K) muſt * be properticnal. 

And converſly. 


The 
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The Demonſtration of the firſt Part is ma- 
nifeſt. For becauſe the Proportions of & to 
E and E to K are duplicate to the Proportions 
of FI to LQ. and OR to SV, which are by * 
Hypotheſis equil; themſelves allo mult be cq ul. 

The ſecond Part i is manitelt allo. 


[Coroll. If the right Line A B be cut in any Fig. 24. 
manner in C; the Refangle contuin'd under the 
Parts AC, CB, is a mean Propor!ianal betwixt 
their Squares. Likewiſe the Rectangle contain's 
under the Whele AI B, and one Part AC or C, 
is a mean Proportional betwixi the Square of the 
Ii7hole AB, and the Square of te ſaid Part AC 
or CB. Hor (per Coroll. 1. p. 8. I. 6.) i is 
manifeſt that AC: CF::CF:CB. Therefore 
AC Square : Ct Square :: C Square: CB 
Square. That is*, AC Square: Rectangle ACB :: * Per 17. 
Rectangle A CB: CB Square. Q. E. D. EN 
Moreover, (per Coroll. 2. p. 8. 1. 6.) B: 
AF: 4: AC. Therefore B Aq: Ag: 
AFq: AC g. That ish, BAgq: BAC Rear hn 
angle :: BAC Rectangle: ACg. In the ſame © 
manner ABq: ABC :: ABC: BCg. 
Q. E. D.] | 


PROP. XXIII. Theorem. 


Quiangled Parallelograms (X, Z) have Fig 42. 
betwixt :bemſelves a Proportion that 
is compounded of the P. portions of their 
Sides (AC to C B, and LC ta CF). 8 


That is, if you make CB to be to O, as 
LC to CF, X is to Z, as A C is to O. 
Let I I., SB, meet together in Q. The 
Parallelogram X is to the Parallelogram R, * ** 
N as 
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7 as AC is to CB; and R is“ to Z as LC is to 


Fig. 42. 


Fig. 42. 


Per 12. 


J. 6. 


CF, that is, as CB is to O. Therefore cx 
quo X is to Z, as AC eis to O. Q.E.D. 


Corellaries. 


ROM hence, and from 34. J. 1, it is 
maniteſt, 

1. That Triangles which have one Angle 
(ar C) equal, have that Proportion betwixt 
themſelves, which is compounded of the Pro- 
Few of the right Lines AC to CB, and 

C to CF. Which Lines contain the equal 


3. "That Rectangles, and conſequently all 
Parailelograms whatſoever, have betwixt them- 
ſelves the Proportion, which is compounded of 
the Proportions of the Baſe to the Baſe, and 
the Height to the Height. And in the fame 
manner we reaſon about Triangles. 

3. Hence the Proportion of Triangles and 
Parallelograms may be readily learned. Let 
X and Z be the Parallelograms, and their Baſes 
AC, CB, and C L., CF be their Heights. 
Let it be made as the Altitude CL is to the 
Altitude CF, ſo is one of the Baſes CB to O. 


The Parallelogram X is to the Parallelogram 


, as AC to O. 


5 43 


PROP. XXIV. Theorem. 


N every Parallelogram (as S F) the 
Parallelagrams which are about the Dia- 
meter (A B), #9 wit (CL, O L) are both 
ike to the whale Parallelogram, and to each 


ber. 


By 


＋ P nr N . 
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By 27. 1. the Angles C, S, and L, F, are 
equal. By the ſame E is equal to I, that is, 
by the ſame, equal to A itlclt ; but B is com- 
mon both to the Whole SF, and the Part CI. 
Therefore the Whole SF, and the Part CL, 
are equiangula”. It remains to be ſhew'd that 
they have the Sides oppoſite to the equal Angles 
proportional. 

Becauſe in the Triangles BCE, BSA, CE 
is parallel to S A, BC (by Coral. 1. pr. 4. l. 6.) 

will be to CE, as BS to SA: And CE will 
de to EB (by the fame Corol.) as SA to AB. 
But becauſe in the Triangles ELB, AFB alſo, 
EL is parallel to A, E. B (by the ſame Corol.) 
will be to EL., as AB to AF. Therefore ex 
oquo C E is to E. I., as SA to AF. There- 
fore ( by Defin. 1. J. 6.) CL and the Whole 
CF are like. In the fame manner, I might 
| ſhew Ol to be like to the Whole SF. There- 
fore (per 21. 1.6.) CL and OI are alſo like 
betwixt themſelves. Q E. D. 


PROP. XXV. Problem. 


O change a given Polygon (A) into Fig. 46. 
another like to a given one (B). 
Or to make a Polygon equal to @ given 
one (A) and like to another given one (B). 


Upon CF the Side the Polygon B, a like one 
to which is required, (by 45. J. 1.) make a 
Rectangle Q equal to B. Then upon FS (by 
the ſame Prop.) make a Rectangle R equal to 
A. It is maniteſt that CF and BI do make 
one right Line. Betwixt CF and FI find a 
mean Proportional FIL. *. Upon this (p. 18- ” Per 13. 
N 2 C63 
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Fig. 44. 
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J. 6.) make a Polygon like to the given one 
B. This muſt allo be equal to the given one A. 

For, ſeeing by the Conſtruction C F, F L, 
FI, are three Proportionals, the Polygon B is 
to the Polygon like to it which is made upon 
FL, as CF is to FI (per 20. J. 6. and Def. 10. 
J. 5.) ; that is, (Jer. 1. J. 6.) as Q is to R. 
Tnerefore allo by charging, as the Volygon B 


is to Q, to is the Polygon FL to R. ut 


by the Conſtruction the Polygon B is equal to 

Tnereſore allo the Polygon upon FL, 
which is like to E, is equal to R; that is, by 
the Conitruction to the given A. That cherc- 
tore is done which was required. 


PROP. XXVI. Theorem. 
IX E Parallelagrams (B D, FN) La- 


wings @ cmmen Angle (A) are about 
the ſame Diameter. 


Draw the right Lines AE, CE. If you 
deny that AE C is a common Diameter to the 
Parallelograms BD and FN; let another right 
Line A G C, which cuis FE in G, be the Dia- 
meter of BD, and draw the Parallel GH. 
The Parallelograms F H, B D will be therefore 
about the common Diameter A GC, and con- 
ſequently (by 24. J. 6) will be like. There- 
fore (per Deſiu. 1. J. 6.) as BA to AD, fo is 
FA to AH. But alſo, v BA to AD, fo 
is FA to AN, fecir BD, FN are like by 
the HyDotheſts. T7 efore F A ; to AH, 
as th: fame FA is to AN. Which is 
abſurd. | 


PROP. 
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PROP. XXVII XXVII. XXX. 


HES E cauſe Trouble to, and per- 
F plex Beginners, and are ſcarce of any 
Uje. 
PROP. XXX. Problem. 


O cut a given right Line (A B) ſ Fig. 45. 

that the Ii hole 2 B) fall be to one 
Segment (AC) as the ſame Segment is to the 
Remainder (CB). 


\ - * 1 2 = — 
F ·˙ A 5, ior Sar A oi bor ET 


That is, as Geometricians ſpeak, to cut 3 
Line in extreme and mean Proportion. 

By 11. J. 2. ſo cut AB in C, that the Rect- 
angle under AB, CB may be equal to the | 
Square of AC. I fay the Thing is done. 1 

For, by the 17th of this Book, as AB is to ; 
AC, ſo is AC to CB. 

The Force of this Section of a Line is ad- 
mi-:ole in the inſcribing and comparing regular 
Bodies. 


PROP. XXXI. Theorem. 


F from the Sides of a rectangular Tri- Fig 4-. 
Angle [ CB) like Figures whatſcever be 
47 rig 4 that which 1s offos to the right 
Angle will be equal ts the two others CL, R/ 


tar Ni c getber. 


Here Prop. 47. J. t. is made univerſal. 
From th- right Angle C let the Perpendi- 
cular C O be let down. Becauſe ter Corll, 2. 
P. 8. J. 6.) AB, BC, B O are three Propor- 
| N 3 tionals, 


Fig. 54. 
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tionals, F ſhall be to the Figure R, which is 
like to it, as AB the firſt, to BO the third 
Proportional, (to wit, by 20. J. 6. and Def. 10. 
J. 5.) Again, becauſe (by the aforeſaid Corol- 
lary) BA, AC, AO are three Proportionals, 
the Figure F ſhall (by the foreſaid Prop. and 
Defin.) be ro L, which is like to it, as B A the 
firſt, io AO the third Proportional. Becauſe 
therefore F is to RK as AB i to BO; and the 
fame F is to L as AB to AO; F ſhall 
alſo be to R and L taken together, as A B is 
to BO, A O taken together. But AB is equal 
to the two BO, AO. Therefore alſo F ſhall 
be coual to the two R and L. Q. E. D. 


Corollaries, 


ROM this Propoſition we can caſily find 

one rectilincal Figure, equal and like to 
any Number oi rectilineal Figures whatſoever, 
by the fame Method, whereby Probl. 1. Sche!. 
tr. 47. J. 1. one Square is tound equal to any 
Number of given Squares whatſoever. Only, 
in the Demonſtration, let 21. 7. 6. be cited 
inſtead of 47. J. r. 


Coroll. (2.) 4 Circle aan the Hypetenuſe cf 
a reftangle Triangic is equal to du Circles de- 
ſcribd upon the Sides. For all Circles are like 
amonꝝſt tbemſeldes; and are to one another as 


the Squares of lbei, Diameters, by the ſecond of 
the 12th Book. | 


Coroll. (3. From hence ve may derive that 
Dradrature of Luneis (er little Moons) which 
Hippocrates / Chios firſt taught. 

Fer let ABC be a reftangle Triangle; and 
BAC a Semicircle to the Diameter BC: BNA 


a Semi- 


Lib. VI rp Elements. 
i 0: %id on the Diameter AB: 
„tic. cle deſeribd upon the Diameter 
4 tes i refore the Semicircle BAC is equal 
e Senricircles BN A and AMC together. 
aj therefore you take away the to Spaces BA, 
45 C, common or bith Sides, there will be left the 
tw Lunets B YA, 4 MC, bounard on both Sides 
wich circular Lines equal to the reftilinea! Triangie 
BAC. And if the Line BA be equal to the 
Line AC, and von let fall a Perpendicular unto 
the Hepetenuſe B C, the Trian gle ZB AO will be 
equal to the Lunet B N A, and the Triangle COA 
equal te the Luuct C MA Q. E. I. 


RO 


HIS is hardly of any Uje, and hath 
not bing remarkable in it. 


PROP. XXXII. Theorem. 


whether at the Centres (as ABC, FOD) 
or at t, Circumference (as ARC, FS 
have that Proporticn betwixt themſekees, 
which the Arches & KC, FC DD) on which 
they ſtand hav. Unaerſiand the ſame thing 
of Se Fors. 


2r the Angles at the Ceiitre and the 


Sec: it will be demunitrated altogether in 
tie +: manner, in which Prop. 1. of this 
}, ok vas demonſtrated, that Triangles ot 


tum eight are as their Baſes Only where 
, 8. . 1. is cited there, let Prop. 29. I. 3. 
be Cucd here. 


N 4 --.. ad 
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And becauſe the Angles R and S at the Cir- 
cumference are Halves of the Angles ABC, 
FOD, at the Centre, that which hath been de- 
monſtrated of theſe will be maniteſt alſo of 


thoſe. 


Coroll. 


I. HE Angle (B AC) at the Centre, is 
to four right Angles, as the Arch B, 


on which it ſtands, is to the whole Circumfe- 


rence. 

For, as BAC is to the right Angle BAF, 
ſo by this 33. the Arch BC is to the Quadrant 
BF. Thercſore the Angle BAC is to four 
right Angles, as the Arch B C is to four Qua- 
Grants, that is, the whole Circumference. 

2. The Arches I L, BC of unequal Circles, 
which do fubicnd equal Angles, whether at the 
Centre, as IA L and BAC, or at the Circum- 
ference, are like Arches. 

For, the Arch IL is (by Coroll. 1.) to its 
Circumference, as the Angle I A L, that is, 
BAC is to four right Angles; and the Arch 
BC is to its Circuniterence (by the ſame Corol- 
lary) as the ſame Angle BAC 1s to four right 
Ones. Therefore I L is to its Circumference, 
as BC is to its. Therefore (by Defin. 4. J. 6.) 
the Arches IL and BC are like. 

3. Two Semidiameters { AB, AC) do take 
away from concentrical Circumferences like 
Arches IL, BC. This is manifeſt from Co- 
roll. 2. 3 

4. The Segments (BK C, IO L) which con- 
tain equal Angles (K, O) are like. 

For, by Corell. 2, the Arches B C, IL, and 
conſequently the Arches BK C, I O L are like. 


THE 


THE 
ELEMENTS 
O F 


E UC LI D. 


— . 


B O O K XI. 
With us the S EVENT A. 


O the Six firſt Books Euclid ſubjoins 
the Elements of Numbers compre- 
hended in the three following, the 
Scventh, Eighth, and Ninth; to 
which he alſo adjoins a Tenth, concerning in- 
commenſurable Quantities. We paſs immedi- 
ately from Plains to Solids, purpoſing to treat 
of Numbers ſeparately. Seeing it will, I ſup- 
pole, be more commodious for Learners, if the 
Elements of Geometry be not interrupted by 
treating of any other Matter, but be had all to- 
gether, Nevertheleſs, when we ſhall cite the 


Propo- 
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Propoſitions of this and the following Book, 
we ſhall not call theſe Books the Seventh and 
the Eighth, but the Eleventh and the Tweiith, 
leſt, if we ſhould depart from the every-where 
received Order of Euclid, the Citation of Pro- 
poſitions ſhould thereby be render*d more intri- 
cate. 

This Book in a fort contains two Parts. In 
the firſt are laid the Foundations on which the 
whole Doctrine of Solids, that is, of Bodies de- 
pends. In the other the Affections of Paralle- 


lopipeds are propounded. 


This Eleventh Book of Elements ſets forth the 
firſt Principles of Solids, Nor can indeed the Pro- 
perties of Bodies be known without it; and, if ue 


ſet upon almoſt any Part of the Mathematicks + 


without the Knowledge of Solids, wwe ſhall labour 
in vain, or be at leaſt at a great Loſs. For the 
ſpherical Doctrine of Theodoſius, ſpherical Trigo- 
nometry alſo, a great Part of practical Geometry, 
Staticks and Geography depend upon it; and what 
things occur of any great Difficulty in the Art of 
Dialling, in the Conic Seftions, Aſtronomy, Di- 
optricks or Opticks, do all become more eaſy, the 
Principles of Solids being once underſtood. So that 
thoſe who have delivered the Elements of Geometry, 
leaving out and ſetting aſide this and the following 
Book, are to be recton d to have delivered the ſame 
very imperfectly. 


DEFINITIONS. 


1. Solid or Body is that which hath 
Length, Breadth, and Thickneſs. 
2. The Extreme of a Solid is a Surface. 


3. The 
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3. The right Line (A B) is to the Plain Fig. :. 
(CC) right or perpendicular, when it makes 
_ Angles (BAC, BAC) with all the right 

Lines (CA) in the Plain (CC) by which it is 
touch'd. 

4. A Plain is right or perpendicular to a Pig. 2. 
Plain, when all the right Lines (L Q which 
are drawn in one of the Plains icular to 
the common Section (X R) are right or 
1 to the other Plain (AB CO). 

. If the right Line (OL) ſtands upon a Fig. z. 
Plan not at right Angles, and from its higheſt 
Point (L) there be drawn to the Plain the Per- 
pendicular (LP) and (OP) be join'd; the 
Angle (LOP) is ſaid to be the Inclination of 
the Line (O L) to the Plain. 

6. If the Plain (R E) doth not ſtand perpen- Fig. 4. 
dicularly upon the Plain (LQ, the Inclination 
of one to the other is the acute Angle (A BC), 
which is contain*d by the right Lines (AB and 
BC) which are drawn in both Plains perpendi- 
cular to the common Section (O E). 

7. A Plain is faid to be alike inclin'd to a 
Plain, as is ſome other Plain to another, when 
the faid Angles of their Inclinations are equal. 

8. Parallel Plains are thoſe which, being con- 
tinued every way, are always diftant from each 
other by equal Intervals. 

9. Like folid rectilineal Figures are thoſe 
which are contain'd under like Plains, in Num- 
ber equal. 

10. A ſolid right-lin'd Angle is that which Fig. 5 
is contain'd under plain Angles more than two 
(BAC, CAO, OAB) which are not in the 
ſame Plain, meeting together in one Point. 

11. Equal folid Angles are thoſe, which, be- 
ing conceiv'd to be put each within the other, do 
agree or perfectly coincide, Like 


air 
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Fig. 6, 7, 8. 


Fig. g. 
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Like as a plain Angle is a mutual Inclinaric:. 
of Lines, ſo a folid Angle is an Incl! 
Surfaces. Concerning both thereſo :- 
reaſon in the ſame manner. | 

12. A Priſm is a ſolid Figure -omprehe:.. 
ed by Plains, amongſt which tw * pin O7.ES 
(OFE, AC) are parallel, equal, and l. 

13. A Parallelopiped is a Solid contain u un- 
der quadrilateral Plains, of which the Oppoſites 
are Nr 

It fix Plains in which the Oppoſues are 
parallel be Squares, the Solid contain'd by tem 
will be a Cube. 


PROPOSITION I. Theorem. 


NE Part (AC) of a right Line can- 
not be in a Plain (O E), and another 
Part (CB) out of it. 


It is clear of itſelf from the Definition of a 
Plain and a right Line. See Defin. 7 and 4. 1. 1. 


PROP. I. Theorem. 


Very Triangle is in one Plain. And 
two right Lines cutting each other, are 
in the ſame Plain. 


For if a Plain be applied to one of its Sides, 
and to the Point of meeting of the other two, it 
will be evident that the whole Triangle is in that 
Plain. 


PROP. 
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PROP. III. Theorem. 


F two Plains (A B, CD) cut each other, Fig 11. 
EF, their common Section, is a right Line. 


It is manifeſt from the Definition of a Plain. 

But we may demonſtrate it thus: If EF 
the common Section be not a right Line, let 
there be drawn in the Plain CD the right Line 
EOF, and in the Plain A B the right Line 
EQF. The two right Lines therefore EOF, 
E. QF, will incloſe a Space. Which is ab- 
ſurd. 


r ooS ws Io See 


PROP. IV. Theorem. 


Fa right Line (B A) be perpendicular to Fig. 12. 

two right Lines (CAA, FAS) which 

cut each other, it will alſo be perpendicular to 
the Plain which is drawn through them. 


If you deny it, let another right Line BQ 
be perpendicular to the Plain of the right Lines 
AC, AF. Join AQ, and to this in the Plain 
FA C draw the Perpendicular Q O. This be- 
ing produced will neceſſarily cut (as is gathered 
from Schol. Prop. 31. J. 1.) one of the right 
Lines CA X, FAS, or both, whereſoever the 
Point Q ſhall be. Therefore let it cut CAX 
in O, and let BO be join'd. Becauſe therefore 
the Angle BA O is by the Hypotheſis a right 
one; 

The Square of BO ſhall 
be equal to BA 22 
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But becauſe B Q 1s ſuppos'd perpendicular to 
the Plain F C, and conſequently (by Defin. 3. 
J. 11.) makcs a right Angle with AQ; 


B A Squ. is equal to B Q Squ. 7 
+ b 
AQ 
And becauſe the Angle AQO is by 
Conſtruction a right one ; 


A O Squ. is equal to OB : 


A u. 
Therefore B O Squ. is equal to B 9 — + 


Therefore BO Square is greater than the 
Squares ot BQ and O Q; and (as is clear from 
Prop. 47. l. 1.) conſequently B QO is not a 


right Angle. Therefore B Q is not perpendi- 


cular to the Plain (by Deſin. 3. l. 11.) CAF. 
Therefore the Propoſition is manifeſt. 


Scholium. 


ROM its being ſuppos'd that BQ is 


rectly demonſtrated that it is not perpendicular 
to that Plain; and conſequently, from the Denial 
of the Aſſertion of the Theorem, the ſame Aſ- 
ſertion is directly proved. This Demonſt ration, 
as to the Subſtance of it, is bz Cier man's. 


PR OP. 


icular to the Plain FAC, it is di- 


TER) D-- + - * a 


; rr 
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PROP. V. Theorem. 


F three right Lines (B A, CA, F A) be Fig. 13. 
perpendicular to the ſame right Line 
(AR) at the ſame Point (A), thoſe three 


will be in one Plain. 


For, if it may be, let one of them B A be 
in another Plain (RO), which may cut LQ 
the Plain of the other two CA, FA, in the 
right Line AO. Becauſe by the Hypotheſis 
R A ſtands perpendicularly upon che two CA, 


FA, it will be perpendicular to the Plain LQ 


(by the foregoing.) Therefore RA makes a 
right Angle with A O (by Defin. 3. J. 11.) 


But alſo by the Hypotheſis RAB is a right 


Angle. Therefore the Angles R AB and 
RA O are equal. Which is abſurd. 


PROP. VI. Theorem. 


IGHT Lines (AB, CD), which are Fig. 14. 
perpendicular to the ſame Plain (CF), 
are parallel. 


It might be taken for granted as a thing of 
itſelf known; but we may demonſtrate it thus: 
BD being join'd, make in the Plain FE 
the Line DG icular to B D, and equal 
to BA; and let DA, GA, GB, be join'd. 
The right Lines B D, D G, are equal to B D* a By the 
and BA; and the Angles B DG, DB A, are Conſtru- 
right ones. Therefore (per 4. I. 1.) A D, BG, _ 
are equal. Therefore the Triangles A B G, Def. z. 
G D A, are equilateral to each other, and con- J 11. 
| fequently 


_ P - -. — 
N — nes ” 
rr I BSIESOT IS - 


— — — — —. — 
C © at 


1 
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foregoing. 
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ſequently the Angles A B G, ADG, are equal. 

But A B G (by Defn. 3. 7. 11.) is a right 
Angle. Wherefore A D G 1s alſo a right one. 

But B DG alſo by the Conſtruction, and CDG 
by Defin. 3, are right Angles. Therefore GD 
is perpendicular to the three Angles CD, AD, 

BD. Therefore CD is * in one Plain with 
AD and BD. But AB alſo is in one Plain 
(per 2. |. 11.) with AD and BD. Therefore 
AB, CD are in one Plain. Therefore ſeeing 
the Angles ABD, CDB (by Def. 3. J. 11.) 
are right ones, AB, CD will (per 29. |. 1. 

and Defin. 36. J. 1.) be parallel "Lins 
9. E. D. 


PROP. VII. Theorem. 
Right Line (E F) cutting right Lines 


(AB, CD) placed in the ſame Plain, 
is in one and the ſame Plain with them. 


It might be taken for granted : But he that 
will may thus demonſtrate it: 

Let another Plain cut the Plain of the right 
Lines AB, CD, in the Points E, F. If now 
E F is not in the Plain of AB, CD, it is not 
the common Section. Lt E G F therefore be 
ſo. Therefore (per 3. I. 11. EGF is a right 
Line; the two right Lines therefore E F, 
E GF, incloſe a Space. Wh is ablurd. 


Q 010 fl (1 . 


ENCE it follows, tha f E F cut the 

Parallels AB. D. in the fame 

Plain with them. For (by nu. 36. J. 1.) 
any two Parallels are in the e Plain, 


'PR OP. 


* — 
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PROP. VII. Theorem. 


I of two Parallels (A B, C D) one (AB) Fig. 14. 
perpendicular to a Plain (E F), the 


other alſo 6 C will be perpendicular to the 
fame Plain. 


It might be taken ſor granted. If the De- 

monſtration be requir'd, it is as follows: 

BD, AD being drawn, in the Plain EF 
make G D perpendicular to B D. It will alſo (ſee 
the Demor;jiraticn of Prop. 6. I. 11.) be perpen- 
dicular to AD. Therefore (per 4. |. t.) GD 
will be perpendicular to the Plain AB D, that is 
(by the foregoing Coroll.) 4 the Plain CB D A. 
Wherefore (per Def. 3. J. 11.) CDG is a right 
Angle. But 7 the Angle CD is alſo à right one 
(foraſmuch as with ABD, whico (per. Defin. 3. 

I. 11.) ij @ right Angle, it maketh two right ones 
(per 27. I. 1.)). Therefore (per 4. I. 11.) CD 
is perpendicular to the Plain GDB or EF. 
QE. D. 


PROP. IX. Theorem. 


IGHT Lines (AB, EF) which are pig. 16. 
parallel to the ſame right Line (C D 

although 2 be not in the ſame Plain with 

it, are alſo parallel betwixt themſelves. 


Although it might be taken for granted, yet 
we will demonſtrate it thus: 
In the Plain of the Parallels A B, CD, draw 
G K perpendicular to C D. Likewiſe in the 
Plain af. the Parallels E F, CD, draw HE 
Q 


perpea- 
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Fig. 17. 


k Per 33. 
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dicular to CD. Therefore ® CK is per- 
7 to the Plain GK H. Tharekber, 
ſecing A G, E H be parallel to C K, the fame 
A G, EH will be perpendicular to the Plain 
GK H. Therefore AG, EH are parallel. 
2 E. D. | 


PROP. X. Theorem. 


F two right Lines (AC, BC) be parallel 

to two right anes (D F, EF), albeit they 

be not in the ſame Plain, they comprehend 
equal Angles (C and F.) 


Let CA, CB be made equal to FD, FE, 
and let DE, AP, DA, FC, EB be drawn. 
Seeing AC, FD are parallel and equal, AD 
alto and C F will * be parallel and equal. In 
like manner I might ſhew BE, CF to be pa- 
rallel and equal. Therefore A D, BE are allo 
parallel“ and equal, (per Axiom 1.) Therefore 


foregoing. (per 33. J. 1.) AB, DE are equal. Seeing 


m Per 8. 
. 


Fig. 18. 


thereſore the Ti iangles BA C, E DF are equi- 
lateral to each other, the Angles C and F ® are 
equal. 2. Z. D. N 


PROP. XI. Problem. 


O draw a Perpendicular to a given 
Plain (AB) from a Point given 
without it (C). 


The Conſtruction. In the Plain A B draw 


any right Line, as DF; unto which, from C, 
erect the Perperdicular CE. Then in the 


Plain AB through E draw AEM perpendicu- 
TIE, lar 
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lar to the fame DF. Then to AM from C 
draw the P lar CG. I fay, that CG 
is icular to the Plain. 

Through G let H G be drawn parallel to 
DF. By the Conſtruttion D E is perpendicu- 
lar to CE and EM. Therefore DE is per- 
pendicular to the Plain EM", as alſo is H G. = p,, , 
Therefore (by Defin. 3. I. 11.) CG is perpen- / 11. 
dicular to HG. But 2 G by the Conſtruction | " 21. 
is alſo perpendicular to EM. Therefore * C G5 5 4 
is perpendicular to the Plain AB. Which was J. 11. 
the thing propos'd. 

LScholium. In Practice thus : Let there be a Fig. 20. 
Cord or Rule faſtened 4 the given Point A. And l 12. 
from the ſam? let there be deſcrib'd by the End of 
it B in the Plain given the Circle BC FL. The 
Line AK, which conne.ts the given Point and the 
Centre of the Circle, will be perpendicular t9 the 
given Plain.] 


PROP. XII. Problem. 


ROM a given Point (A) i in any Plain Fig. 19. 


(E F to erect a Line perpendicular to 
the ſame Plain. 


From any Point D without the Plain E F 


make DB (by the foregoing) perpendicular to 
the Plain EF. And, BA being join'd, draw 


A C parallel to DB. I fay the thing is done. 
The Demonſtration is manifeſt from Prop. 8. 


Scbalium. 
N Practice, from the given Point a Per- 
pendicular is erected to the given Plain, it 
a Square OKN be applied to the given Point 
[and be tufn'd round. ] 
0 2 210 


7 rr 


* "+ 
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Fig. 20. 


Fig. 21. 


Fig 22. 
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PROP. XIII. Theorem. 


INES drawn from the ſame Point 
cannot be both perpendicular to the ſame 
Plain (A B). 


For, if they were, they would by 6. _ 
lel. Which cannot be. 


PROP. XIV. Theorem. 


F the ſame right Line (AB) be | 
cular to — Plains (FG, L. 2 
Plains will be parallel. 


Let there be taken in either of the Plains, as 
F G, any Point C; from which let CE be 
drawn parallel to AB, and meeting the Plain 
LQin E. Then CE (per 8. J. 11.) will be 
— to beck Plains FG, LQ. Where- 
fore, if A C, BE be join'd, the Angles A, B, 
(by Def. 3. I. 11.) will be right ones. There- 
fore (per 29. |. 1.) AC, BE are parallel. 
Therefore ACE B is a Parallelogram ; and 
conſequently CE, which hath been already 
ſhewn to be icular to both Plains, is 
equal (per 34. l. 1.) to AB. In the fame 
manner I might ſhew, that all the P icu- 
lars to both Plains are equal. Therefore (by 
Defin. 8. J. 11.) the Plains are parallel. Q; E. D. 


PROP. XV. Theorem. 


J. two right Lines BA. C A) touching 
each her be parallel to two other right 


Lines which 4 10 touch one another (FD, 


FD) 
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FD) the Plains likewiſe which are drawn 
through them will be parallel. 


From A let there be drawn A G 
lar to the Plain EF, 6 * 
rallel to DE, DF. Theſe (per 
alſo be parallel to A C, AB. 

the Angles IG A, HGA be (by Def. 

J. 11.) right; CAG, BAG will alſo * be right « p,, , 
Angie Therefore GA, which is perpendicu- J. 1. 
lar to the Plain E F, wil alſo be icu- 
x 


to the Plain BCE. Therefore the Plains * Per 4. 


n E F are (by the foregoing) parallel. “ 11. 


PROP. XVI. Theorem. 


Plain E HFG) cutting parallel pig 23. 
Plas! (AB, CD) makes the Secti- 
ons in them (E 2 G F) parallel. 


If not, ſeeing they be in the ſame interſect- 
ing Plain, they will meet ſomewhere (by Schol. 
Prop. 31. l. t.) as in I. Wherefore ſcring the 
whole Lines HEI, F GI be in the Plains A B, P.. 
CD produc'd, theſe Plains alſo will meet in I. J 11 
1 is abſurd, and contrary to Dein. 8. 

Ii, 


PROP. XVII Theorem. 


allel Plains cut right Lines (B D fig :1 
and G H) proportionally. 


Let the right Lines BH, GD be drawn i- 
the Plains PQ, TV; and likewiſe let BG 
be drawn meeting the Plain RS in FP, and let 

03 FC. 
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FC, FI be) join'd. The Plain of the Triangle 
BG D, 3 parallel Plains, makes the Secti- 
ons CF, DG parallel (by the a. 9 
* Per 2. Therefore BC is to CD, as BF*woF 
. 6. gain, the Triangle BH G cutting pre Fee 
makes the Sections (by the 1 BH, FI 
„erz. parallel. Thereſgre H I. is to 1G, as“ BF to 


L. 6. FG; that is, (25 I have already ſhew'd ) as 
BC is to CD. 2 E. D. 


PROP. XVIL Theorem. 


Fig. 25. . a right Line (F E) be perpendicular to 
a Plain (AB), all the Plains which are 
drawn through it are perpendicular to the 

ſame Plain (A B. 


Let the Plain G C be drawn through FE, 
making CD the common Scction with AB; 
and let the Lines H K be drawn in the Plain 
G C, perpendicular to the common Section 
CD. Now ſeceing by the Conflruftion HK is 
perpendicular to the fame common Section to 
which F E 1s perpendicular by the Hypotheſis, 
K H and FE muſt be parallel (by 29. J. 1.) 
Therefore H K is allo perpendicular to the Plain 
AB (per 8. I. 11.) Therefore the Plain GC 


is A to the Plain A B (per Defin. 4. 
I 
PROP. XIX. Theorem. 


Fig. 26. 1. two Plains (M F, G D) cutting each 


other be both perpendicular to the ſame 
lain (AB), their common Section alſo will 

be perpendicular to that Plain (AB). 
Far 


Lib. XI. Evucrivd's Elements. 199 
For ſeeing by the Hypotheſis the Plain MF 

is i to the Plain A B; it is maniteſt 

by Definition 4, that there may be drawn in 

the Plain M F from the Point L a Perpendicu- 

lar to the Plain AB. Again, by the Hypo- 

theſis G D is icular to that Plain A B, 

and therefore there may be alſo drawn in the 

Plain G D from the Point L a Perpendicular to 

the Plain A B. But from the Point L.“ there » p,, ,, 

can be erected only one Perpendicular to the /. 11. 

ſame Plain AB. Therefore the Perpendicular 

to the Plain AB, which is drawn from the 

Point L, muſt be found in both the Plains M F 

and GD, and conſequently LK, the common 

Section of thoſe two Plains MF and GD, is 

perpendicular to the Plain AB. Q. E. D. 


PROP. XX. Theorem. 


F a folid Angle (A) is contain d under Fig. 27, 
three plain Angles (BAC, CAD, DAB), 
any two of theſe is greater than the third. 


If the three Angles be equal, the Artic i 

' manifeſt at firft Sight; and it is as certain, if 

they be unequal. For let BAD be the greateſt ; 

and from BA D cut off B A E cqual to B AC, 

and make the Line A C equal ro AE. And 

through E let there be drawn a right Line meet- 

ig ABand AD in B and D, and let BC, 

DC be join'd. Becauſe (by the Conftruction) 

the Angles B AE, BAC are equal, as like- 

wiſe the Sides BA, AE equal to the Sides B A, 

AC, the Baſes alſo BE, BC will be equal Pr , 

And becauſe BC, CD? are greater than B D, + 1. 

the Equals BE, BC, being taken away, there p F ales 
O 4 remains _ 
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d 
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remains C D greater than E D. But the . 
EA, AD are (by the Conſtruction) eq 

the Sides CA, AD. Therefore the * N 
CAD is greater than the Angle E AD. See- 
ing therefore the Angle B A C is equal by the 
Conſtruction to the Angle BAE, thoſe two 
Angles together BAC, CAD, are greater 
than the whole B A D. 2. Z. D. 


* a 


PROP. XXI. Theorem. 


HE plain Angles conſtituting any o- 
lid 2 — tie are leſs than four 


right ones. 


Let A be a folid Angle; let the right Lines 
B C, C D, D E, E F, F B, be ſubtended to the 
plain Angles which make up the ſolid one, fo 
that thoſe right Lines be all in one Plain. 
Which being done, there is conſtituted a Pyra- 
mid, whoſe Baſe is the Polygon BC DEF; 
A is the Top, and it is contain'd under fo 
many Triangles G, H, I, k, L, as there are 
plain Angles which compoſe the ſolid Angle A. 
And now becaule the two Angles ABF, ABC, 
are (by the foregoing) greater than the third 
FBC; and the two A CB, A CD, are greater 
than the third BCD, and ſo on: All the 
Angles of the Triangles G, H, I, K, L, about 
the Baſe, as taken rogether, are greater than 


all the Angles of the Bale B, C, D, E, F, taken 


together. But the Angles of the Baſe, together 
with four right ones, make twice ſo many right 
Angles (by \ Theorem 2. Schol. after 32. J. 1.) as 
there are Sides, or, which is the ſame, as there 
are Triangles, Therefore all the Angles of the 


Triangles 
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Triangles about the Baſe, together with four 
right ones, make more than twice ſo many right 
Angles, as there are Triangles. But the ſame 
Angles about the Baſe, with the 
that compoſe the Solid, make up * twice fo * Per 32. 
many right Angles as are the Triangles. It is & *- 

manifeſt therefore that the Angles which com- 


three plain Angles, 
238 1 


ROM this Propoſition is demonſtrated 
F that famous Theorem, That only three 
regular and equal plain Figures can contain a 
Body; to wit, equilateral Triangles, either 4, 
or 8, or 20. 6 Squares, and 12 Pentagons. 
And conſequently that there are only five re- 
gular Bodies. A Pyramid which is contained 
under 4; an Octaedrum which is compre- 
hended by 8. And an Icoſiedrum, which is 
bounded by 20 equilateral Triangles. A Cube 
which is contain*d under 6 Squares; and the 
Dodecaedrum under 12 regular and equal Pen- 
tagons. Now a Body is called Regular which 
is comprehended under regular and equal Plains. 

Demonſt. A ſolid Angle cannot be compos'd 
of only two equilateral Triangles ; three at 
leaſt are requir'd. 


Of 
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Of three equilateral Triangles meeting i 
one Point, there may be conſtituted the Dl 
Angle of a Pyramid; of four, the ſolid Angle 
of an Octaedrum; of five, the ſolid Angle of 
an Icoſiedrum: Foraſmuch as both 3, 4, and 

5 Angles of an equilateral Triangle are leſs 
* 4 right ones, as is gathered from Corol. 12. 


. . 

And becauſe three Angles of a regular *. 
tagon (as is gathered from Coroll. prop. 11. J. 4.) 
are leſs than four right ones, three Pentagons 
meeting in one Point will conſtitute a. folid 
Angle ; that of the Dodecaedrum. | 

That of three Squares meeting in one Point 
may be compos'd the ſolid Angle of a Cube, 
is manifeſt of itſelf. And thus there ariſe five 
regular Bodies. 

But that there are no more than theſe five 
is thus proved : 

Six Angles of an equilateral Triangle make 
juſt four right ones. For one is two Thirds of 
one right one ; and therefore ſix ſuch will make 
(by Coroll. 12. prop. 32. J. 1.) twelve Thirds of 
one right one, that is, four right ones. And 
therefore of fix equilateral Triangles a folid 
Angle cannot be composd; much leſs of more. 

That of four Squares a ſolid Angle cannot be 
made, much leſs of more, is manifeſt in itſelt. 

Four Angles of a regular Pentagon are greater 
than four right ones. For (by Coroll. prop. 11. 
I. 4.) each of them makes ſix Fifths of one right 


one. Therefore a ſolid Angle cannot be made 


of four ſuch Pentagons; much leſs of more. 
Nor can a folid Angle be compos'd of any 
other Figures whatſoever. Three 
Angles of a regular Hexagon (by Coroll. 2. 
prop. 15. J. 4.) are equal to four right ones. 
For 


Lib. XI. EvucL1v's Elements. 203 
For one makes four Thirds of one right one; 

and therefore three make twelve Thirds of one, 

that is, four entire right ones. Therefore of 

three Hexagons a ſolid Angle cannot be made 
up; much leſs of more. 

But, ſeeing three Angles of a regular 
are equal to four right ones, 
three Angles of any other Figures whatever 
greater than an Hexagon, as of an H 3 
Octagon, Sc. will be greater than four right 
ones. Wherefore it is manifeſt that the reſt of 
the regular Figures are all incapable of compo- 
ſing a ſolid Angle; and conſequently that there 
can be no regular Bodies beſides the five 
foregoing. 


PRO P. XXII, XXIII. 


RE very pralix, and tedious to Be- 


ginners, and ſcarce at any time come 
into Uſe. 


PROP. XXIV. Theorem. 


HE Plains which contain a Paral- Fig. 22. 


lelopiped are ( 1.) Parallelograms. 


(2.) The oppoſite ones are equal. (3.) The 
Plains are equal. 


Part I. The Plain AF cutting the Plains 
BD, F H, which by Def. 13. are parallel, 
makes the Sections B A, F E, parallel. Per 16. 
Again, the Plain A F cutting the Plains A H, J 11. 
B G, which by the ſame Definition are parallel, 
(by the ſame) makes the Sections A E, BF, 
2 Therefore BAE F is a 8 
7 
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By the like Argument the reſt of the Plains of 
the Parallelopiped may be prov'd to be Paral- 


Part II. Becauſe it is manifeſt from the firſt 
Part, that A B, BC, are parallel to EF, FG, 
the Angles ABC, E FG, muſt be equal. 
Wherefore, ſeeing the alternate Sides alſo are 

ual, the oppoſite Parallelograms B D, FH. 
4 like or fimilar. And the fame of the 
reſt. 
Part III. This is manifeft fram the firſt Part, 
and 4, or 8th of the Firſt Book. 


PROP. XXV. Theorem. 


F a Parallelopiped (G FD) or any 
Priſm whatever be cut by a Plain (NP) 
that is parallel to the oppoſite Sides; there 
will be this Proportion, as the Baſe (DC PO) 
is to the Baſe (OPFE) þ is the Solid (GP) 


to the Solid (N F). 
This is demonſtrated in the ſame manner as 


2 . 


Corollary. 


Priſm, cut by a plain Parallel to the op- 
polite Plains, hath a Section like and 
equal to the oppolite Plains. 


PROP. XXVI, XXVII 


A RE not neceſſary. 


PROP. 
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PROP. XXVII. Theorem. 


Plain paſſing through the Diameters Fig. 29. 
of oppofite Plains (A C, E G) cuts 
the Parallelopiped into two equal Priſms. 


Becauſe * B G, BE, are Parallel 
CG, AE, are equi-diſtant from the ſame BF. 
Therefore * they are alſo paralle] betwixt them- Pero. 
ſelves, and conſequently are in one Plain. . 11. 
Therefore the right Lines A C, E G, are in Per 7. 
one Plain. But now that a Plain drawn thro? L 11. 
them doth cut the Parallelopiped into two equal 
Priſms is thus ſhew'd : Let the Priſm AEG 
C D be underſtood to be fo conſtituted upon 
its Plain EA CG, that the Angles D, H, bend 
towards the Angles B, F. It is manifeſt, that 
it will yet be betwixt the parallel Plains BA DC, 

FE HG. But then D muſt needs fall upon B, 

and H upon F. For, let D fall without B, if 

it may be, and in N. The Angle acer 
equal to the Angle DCA. But DCA is “ 
equal to NA C (for it is one and the ſame 
Angle). Therefore BAC and NA C are 

| _ Which is abſurd. Therefore D falls 

upon B; and for the ſame Cauſe H upon F. 
Therefore the Priſm AEGCDH coincides 

with the Priſm ACGE FB, and conſequently 


they are equal (by Axiom 7.) 


PROP. XXIX, XXX. Theorems. 


HE Paralleloprpeds (F E AG K IFig. 31. 
MC) and FEBHLOMY which 

have the ſame Baſe (E FIM and the ſame 
Altitude, 


;* Per 
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Attitude, and conſequently exiſt between pa- 
rallel Plains (E FIM) and (GAOL) 
are equal. 


For they either exiſt betwixt the lateral pa- 
rallel Plains EAOM and FGLI, or not. 
Let the firſt be ſuppos d. From the 24th of 
this, and the 8th of the firſt Book, it is mani- 
feſt that the Triangles AEB, CMO; likewiſe 
GFH, KIL, are equilateral and equiangular 
to each other. Wherefore, as in the foregoing, 
I might ſhew that the Priſms CMOLIK, 
AEBHEFG, being laid upon each other will 
coincide, and conſequently are equal. Where- 
fore the common Solid FEBHKCMI being 
added, the whole Parallelopipeds FEA GK 
IMC and FEBHLOMI are equal. 
9. E. D. 

Then let the Parallelopiped FRQEMIPR 
not exiſt betwixt the ſame lateral parallel Plains 
with the Parallelopiped FE A GK CMl. 
Here, becauſe by the Hypotheſis, G K, A C, 
RP, QX, are in one Plain, which is parallel 
to the Baſe E FIM; let RP. QX, cut GK 
in L and H, and A C in O and B; and let 
E B, MO, FH, IL, be join'd. It is eafy 
now to ſhew that the Plains containing the 
Solid FEBH LOMI are Parallelograms, the 
oppolite ones of which are equi-diftant, and 
conſequently that that Solid is (by Defin. 13. 
J. 11.) a Parallelopiped. But to this by the 
firſt Part the Parallelopip:!15 l XQEMIPR, 
and FEAGKCMI, are each of them equal. 
Therefore they are alſo equal betwixt them- 
ſelves. Q. E. D. 


Corollary. 
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HIS Propofition is like to the 35th of 
the firſt Book ; for it affirms concerning 
 Sohds, what that doth touching Plains. Where- 
_ CS 0 Ws 8 67 Gs: Caſts 
will be like alſo. 


PROP. XXXI. Theorem. 


allelhpipedt upon equal Baſes (A O Fig. 33. 
and E G) and in the ſame Altitude (S) 


are equal. 


Firſt, let the Parallelopipeds have their Sides 
icular to the Bales. Unto the Side 
G produc'd let there be made a Parallelogram 
GMK equal and like to the Parallelogram 
AO; and, the Parallelogram GMP R being 
„ ler the right Lines PM, R G meet 
K H in Qand L. And now let Parallelopi- 
peds be underſtood to be conſtituted upon G K, 
GQ, GP, whoſe Sides are perpendicular to 
the „ and S is their common Altitude. 
The Solid EGS is to the Solid GPS, as E G 
(per 25. l. 11.) is to GP; that 1s ( becauſe 
EG, AO, are equal by the Hypotheſis) as 
AO to GP; that is, by the Conſtruction, as 
GK is to GP; that is, as GQis to GP 
(per 35. l. 1); that is, as the Solid G Qs is to 
the ſame Solid GPS (per 25. J. 11.) Becauſe 
therefore the Solids E G S and G Qs have the 
ſame Proportion to the Solid G PS, the Solid 
EGS will be equal to the Solid G Qs; that 
is, to the Solid G K S (per 29. J. 11.) that is, 
(becauſe the Baſes GK, A O, are equal . 
I 
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like by the Conſtruction) to the Solid A OS, 
as it appears from 29. J. 11. and even in irſelt. 
Which was the thing propos'd. Vote, That 
in this Reaſoning the Solids are fuppos'd to be 
right or perpendicular ones. 

Then let the given Parallelopipeds E GS, 
AOS have their Sides at the Baſes E G, A 0, 
oblique. Let there now be made upon EG, 
AO, Parallelopipeds, whoie Sides are perpen- 
dicular to the Baſes in the Height S; theſe will 
be equal to the oblique ones by the 29th or 
3oth. Wherefore, by the firſt Part right 
Parallelopipeds are equal betwixt themſelves, 
the oblique ones will be equal betwixt them- 
ſelves likewiſe. 2, E. D. 


PROP. XXXI. Theorem. 


LL Parallelopipeds whatever, of 
equal Height, are betwixt n 


2 their Bake. | 
Let GO and A be the Baſes. Upon CO 
make the Parallelogram O E to A. 


Upon BC, OE, let Parallelopipeds be un- 
derſtood to be erected in the Altitude K; theſe 
therefore AK. 1 ＋ 
BE K. Therefore the Parallelopiped O 
is to the Parallelopiped B CK, 1 OE 
to the Baſe BC (per 25. l. I1.); that is, by 
the Conſtruction, as the Baſe A is to the Bale 
BC. But, becauſe the Baſecs OE and A are 
„the Parallelopipeds O E K and AK are 


equal (by the foregoing). Therefore alſo the 
r AK is to the Parallelopiped 
BCK, as the Baſe A is to the Baſe BC. 
9. E. D. 


ky colin Rs 
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Scbolium. 


H AT which hath here been ſhew'd of 

Parallelopideds, will be demonſtrated in 
the Twelfth Book of Pyramids, Prop. 6; of all 
Priſms whatever, in Coroll. 1, after Prop. 93 
of Cones and Cylinders, Prop. 11. 


PROP. XXXIII. Theorem. 
IKE Parallelopipeds (H A and CM) Fig. 35: 


are in a triplicate Proportion of their 


homologous Sides (A B, BC). 


Let the Parallelopipeds AH, CM be like. 
Therefore all their "Plains (by Defin. 9 Et.) 
are like; and confequently A B (by Bez. I. 
J. 6.) is to B C, as EB to BO; and as FB is 
to BG, ſo is EB to BO. Moreover, the 
Angles of the Plains are alſo equal (by the ſame). 
Therefore let the Solids A H. CM be ſo plac'd, 
that the equal Angles CBO, ABE may be 
oppoſite; and the Sides A B, C B may lie ſo as 
to make one ſtraight Line; and then EB, OB 
will alſo lie fo as to make one ſtraight Line. 
Now let Solids be imagin'd to be conſtituted 

upon the Plains BQ and EC, in ſuch fort that 
the Solids KB, H A may be one Parallelopi- 
ped, and KB, P O may make one Parallelopi- 
ped, and PO, CM may make one Parallelo- 
piped likewiſe. The Solid H A is to the Solid 
KB (per 25. J. 11.) as AE to BR; that is, 
(per 1. J. 6.) as AB to BC; that is, (as 1 
ſhew'd above by the H ypotheſis) as EB is to 
BO; that is, (by the am) a EC is to BQ; 
that is, per 23. l. 11.) as the fame Sold K B 
P x 
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is to the Solid P O. Therefore the three So- 
lids H A, K B, P O, continue the fame Propor- 
tion. But now the Solid K B is to the Solid 
P O (by the ſame) as the Baſe BR is to the 
Baſe PQ ; that is, (er 1. J. 6.) as E B is to 
BO; that is, as F B is to BG, as it was ſhew'd 
above by the Hypotheſis ; that is, (by the ſame) 
as the Plain FC is to the Plain BS; that is, 
(per 25. J. 11.) as the ſame Solid P O again is 
to the Solid CM. Therefore the four Solids, 
H A, KB, PO, CM, are continually propor- 
tional. Therefore (by Den. 10. J. 5.) the 
Proportion of the firſt H A to the fourth C M 
is triplicate of the Proportion of the firſt H A 
to the ſecond K B; that is, triplicate to the 
Proportion (per 25. J. 11.) of AE to BR; 
that is, triplicate (per 1. /. 6.) to the Propor- 


tion of the homologous Sides, AB to BC. 


[ Coroll. (1.) Hence, if there be four right 
Lines continually proportional; as is the firſt to the 


fourth, ſo is a Parallelopiped deſcribd upon the 


firſt, io a Parallelopiped like, and in like manner 
deſcrib'd upon the ſecond. 

(2.) Upon this alſo depends that moſt famous 
Problem concerning doubling the Cube; of which 
afterwards, Schol. p. 18. J. 12. 

(3.) Hence alſo is to be correfted the Error of 
thoſe, who ſuppoſe that the Proportion of like So- 
lids is the ſame as is that of their Sides. Fur the 
Cube of a Line, which is double to another Line, is 
at only double to the other, but as eight to one. 
And the Cube of a Line, which is treble to another 
Line, is not only treble lo the other Cube, but con- 
tains it 27 times. For 1:2:4:8 * andi: 


3:9: 27 * and the ſame thing is to be ſaid of 
all 
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all lite Bodies whatſoever, as will appear afier- 
wards. 

(A.) Hence the triplicate Proportion of any Yuan 
tities whatſoever is the Proportion of the Cube: 


the ſame Quantities. Let there be any two Quan- 


tities in the triplicate Proportion of the Quaniities 
AB, BC, they ſhall alſo be as AB Cube is to 
BC Cabe.] 


Scholium. 


HAT which hath here been ſhew'd of 
Parallelopipeds will be demonſtrated 
123 of Pyramids, Prop. 8; of all Priſms 
whatſoever, Coroll. 2. Prop. 9; of Cones and 
Cylinders, Prop. 12 ; of Spheres, Prop. 18. 


PROP. XXXIV. Theorem. 


their Baſes and Altitudes are reciprocally 
Proportional; (that is, the Boſe AM tis to 
the Baſe FK, as reciprocally the Height FC 
is to the Height A). 

And, if they be reciprocally proportional, 
their Baſes and Altitudes are equal. 


Part I. Firſt, let the Sides be perpendicular 
to the Baſes. If now the Altitudes of the So- 
lids BM, CK be equal, the thing is manifeſt. 

It the Alticudes be unequal, from the greater 
FC cut off FE equal to B A; and through E 
draw the Plain E. L parallel to FR. The Bate 
AM is to the Baſe FK, (per 25. J. 11.) as the 
Solid BM is to the Solid EK; that is, (be- 
cauſe by the Hypotheſis the Solids BM, CK 
are equal ) as the _ K 1s to the Solid * ; 

"42 that 


F the Parallelpipeds (BM, CK) be equal, Fig. 36. 
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that is, (by the ſame) as C G is to E G; that 
is, (per 1. J. 6.) as CF is to EF; that is, by 
the Conſtruction, as C F to B A. 2, E. D. 

Then let the Sides be oblique to the Baſes. 
Let right Parallelopipeds be erected upon the 
ſame Baſes in the ſame Height. The oblique 
Parallelopipeds will be to theſe. Where- 
fore, ſeeing theſe by the firſt Part have their Ba- 
ſes and Altitudes reciprocal, thoſe alſo will be 
likewiſe. 2, E. D. 

Then let the Sides be oblique to the Baſes. 
Let right Parallelopipeds be erected upon the 
ſame Baſes in the ſame Height. The oblique 
Parallelopipeds will (per 29 and 30. J. 11.) be 
equal to theſe : Wherefore, ſeeing theſe by the 
firſt Part have their Baſes and Altitudes recipro- 
cal, thoſe alſo ſhall be ſo likewiſe. Q. E. D. 


Part IT. Let the Altitudes be unequal, and 
the Sides perpendicular to the Baſes ; and from 
the greater CF take E F equal to AB. The 
Solid BM is to the Solid E K, (per 32. l. 11.) 
as AMistoFK ; that is, by the Hypotheſis, 
as CF is to AB; that is, by the Conſtruction, 

pe 1, as CF is to EF; that is, as C G is to- EG; 

J. 6. that is, * as the Solid C K is to the fame Solid 

* EK. Therefore the Solids BM and C K have 

inte ſame Proportion to EK. Therefore they 
are equal. A. E. D. 


Corollaries. 


HAT Affections have been demon- 
ſtrated of Parallelopipeds, Prop. 29, 
30, 31, 32, 33, 34, do alſo agree to triangular 
Priſms, which are the Halves of Parallelopipeds. 

As is manifeſted from Prop. 28. Therefore, 
| 1. The 
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1. The 
are as their Baſes, A, B. 
2. If they be like, their Proportion i is triph- 


n oppoſite to 


y be „they reciprocate their 
tires and, if they reciprocate 
Altitude, they are equal. 


Scholium. 


HAT hath here in Prop. 34. been 
ſhew'd of Parallelopipeds, will be de- 
monſtrated in the 12th Book of Pyramids, 
Prop. 9; of all Priſms whatſoever, Coreo!. 3. 
after Prop. 9; of Cones and Cylinders, Prop. 
15. 


2 
* 
1 
their Baſes and 


PROP. XXXV. 
Tz; very long, and ſubſervient to the following 


I. which we will demonſtrate 
without it. 


PROP. XXXVI. Theorem. 


proportional right Lines (A, B, C) ts 
equal to a Parallehopiped (IN), "which 15 
made of the Mean (B), and is equiangular 
to the former. 


Let the Baſe F D of the Parallelopiped DH 
have the Side E F equal to A, and the other 
Side E D equal to C: And the Side E G, which 
ſtands upon the Baſe, equal to B. Thus the 

P 3 Paral- 


triangular Priſms, which are of equal Fig. 37. 


Parallelopiped D H) made of three Fig. 38. 
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Parallelopiped D H wiil be made of the three 
right Lines, A, B. C. Then let the three 
Sides, I. X, IX, XM, (and conſequently all 
the reſt) of the Parallelopiped IN be equal to 
the middle Line B, and the ſolid Angle X equal 
to the ſolid Angle E.; the Parallelopiped I N 
will be made of the Mean B, and be equiangu- 
lar to the former. I ſay alſo that it is 
For, ſeeing by the Hypotheſis and the Con- 
ſtruction, as FE is to LX, ſo reciprocally IX 
7 14. is to DE, the Baſes alſo DF, IL will be 
. equal. Nov, becauſe the ſolid Angles at E and 
X are equal, if they be put within one another, 
Fer Def. 4 they will coincide; and becauſe of the Equali- 
11. „n ty of the right Lines E G, X M, the Points 
M and G will coincide. Wherefore both the 
Solids will have one perpendicular Altitude; to 
wit, the right Line which is let fall from the 
| Points M, G (now become one) unto the Plain 
Per zz. of the Baſe. The Solids therefore DH, IN * are 
J. 11. equal. 9. Z. D. 


Scbholium. 


E will further obſerve what is of great Uſe, 
that of three Lines drawn into, or mul- 
tiplied one by another after what manner ſoever, 
a Solid of the fame Magnitude is produc'd. 
A 4 CG CAS BCA, 
2. 3+ 
In the WS Scheme the two firſt Letters 
deſign the Baſe, the third the Altitude. Let us 
compare the firſt with the ſecond. 
The Baſe AB is to the Baſe CA, (per I. 
J. 6.) as the Side B is to the Side C; that is, re- 
ciprocally as the Height B is to che Height C. 
Therefore, by p. 34, 


ABC is equal to CAB. 


In 
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In the ſame manner it may be ſhew'd, that 
the firſt is equal to the third, and the third to the 


PROP. XXXVII. Theorem. 


Arallelopipeds, which are like, and de- 
ferib'd in the like manner b y proportional 
right Lines, will themſelves a I be propor- 
ao; and converſely. 


This is maniteſt of itſelf. For the Propor- 
tions of Parallelopipeds by the 3 3d of this Book 
will be — to thoſe Proportions, which 
by the Hypotheſis are equal, which the Lines 
have betwixt themſelves. 

The Converſe is manifeſt of itſelf alſo. 

The Propoſition is true of all Sorts of like 
Bodies, which will appear from Book the 12th 
to have betwixt themſelves a Proportion tripli- 
cate to that which the Sides have. 


PROP. XXXVII, XXXIX. 


\HESE contain nothing remarkable, 
and are ſcarce of any Uſe. 


PROP. XL. 


1 is of ſmall Uſe, and indeed no 
other than the 28th Propoſition in an- 
other View, 


24 Scholium. 
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and the Baſe of 100 ſquare Feet, (now the Baſe 


Therefore every Parallelopiped is alſo 
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Schelm. 


ROM what hath hitherto been demon- 
ſtrated we have the Dimenſion of triangu- 
lar Priſms, and of gular Parallelopi- 
peds ; to wit, if the Altitude be multiphed in- 
to the Baſe. As if the Altitude be of 10 Feet, 


is meaſured by Schol. p. 36, or 41. J. 1.) mul- 
tiply 10 by 100, there will ariſe 1000 cubic 
Feet for the Solidity of the given Priſm. 

The Demonſtration is eaſy. For, like as a 
Rectangle ariſeth from the Multiplication of one 
Side by another, ſo a right Parallelopiped is 
produc'd from the Height drawn into the Baſe. 
produc'd 
from the Altitude multiply*d into the Baſe, ſee- 
ing by 31. J. 11. it is equal to a right Paralle- 


lopiped, conſtituted upon the fame Baſe with 


the ſame Height. 

Then ſeeing the whole Parallelopiped is pro- 
duc'd from the Height into the whole Baſe, the 
Half of the Parallelopiped (that is, a triangu- 


jar Priſm by 28. J. 11.) will be produc'd from 


the Altitude multiplied by Halt the Baſe ; to 
wit, the Triangle I LK. 


THE 


THE 


O F 


EK UC L I D. 


ELEMENTS 


BOOK XIL 
With us the E1GnuTH. 


HAT in the foregoing Books 
we have endeavoured to perform ; 
namely, to bring the Elements of 
the Mathematicks into a more 
eaſy and brief Method, will be to be endea- 
vour'd in this Twelfth Book eſpecially ; the 
Doctrine whereof is moſt neceſſary, but the 
Demonſtrations are fo prolix, that com- 
monly make Beginners almoſt to deſpair. We 
have ſo propos'd to ourſelves to remedy this 
Evil, that in the mean while we will not depart 
from the Rigor of Geometrical 8 
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Fig. 1. 


Fig. 2, z. 
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Which Thing, whether or no we have attain'd, 
the Reader will underſtand, if he ſhall compare 
this of ours with Euclid's Prolixity. 


Now, after Euclid had in the former Book 
declared the Elements of Solids, and defined the 
Meaſures of the moſt eaſy Bodies, thoſe, namely, 
which are terminated with plain Surfaces ;, in this 
Twelfth Book he conſiders Bodies bounded with 


curve Surfaces; to wit, Cylinders, Cones, and 


Spheres ;, compares them betwixt themſelves, and 
defines their Meaſures. This Book is indeed moſt 
profitable, becauſe it contains thoſe Principles, on 
which the chief Maſters of Geometry, and eſpe- 
cially Archimedes, bave built ſo many famous 
Demonſtratians concerning the Cylinder, Cone, 
and Sphere. 


DEFINITIONS. 


1. Pyramid is a Solid (Z L) compre- 

hended under the Triangles (ALC, 
cit, FLB, BLA) 22 
(Z) to one Point (L). 

The Plain Z is called the Baſe, and may be 
either a Triangle or Quadrangle, or any other 
Figure; from each of the Sides whereof there 
ariſe Triangles meeting together in the Point 
L, which is calPd the Vertex or Top. 

As the Triangle amongſt rectilineal plain 
Figures, ſo the Pyramid amongft ſolid ones is 
the firft and moſt ſimple. 

2. If without the Plain of ſome Circle (CL) 
there ſhall be taken the Point (A), and from it 
be drawn the infinite right Line (A F) touch- 
ing the Circle in C; and this Line, the Point 
(A) remaining fixd, be turn'd about the Cir- 

cumference 
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cumference of the Circle, until it returns thither 
from whence it began to be moved; the Sur- 
face deſcrib'd by the right Line (ACF) is 
term'd a conical Surface, and the Body which 


is contain'd under this Surface, and the Circle 
(CL) is calFd a Cone. 

The Vertex of the Cone is (A). 

The Circle (CL) is the Baſe of the Cone. 

The right Line (A B) drawn from the Ver- 
tex to the Centre of the Baſe is the Axis of 
the Cone. 

The Side of the Cone is the right Line (A C) 
drawn from the Vertex to the Circumference of 
the Baſe, which that it is wholly in the Surface 


of the Cone 3 18 manifeſt from the Production of 
the Figure. 


A right f Cone is when the Axis (A B) is Fig z. 


perpendicular to the Baſe. 


Axis (A B) is not perpendicular to the Baſe. 

A right Cone is alſo made by a right - angled 
Triangle (CB A) turn'd round about one of 
the perpendicular Sides (AB). See Fig. 2. 


n Fig: 4 


3. If an infinite right Line (CO F) be turn'd Fig. 4, 5. 


about two Circles (CL, OQ ) equal and pa- 
rallel, until it returns to that Place from whence 
it to be mov'd, and remains always, 
whilſt it is mov'd, parallel to itſelf, the Sur- 
face deſcrib'd by the right Line (CO F) is 
called a cylindrical Surface; and the Body 
which is contain'd under this Surface, and the 
two Circles, 1s called a Cylinder. 

The Bafes of the Cylinder are the Circles 
(CL, O the right Line (A B) which con- 
nects the Centres of the Baſes, 1 is called the Axis. 
The right Line 0 C) in the Surface of the 
Cylinder, 
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Fig. 4. 


Fig. i 


Fig. 20, 
21. 
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Cylinder, both the Baſes, is called a 
Side of the Cy yarn A 

A right Cylinder is when the Axis is per- 
pendicular to the Baſe. 

A Scalene, or oblique Cylinder, is when the 
Axis is not pe to the Baſe. 

A right Cylinder is alſo made by a R le 
(OCBA) turn'd round about one Side (B A). 
See Fig. 4. 

4. Like Cones and Cylinders are thoſe, 
which have their Axes (AK, Z O) and the 
_ Diameters (B F, Q R) propor- 
fl 

5. A Sphere 1s a Solid contain'd under one 
Surface, unto which Surface all the right 


Lines, that are drawn from a certain Point 


within the Figure, are equal them- 
ſelves. That Point is calPd the Centre. The 
Diameter of the- a right Line drawn 


through the Centre unto the Surface on both 
Sides 


A Sphere is produced if a Semicircle be 
turn'd about its Diameter (AF) which remains 
in the mean while unmov'd. 

6. Magnitudes inſfcrib'd into or deſcrib'd 
about ſome Figure, whether they be greater or 
leſſer than the Figure, are then ſaid to end in 
the Figure, when they will at the laſt differ 
from it by a Quantity leſs than any given one 
whatſoever, or how ſmall ſoever. 

Therefore if thoſe Magnitudes which are in- 
ſcrid'd into ſome Figure will at laſt fall ſhort 
of it by a Deficiency leſs than any given one 
whatſoever, the Magnitudes inſcrib'd are faid 
to end in the Figure; and if thoſe which are 
circumſcrib'd about ſome Figure will at laſt 
exceed it by an Exceſs leſs than any given = 

what- 
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whatſoever, they ſhall be faid to end in the 
Figure. 


PROPOSITION I. Theorem. 


HE Proportion of lile Polygons in- Fig. 6. 7. 


feribd in a Circle is duplicate to 
the Proportion of the Diameters (A FP, IC). 


Let AO, BF; IR, LC, be drawn. Be- 

cauſe the Polygons are ſuppos'd to be like, 
gles (OBA, R LI) will (per Def. 1. 
J. 6.) be equal; and the Sides OB, B A, pro- 
portional to the Sides R L., L. I. Therefore 

the Triangles O A B, RIL (per 6. I. 6.) 
and R are equal. Therefore 
E CI, which ſtand upon the 
A, LI, are (p. 21. J. 3) equal. 
y FBA, CLI, in Semicircles, are 
.) right ones. Therefore the other 
r Coroll. 9. pr. 32. J. 1.) BAF, 
4 Therefore becauſe the Tri- 
B, CI L, are equiangular to each 
„ they are (p. 4. J. 6.) like; and B A will 
de to LI. as AF to IC. Now, becauſe by 
the Hypotheſis the Polygons are like, their 
Proportion will be duplicate (p. 20. J. 6.) to 
the — of the Bm BA, LI; that is, 
as I have already ſhew'd, duplicate to the Pro- 
portion of the Diameters A F, IC. 2Q.E.D. 


Corollary. 


inſcribed in a Circle are betwixt them- 
ſelves as the Diameters. 

Seeing it hath already been ſhew'd, that 
AB is to LI, as A F is to IC; OB will allo 
be 


HE Circumferences of like Polygons pig. 6, -. 
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be to RL, as A F to IC: and fo of the reſt 
of the Sides. Therefore all the Sides 
will be to all the Sides together, that is, one 
Circumference to another, as A F is to I C. 


A Lemma. 


OLYGONS inſcrib'd in a Circle end 

in a Circle, Inſcribe a Square, as AC 
BD. Seeing this is half (per Schol. p. 6, and 7. 
J. 4.) of the Square which is circumſcrib'd, it 
will be greater than half of the Circle. Where- 
fore if this be taken out of the Circle, there 
will be taken out of it more than half. Taen 
each Arch being biſefted in E, K, I, H, in- 
ſcribe an Octagon: and let F G touch the 
Circle in E, which FG let BC, D A meet in 
G and F; CF will be a P „ of 
which ſeeing the Triangle CEA (per 41. J. 1.) 
is half, this will be more than half of the Seg- 
ment CE A. In the ſame manner each of the 
Triangles A KD, DIB, Sc. is more than half 
each of the Segments. Therefore all the Tri- 
angles are more than half all the Segments. 
Therefore if you take theſe out of thoſe, that 
is, out of the Remainder of the Circle, more 
than half will be taken away. In the ſame 
Way of arguing, if there be inſcrib'd in the 
Circle Polygons of Sides always double in 
Number ; I can ſhew that there will always be 
taken out of the Remainder of the Circle more 
than half. Therefore the Remainder muſt at 
laſt be leſs than any given one whatſoever 
and conſequently the inicrib'd Polygons will at 
laſt fall ſhort of a Circle by a Quantity leſs 


than any given one whatſoever; that is (per 


Defin. 6. I. 12.) will end in a Circle. | 
PROP. 
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PROP. II. Theorem. 


HEP. ion of Circles is duplicate Fig. 6, 7. 
to the Proportwon of their Diameters. 


The Proportion of Polygons inſcrib'd in a 
Circle without End is (per 1. J. 12.) duplicate 
to the Proportion of the Diameters. But Po- 


lygons (by the foregoing Lemma) inſcrib'd in a 
Circle infinitely, at laſt end in the Circle. 
Therefore the Proportion of Circles is alſo du- 
plicate to the Proportion of the Diameters. 


PROP. III, IV. 


RE prohx, and hard for young Be- 
ginners, and have no other Uſe, than 
that they ſerve to the Demonſtration of the 
Fifth, which we ſhall demonſtrate much more 
eafily without them. 


Lemmata, or n Propofitions to 
Prop. V 


Lemma l. 


F two triangular Pyramids be cut with Fig. 9. 

Plains (OSE, RXZ) parallel to the Baſes 
(ABC, IQV), which fame Plains divide the 
Sides (CF, QL) proportionally in (E and Z) 
(OSE, R X ) will be betwixt themſclves as 

the Baſes (ACB,IQV). 
Becauſe the parallel Plains OS E, ABC, 
are cut by the Plains B FC, A FB, AFC, the 
common Sections SE, BC, and OS, AB, 57 

O 
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OE, AC will be (per 16. J. 11.) parallel. 
Wherefore the Angles OSE, ABC, and 
SOE, BAC, and OES, ACB, two and 
two, are (per 10. J. 11.) equal. Wherefore 
the Sections OS E, ABC are like (per 4. J. 6.) 
In the fame manner I might ſhew, that the 
Seftions RXZ, IVQ are like. Therefore 
(per 19. J. 6.) the jon of the Section 
ABC, to the Section O 8 E, is duplicate to 
the Proportion of the Side B C, to the Side SE ; 


and the Proportion of the Section IV Q to 
R X is duplicate to the on of V Q to 
XZ. But the Proportions of BC to S E, and 


of VQto X Z, are the ſame, (for BC is to 
SE (by Coroll. 1. per 4. l. 6.) as CF to EF; 
that is, by the Hypotheſis, as QL to ZL; 
that is, (by the ſame Coroll.) as VQ to XZ). 
Therefore the Proportion of ABC to OS E is 


the ſame with the Proportion of I'VQ to 
RXZ. 2. E. P. 2 


Lemma II. 


HRiſms inſcrib'd infinitely in a Pyramid 
(ZCAF) which hath a triangular Baſe, 

end in the fame Pyramid. 
Let the Side of the Pyramid be divided into 
a certain Number of equal Parts, A B, BG, 
G F; and, through B and G there being made 
the Sections G DN and BE P parallel to the 
Baſe Z A C, let the triangular Priſms BE P 
MA O and GDNKBQ b: underitood to be 
inſcrib'd in the Pyramid. Theſe then being 
continued without the Pyramid, let there be un- 
derſtood to be deſcrib'd about the Pyramid the 
Priſms CIBA, PXGB, NHEFG. The 
Exceſſes of the circumſcrib'd Priſms above the 
inſcribed 
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inſcribed ones are the Solids IM, X K, HG, 
which taken together are equal to the Priſm 
CIBA: For HG (per 25. |. 11.) is equal to 
DB; and conſequently H G with X K are 
equal to PXGB, that is (by the fame) to 
MEBA. Therefore the three HG, X K, 
IM, are equal to the whole CI B A. But if 
AF be divided without End into more equal 
Parts, and conſequently the Number of Priſms 
be infinitely increasd, A B will become leſs than 
any given Line. Therefore (as is manifeſt from 
p. 25. l. 11.) the Priſm CIBA will become 
leſs than any given one. Therefore the Exceſs 
of the circumſcrib'd Priſms (and much more of 
the Pyramid ZC AF, which is Part of the 
Priſms circumſcrib*d about it) above the inſcri- 
bed Priſms will be leſs than any given Priſm. 
Therefore the inſcrib'd Priſms (by Defin. 6. 
J. 12.) end at laſt in a Pyramid. 2, E. D. 


PROP. V. Theorem. 
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I Riongular Pyramids of the ſame Fig. 11 


Height have that Proportion beteeiæt 
themselves, which their Baſes (A, ES 
have. 


Let the equal Altitudes of the Pyramids be 
repreſented by the Sides AP, EZ; which on 
both Sides ler be divided into as many equal 
Parts as you will, but ſo that they be of the 
ſame Number ; and let there be made through 
the Points of the Diviſions Sections parallel to 
the Baſes; let triangular Priſms, of the fame 
Number and the fame Height, be underſtood 
to be inſcrib'd in both Pyramids. And now be- 
cauſe the Priſms LA, IE are of the fame 


Q | Height, 
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Height, the Priſm L A will be to the Priſm IE 
(by Carell. 1. p. 34. l. 11.) as the Baſe LOB 
is to the Baſe IN K; that is, (by Lemma 1.) as 
the Faiz QRA is to the Baſe S X E. In the 
{ſame manner I might ſhew, that each of the 
Priſms, inſcrib'd into the Pyramid QPAR, is 
to each inſcrib'd into the Pyramid S Z EX, as 
the Baſe QA R is to the Baſe SEX. There- 
fore all of them together are to all of them to- 
gether, as Baſe is to Baſe. Wherefore, ſeeing 
they at laſt end (per Lem. 2.) in the Pyramids 
themſelves, the Pyramids themſelves alſo will 
be as their Baſes. Q: E. D. 


PROP. VI Theorem. 


| LL Pyramids «<hatfcever, which are 
of equal Height, bade that Propor- 
tian betwiæt themſelves which their Baſes 


(AB, CFO) hare. 


Let their Baſes be rcfolv'd into Triangles 
A,B,C,F, O; and the whole Pyramids into 
triangular Pyramids. The Pyramid AX is to 
the Pyramid OZ (by the foregoing) as A is 
to O; and the Pyramid BX is to the Pyra- 
mid OZ, as B is to O (by the ſame.) There- 
fore the Pyramids A X, BX together (that is, 
the whole Pyramid ABX) are to the Pyramid 
OZ, as A, B together are to O. By the ſame 
Argumentation the Pyramid ABX 1s to the 
Pyramid FZ (by the foregoing) as A, B are 
to F: And ABN is to CZ, as A, Bis to C. 
Therefore AB X is to the three OZ, FZ, CZ 
together; that is, to the whole Pyramid OF 
CZ, as A, B together is to O, F, C together. 
&. Z. D. | 


PROF. 
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PROP. VII. Theorem. 


VERY Pyramid is the third Part of 
a Priſm which hath the ſame Baſe and 
Height. 


Firſt, Let the triangular Pyramid B G A C Fig. 14. 
have the fame Bate and Height with the Pritm 
BACFEO: Let BF, AO, AF be drawn. 
The Triangles B FC, BFO are (per 34. J. 1.) 
equal. Therefore the Pyramid BFCA is equal 
to the Pyramid BOF.\. For the ſame Realon 
OF. AF is equal to the Pyramid OBAF; 
that is, to the l'yrami BO FA, for they are 
the fame Pyramids. Therefore B FCA and 
OE AF are alſo equal. Therefore all three, 
B FCA, OEAF, OB AF, or BO FA, 
are equal. Therefore the three together are 
triple of one BFC A. But thoſe three conſti- 
tute the Priſm BA CF EO. That Priſm there- 
fore is treble to the Pyramid BF CA; that is 
(per 5. J. 11.) to BGA C. 2 E. D. 

Then let any Pyramid whatſoever have the Fig. 15. 
fame Baſe and Height with the Priſm A EFH: 
The Lines BC, BO, BE, and NI, NG, 
NH being drawn, reſolve the Priſm into tri- 
angular Priſms, and the Pyramid into triangu- 
lar Pyramids. Which being done, the Demon- 
ſtration is manifeſt from the firſt Part. For 
each Part of the Priſms will be treble of each 
Part of the Pyramids. And conſequently the 
whole Priſm will be treble to the whole Pyra- 
mid. 2. E. D. 


Q 2 PROP. 
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Fig. 16. 
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PROP. VIII. Theorem. 


HE Proportion of like P 1 ramids 
(OACB, KHIN) tis triplicate to 
that which the homologous Sides (A 2 HN) 


have to each other. 


Firſt, Let them be triangular : The Paralle- 
lograms AM and HQ being perfected, ſet 
upon them the Parallelopipeds A G, H L, in 
the Height of the Pyramids; which, ſeeing the 
Pyramids are like, will alſo (as appears from 
Defin. 9. J. 11.) be like. Then let EF, RP 
be drawn; and through E F, CB, as likewiſe 
through R P, I N, the Parallelopipeds will be 
cut {per 28. |. 11. into two equal Priſms; 
each of which will be treble to the Pyramids 


OACB and K HIN (by the foregoing.) 


T herefore both together, . is, the whole Pa- 
rallelopipeds A G, H will be ſixfold of the 
Prat, Therefore the Pyramids are 
portional to the Parallelopipeds. But (per 33. 
J. 11.) the Proportion of theſe each to other is 
triplicate to the Proportion of the Sides A B, 
HN. Therefore ſo likewiſe is the Proportion 
of the Pyramids. 

But, if the like Pyramids ſhall be polygonal, 
let them be reſolv*d into the triangular ones 
AR, BR, CR, and OK, EK, FK. _ 
may from 20, and 5. J. 6. and Defjin. 9. I. 11, 
eaſily ſhew, that AR is like to OK, 2 B R 
to E K, and CR to FK. Therefore, by the 
former Part, the Proportion of the Pyramids 
A R, O K, 1s triplicate to the Proportion of 
IM to PZ: And the Proportion of the Pyra- 

maids 
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mids BR and E K is triplicate to the Propor- 
tion of MX to SZ; that is, again by the Hy- 
potheſis of IM ro PZ; and the Proportion of 
the Pyramids CR, F K is triplicate to the Pro- 
portion of XQtoST ; that is, again of IM 
to PZ. Seeing therefore the Proportion of 
each to each 1s triplicate to the Proportion of 
IM to PZ, the Proportion alſo of all to all 
( that is, the Proportion of the whole Pyramid 
AB CR to the whole OE FK) will be tripli- 
cate to the Proportion of IM to PZ. Q, E. D. 


PROP. IX. Theorem. 
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Qual Pyramids have their Baſes and Fig. 1s, 


Altitudes reciprocally proportionable; 9. 


and thoſe which bade them jo are equal. 


Part I. Firſt, Let the Pyramids be triangu- 
lar BACO, KHNL: The Parallelograms 
BE, HR being perfected, upon theſe ſet the 
Parallelopipeds BF, HP. Theſe will be (as 


was ſhew'd in the foregoing) ſixfold of Pyra- 
mids, which are by the Hypotheſis equal, and 


conſequently will be equal betwixt themſelves. 


But now the Altitudes of theſe Parallelopipeds 
HK, BA, are the fame with thoſe of the Py- 
ramids ; and the Baſes B E, H R, are double to 
(per 34. |. 11.) the pyramidal Baſes B C O, 
HNL, and conſequently proportional to them. 


Seeing therefore by reaſon of the Equality of 


the Parallelopipeds, as BE is to H R, ſo (by 
the fame) is reciprocally H K, to BA; it will 
alſo be that, as the Baſe B CO is to the Baſe 
HNL, fo reciprocally is the Altitude H K to 
the Altitude BA. 2, E. D. | 
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But, if the Pyramids have polygonal Baſes, 


let them be reduced into triangular ones, retain- 
ing the ſame Altitudes ; and theſc will be equal 


to thoſe by the th. But the Pyramids thus 


reduc'd have, as we have now demonſtrated, 
their Baſes and Alt:tudes reci;rccally proportion- 
able. Therefore the given polygonal Pyramids 
alto have their Paſes and Alticudes reciprocally 
proportional. 4, E. D. 


Part II. Becauſe it is now ſuppos'd, that 
BCO is to III. N, as II K is o BA; BE. 
will alſo be to II R, as HK is to BA. There- 
torc the Parallelopipeds BF, H P are (per 34. 
i. 11.) alſo equal. Therefore their ſixth Parts 
alio, to wit, the Pyramids BACO, HRKNI. 
arc equal. Q. E. D. 


Corellas ies. 


H AT has been demonſtrated of Pyra- 

mids in Pr. 6, 8, 9, does alſo agree to 
all Friſms whatſoever ; ſeeing theſe are (per 7. 
/. 12.) treble to Pyramids which have the ſame 
Baſes and Altitudes, Theretore, 

1. In Prifms of the fame Height their Pro- 
portion 15 the fame as that of their Baſes. For 
this was ſnew'd of Pyramids, Pr. 6. 

2, The Proportion of like Priſms is tripli- 
cate to the Proportion of their homologous Sides. 
For this was ſhew'd concerning Pyramids, 
Pr. 8. 

3. Equal Priſms have their Baſes and Alti- 
tudes reciprocally proportionable ; and thoſe 
which have them ſo are equal, For this is 
Mew'd of Pyramids, Pr. g. 


It 
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It is ſtrange that theſe things were paſs'd over 
by Euclid, ſeeing they are the chief things which 
can be delivered concerning rectilineal Solids, 


Scholium. 


ROM what has been hicherto demonſtra- 
ted is drawn the Method oi meafuring any 
Priſms or Pyramids whatſoever, 

The Solidity of a Priſm is produc'd from the 
Altitude multiplicd into the Baſe, and that of a 
Pyramid from the third Part of the Altitude 
multiplied by the Bate. 

As if the Altitude of a Priſm be of ; Feet, 
but the Baſe contains 253 ſquare Feet; mule: ply 


25 by 5, and there ariſe 125 cubic Feet tor the 
Solidity of the Priſm. 
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For let there be a polygonal Priſm, as A II. Fig. 14, 


And let the Triangle B A C be underſtood to 15. 


be equal to its Bale A E, and upon BAC the 
Pritm BE. to be ſet at equal Height with A H. 
The Priſms BE, A H wilt be (by Corll. 1. 
foregoing) equal. But the Priſm BE (by 
Scbol. p. 40. J. 11.) is produc'd from its Alti- 
tude drawn into the Bate BAC; that is, into 
AE, by Conſtruction. Therefore the Priſm 
AH allo is made of its Baſe A E multiplied 
by its Height, which is ſuppos'd to be equal to 
the Height of the Priſm B E. 

From hence, and from 7, the Demonflration 
of the ſecond Part is alſo manifeſt, 


A Lemma io Prop. 10. 


Yramids and Priſms, which are inſcrib'd in 


Cones and Cylinders infinitely, do at laſt 


end in the Cones and Cylinders. 


Q 4 This 
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Fig. 20, 
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This is demonſtrated as the Lemma of Prop. 2. 
with the Help of Prop. 6. and of Coroll. 2. af- 
ter Prop. 9g. if, as there, Plains inſcrib'd in a 
Circle, fo here Priſms and Pyramids which ſtand 

upon thoſe Plains as their Baſes, be continually 
taken away from the Cones and Cylinders. 


PROP. X. Theorem. 


Very Cone is a third Part of a Cylinder, 
having the ſame Baſe and Height. 


Let a regular Polygon, of as many Sides as 
you pleaſe, be underſtood to be inſcrib'd in the 


Baſe CL; and upon it, as the Baſe, for a Cone 
let a Pyramid, and for a Cylinder a Priſm be 
inſcrib'd. The Pyramid (per 7. Il. 12.) will be 
a third Part of the Priſm. And if again in the 
Circle a Polygon of twice as many Sides be in- 


 {crib'd, and upon it be infcrib'd for a Cone a 


Pyramid, but for the Cylinder a Priſm, the 
Pyramid will again be a third Part of the Priſm. 
And thus it will always be. Wherefore ſeeing 
Pyramids end in a Cone, and Priſms in a Cy- 
linder, the Cone alſo will be a third Part of the 
Cylinder. Q. E. D. 


PROP, XI. Theorem. 


ONES of equal Height (BA F, 
2 XR) are as their Baſes (CL, 1 


The fame thing belongs to Cylinders of equal 
Height _ 


» inſcrib'd into Cones of * 

Height, —— J. 12.) Baſes. 

Pyramids do at length end in Canes. deres 
nes 


OY 
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Cones alſo are as their Baſes. And ſeeing Cy- {1 
linders are threefold of Cones, which have the | 
ſame Baſe and Altitude with them, they alfo 
will be as their Baſes. Q. E. D. 


Corollary. 


N the ſame manner it may be demonſtrated 
that alſo Priſms and Cylinders of equal 
Height are betwixt themſelves as their Baſes ; 


yea, that all cylindrical Bodies of the fame 
Altitude, 


PROP. XII. Theorem. 


HE Proportion of like Cones (BAF pig. 20, 
and QZ N) is triplicate to the Pro- 2 
on of the Diameters (B F and QR) | 
which are in the Baſes. The ſame _ 7s 


to be ſaid of like Cylinders. 


In the Baſes of the like Cones let 
Polygons be inſcribed, which Polygons con- | 
ſequently will be like. The Pyramids which 8 
are inſcribed upon theſe Polygons will alſo be f 
like; as may * eaſily ſhew'd. Therefore 
their Proportion is triplicate (per 8. J. 12.) to 
the Proportion of the Sides BL, QE; that 
is, to the Proportion of the Diameters B F, 

QR. Wherefore, ſeeing the Pyramids end in 
Cones, the Proportion alſo of the Cones is tri- 
plicate to the Proportion of the Diameters B F, 
QE. SED. The 
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Fig. 23, 
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The Theorem is manifeſt of Cylinders, ſeeing 
they are treble to Cones. 


PROP. XIII. Theorem. 


F a Cylinder (B I) be cut with a Plain 
(R L) parallel to the Baſes (B A, CJ; 
one Part (B L) fhall be to the other Part 
(RJ, as one Segment of the Axis (AO) ts 
to the other Segment of the Axis (O F). 

This Propoſition is demonſtrated as the 
firſt of J. 6. 


The Theorem is in the ſame manner true of 
the Superficies. 


PROP. XIV. Theorem. 


YLINDERS (AR and CT) of equal 

4 Baſes (M, G E are as their Alti- 

tudes (LZ, SF). The fame Thing happens 
to Cones. | 


Cut off from the higher Cylinder A R the 
Cylinder AO, whoſe Height L. E is the fame 
with SF. Therefore (per 11. Il. 12.) the Cy- 
linders A O, CI, are equal. Sceing therefore 
the Cylinder AO is to the Cylinder AR 
(by the foregoing} as LE is to LZ; CI alfo 
ſhall be to AR as LE is to LZ; that is, 
{becauſe LE and SF are equal, by Con- 
ſtruction) as S F to LZ. 9. 2. D. 


Corollary. 
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Corollary. 


'HE Theorem is alſo true of Priſms, 

and likewiſe of Pyramids, and the De- 

monſtration altogether alike. But of Priſms 

the Thing is demonſtrated from Corol. 1. p. g. 

J. 12, and 25. l. 11. and its Corol. Of Pyra- 
mids from this, and from p. 7. I. 12. 


PROP. XV. Theorem. 


QUAL Cylinders (AR, D ) have Fs: 24, 
their Baſes and Altitudes reciprocally ©** 
proportional; and, if they have them ſo, they 

ore equal, The ſume Thing is true of Canes. 


This is demonſtrated as Prop. 34. l. 11. | 
only for 32, and 25. J. 11. there cited, there 
muſt be cited here Prop. 11, and 13. J. 12. 


Scholium. 


Hereas Euclid hath faid nothing ot 
compound Proportion in Bodies, we 
{hall briefly demonſtrate it in this Place, 

1. A Cylinder hath to a Cylinder, and a 
Priſm to a Priſm, a Proportion compounded of 
the Proportions of the Bates and Altitudes. 

Let FD and A R be Cylinders of different Fig. 24, 

titudes (for in thoſe of equal Altitude the 25. 
Thing is manifeſt). From the higher cut off 
AO of equal Height with FD. And læt the 
Proportion be thus; as the Baſe U T is to the 
Baſe MQ, ſo FN to X; and as the Altitude 
NDorBO is to the Altitude BR, ſo is X to 
Z. We muſt therefore ſhew, that the * 

er 
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der F D is to the Cylinder A R, as FN is to 
Z. The Cylinder F D is to the Cylinder A © 
(per 11. J. 12.) as the Baſe VI is to the Baſe 
MQ ; that is, (by Conſtruction) as FN is 
to X; but the Cylinder AO is to the Cylinder 
AR (per 13. J. 12.) as BO to BR; that is 
(by Conſtruction) as X to Z. Therefore by 
Proportion of Equality the Cylinder F D is to 
the Cylinder AR, as FN to Z. 

The Propofition may be demonſtrated in the 
ſame manner of Priſms, but from Coroll. 1. 
pr. 9. and Coroll. pr. 14. 

2. A Cone alſo hath to a Cone, and a Py- 
ramid to a id, a Pr ion which is 
compounded of the P ions of Baſe to Baſe, 
and Altitude to Altitude. 

For (by Prop. 10. and 7. J. 12.) they are 
third Parts of Cylinders and Priſins. 


PR OP. XVI, XVII. 


HES E Propoſit ions, the moſt prolix 
of all others, have no other Uſe than 
to ſerve to the demonſtrating Prop. 18. 
which we ſhall demonſtrate in another more 


eaſy Way. 
Lemma to Prop. 18. 


YLINDERS inſcrib'd in an Hemi- 

ſphere end in the Hemiſphere. Let 
PZ Y be the greateſt Semicircle of the Hemi- 
ſphere; and ler the Radius A Z be perpendi- 
cular to the Diameter PY. Cut AZ into a 
certain Number of equal Parts, AM, MN, 
NZ; and there being drawn through the Points 
of the Diviſions M, N, the perpendicular Lines 
BO, Sc. 
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BO, &c. Let there be inſcrib'd in the Semi- 
circle the Reftangles OBRK, EDHS; which 
afterwards being continued without the Semi- 
circle, let there be underſtood to be deſcrib'd 
about the Semicrcle the Rectangles FT Y P, 

LVBO, QXDE. They will all of them be 
of the fame Height, and the Exceſſes of the 
circumſcribed ones above thoſe which are in- 
ſcrib'd will be the Plains FK, LS, XE, VH, 
TR, which taken together make the Rectangle 
FTYP. For, becauſe X E is equal to DS, 

thoſe LS, VH. XE, together will be equal to 
the Rectangle LB, that 1 is, OR. Wherefore, 
if you add on both Sides the Plains FK, TR, 

all thoſe FK, LS, XE, VH, TR, taken to- 
gether, will be equal to the Rectangle FT Y P. 
If now the Semicircle with the Rectangles be 
underſtood to be turn'd about the Radius A Z, 
which is in the mean while unmov'd, the in- 
ſcribed Rectangles E H, OR, will produce 
Cylinders inſcrib'd in the Hemiſphere ; and 
the circumſcrib'd Rectangles will produce Cy- 
linders circumſcrib'd about the Hemiſphere, 
ſtanding one upon another; and as the Exceſſes 
of the circumicribed Rectangles above the in- 
ſcribed ones was the Rectangle F; fo like- 
wiſe the Exceſſes of the circumſcribed Cylin- 
ders, above the inſcribed ones, will be the Cy- 
linder which is produced from the Rectangle 
FT. But now the Altitude of this Cylinder 
will be made leſs than any given Height ; and 
conſequently (as is manifeſt from 13. J. 12) it- 
ſelf will grow to be lefs than any given Cylin- 


der, if, the Radius being divided into more 
equal Parts without End, the Number of Rect- 
angles, and from thence of Cylinders, be infi- 
nitely increav'd. Denne the Fxceſs of the 

circum- 
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circumſcrib'd Cylinders, and much more of the 
Hemitphere itſelf, which is only a Part of the 
circumſcrib'd Cylinders, above the inſcribed 
ones, will at laſt become leſs than any given 
one. Thereſore (by Defin 6. l. 12.) Cylinders 


. nanmitely inſcribed in an Hemiſphere do at 


length end in the Hemiſphere itſelf. Q. E. D. 


Corollary. 


N the ſame manner it will be demonſtrated, 
that Cylinders inſcrib'd in a Cone, Conoid, 
Spheroid, Sc. do at laſt end in the ſame. 


PROP. XVII Theorem. 


HE Proportion of Spheres is triplicate 


to the Proportion of tbeir Diameters 


(BK, RZ). 


The Radius's AB, YR, being divided into 
as many equal Parts as you will, but of an 
equal Number, and there being drawn through 
the Points of the Diviſions perpendicular, &c. 
Let Rectangles of an equal Number be under- 
ſtood to be inſcribed in the greateſt Semicircles 
of the Spheres, which Rectangles being turned 
about the unmov'd Radius's AB, YR will be 
conceiv'd to inſcribe in both the Hemiſpheres a 
like Number of Cylinders ſtanding one upon 
another. Now becauſe K C is (per Coroll. 
p. 13. 1.6.) to CF, as CF is to CB; the 
Proportion of KC to CB (by Defn. 10. J. 5.) 
will be duplicate to that of & C to CF, that 
is, to the Proportion of FC to CB. In like 
manner the Proportion of ZE to E R will be 
duplicate to the Proportion of XE to ER. 
But by tne Conſtruction KC is to CB as ZE 
is to ER. Therefore FC alſo is to BC as 

| XF. 
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XE to ER. But BC 3 Conſtruction is 
to CO as RE to ES. retore by Equality 
FC is to CO, as X E is to 1 — 
(by Defin. 4. l. 12.) the Cylinders FL, X Q. 
are like, and conſequently their Proportion 
is triplicate to (per 12. J. 12.) the Proportion 
of their Diameters, FI, X V, or of the Semi- 
diameters FC, XE, which are the Baſes. But 
the Proportion of FC to X E is the ſame with 
the Proportion which is betwixt the Diameters 
of the Spheres B K, RZ; (for as I have al- 
ready ſhew'd F C is to X E as CO is to ES; 
that is, as B K is to RZ which by the Con- 
ſtruction are Equi- multiples of thoſe C O, E. S). 
Therefore the Proportion of the Cylinders FL, 
X Q is triplicate to the Proportion of the Dia- 
meters BK, RZ. In the fame manner we 
might demonſtrate that each Cylinder, inſcribed 
in one Hemiſphere, bears to each Cylinder in- 
ſcribed in the other Hemiſphere a Proportion 
triplicate to the Proportion of the Diameters 
BK, RZ. Therefore allo the Proportion of 
all together to all together is triplicate to the 
Proportion of the Diameters BK, RZ. 
Wherefore, ſeeing the Aggregates of the Cy- 
linders do at length end in their Hemiſpheres, 
the Proportion of the Hemiſpheres alſo, and 
conſequently of the Spheres, will be triplicate ro 
the Proportion of their Diameters. Q. E. D. 


Corollary. 


Herefore the Proportion of the Diameters 
being known, the Proportion of the 
Spheres becomes known likewiſe. As if the 
Diameter of the leſſer be one Foot, that of the 
greater ten Feet; let the Proportion of one to 
ten be continued through four Terms, 1, 10, 


100, 
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100, 1000. as 1 the firſt is to 1000, the 4th 
Term, ſo is the leſſer Sphere to the greater. 

The A — Cylinders, and of 
the Sphere, will be exhi in the following 
Book out of Archimedes. 


Scholtum. 
A8 N. Figures 
miniſh'd in any given Proportion by one 
mean » fo like Bodies are increas'd 
or diminiſh'd by two mean P 

Let a or Cube, or any other Body 
whatſoever, be given, whoſe Radius or Side 1s 
A. Likewiſe let any Proportion whatſoever of 
A to B be given, as the Double or 2 tor. A 
Body is to be diſcover'd both double to the 
given one, and like to it. 

Betwixt the Terms of the given Proportion 
A and B, let there be found two mean Propor- 
tionals X, Z, according to what was taught in 
the Scholium of Prop. 13. l. 6. A Sphere 
whoſe Radius is X, or other Body like to the 
given one which is made upon the Side X, will 
be double to the given one. 

For like Bodies, whoſe Radius's or Sides are 
A and X have betwixt themſelves a Propor- 
tion which is triplicate to the Proportion of A 
to X (by Caorall. Prop. 9, and by Prop. 12 
and 18. J. 12.) that is, the fame (per Defin. 10. 
J. 5.) which A hath to B. 

And this is that moſt celebrated Problem, 
which from Apollo of Delos is called the De- 


liacal Problem; becauſe at the time of a moſt 


grievous Peſtilence, which waſted Athens, being 
conſulted, he gave Anſwer, That the Peſtilence 
would ceaſe, if his Altar, which was of a cubi- 
cal Form, were doubled. Thus Valerius 
Maximus, |. 8. THE O- 
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TO THE 


READER. 


LBEIT there have appear'd 

many moſt excellent and admirable Men 

in the Mathematical Sciences ; yet the 
chief Glory of all hath always, by a certain 
common Conſent, been given to Archimedes 
of Syracuſe. Though indeed more there are 
who commend than who read him ; more who 
admire than underſtand him. The Cauſes 
of which Neglect ſeem to be theſe, the Bulk 
and Scarceneſs of Copies, ſome Obſcurity of 
the Tranſlation, which is direftly made out 
of the Greek Language, together with the 
Pralixity and Difficulty of his Demonſtra- 
tions. I judged therefore that it would be 
for the Profit of ftudious Learners, if, after 
my Illuſtration of the Elements, I ſhould ſub- 
join theſe Theorems which have been elected 
by me out of Archimedes, and demonſtrated 
in a much eafier and briefer Way. Further- 
more, I have ſelefted thoſe, which bring along 
with them both more of Admiration and of 
Benefit ; and have in my Demonſtration took 
fuch a Method that, I hope, be who under- 
ftlands the Elements will, without any great 
Labour, comprehend thejs moſt excellent In- 


2 ventions 


To the READ ER. 


vent ions of the Prince of Geometricians. 1 
have alſo added at the End thirteen Propo- 
fitions, and thereby enlarged the Doctrine of 
Archimedes concerning the Sphere and Cy- 
linder: where, amongſt other Th:ngs, I de- 
monſtrate, that the jeſquialteral Proportion 
is continued in the three Bodies, a 8 L 
Cylinder, and equilateral Cone ; both the lat- 
ter being circumſcribd about the Sphere. 
Moreover, I have added divers Things here 
and there, amongſt which the 12th Propo- 
fition and the Corollaries of Prop. 14. are 
the chief; and feveral Scholiums. Make 
uſe of theſe Diſcoveries whoſoever thou be , 
that art a Candidate of ; and 
how much thou haſt improv'd in Euclid, 
make Proof of it in Archimedes. And, 
when thou percerveſt thyſelf to be fi d and 
raid ufwards in the Cont tion of the 
moſt noble Truths, raiſe up thy Mind, while 
it is thus already lifted up from theſe Iower 
Things yet higher, and direct it to that Truth 
which is Original, Eternal, Immenſe, and 
is no other than God; by the ineffable Vifion 
of whom, I truſt we ſhall hereafter be made 
eternally happy. Farewell, 


THEOREMS 


THE OR EMS 


Selected out of 


ARCHIMENDES. 


DEFINITIONS; 
O R, 


An Explication of certain Terms. 


E T there be a Circle BECG whoſe Fi 
Centre is A, its Diameter BC, which © 
let the right Line EG cut at right I 


in D. Let there be drawn from the Centre the 
Radius's AE, AG. This being ſuppogd, 
Note, 1. That a Sector of a Sphere is that 
which is produced from the Sector of the Circle 
AECG, or AEBG, turn'd round about the 
Diameter BC. | 
2. That a Segment or Portion of a Sphere 
is that Part of it which is uc*'d from the 
Segment of the Circle ECG or EB G turn'd 
round about the fame Diameter BC, 
R 3 3. The 


Angles, but not through the Centre, .. 


Fig. 1, 
16. 


Fig. 1. 


Fig. 15. 


Fig. 17. 
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3. The Vertex or Top of the ſpherical 
Portion E BG is the Extremity B of the un- 
mov*d Diameter; the Baſis, the Circle de- 
ſcrib'd by EG; the Axis, that Part of the 
Diameter BD, which is intercepted betwixt the 
Top B, and D the Centre of the Baſe. 

4. When I name the Superficies of a ſphe- 
rica] Portion, or of a Body inſcribed in it, or 
of a Cone, I always underſtand it without the 
Baſe ; and when I fay the Superficies of a Cy- 
linder, I mean likewiſe without the Baſes ; un- 
leſs the Word [whole] be adjoin'd to [Super- 
ficies] 3 for then the Baſes alſo are to be taken 
in. 


Again, when I treat of Cylinders or Cones, 


1 ſpeak of no other than right ones. 


Axioms, 


I. HE Circuit of a Polygon inſcrib'd in 
a Circle is leſs than the Circumference 
of the Circle. 

2. The Circuit of a Polygon deſcrib'd about 
a Circle is greater than the Circumference of the 
Circle. 

3. And if a Polygon inſcrib'd in a Circle be 
turn'd about the Diameter (AE) together with 
the Circle, the Superficies of the Body pro- 
duc'd by the Polygon will be leſs than the 
Superficies of the Sphere. And if a Polygon 
circumſcrib'd about the Circle be turn'd about 
the Diameter, together with the Circle, the Su- 
perficies of the Body produc'd by the Polygon 
4 be greater than the Superficies of the 
Sphere. 

4. In like manner the Circuit of à Polygon 
inſcrib'd in a Segment of a Circle n 
le 
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$ than the Circumference of the Segment. 
And if a Polygon inſcrib'd in the 
be together with the Segment (A O) turned 
round, the Su 


perficies of the Body = 
the Polygon will be leſs than the Su 
the ſpheri 


Portion (DAF). 
5. The Superficies of a Priſm inſcrib'd in a Fig. 3, 6. 
Cylinder is leſs than the cies of the Cy- 


linder; but the Superficies of the Priſm which 
IS circumſcrib'd i is greater, 


6. And the Superficies of a Pyramid inſcrib'd Fig. 4, 8. 
in a Cone is leſs than the Superficies of the 
Cone; but the Superficies of a circumfcrib'd 
Pyramid is greater, 


PROPOSITIONS I, I. 


\ RE not neceſſary. 


PROP. III. Theorem. 


HE Circuits of Polygons circum- 
fſerib'd about and inſerib'd in a Circle 
do at laſt end in the Circumference of the 
Circle. In hke manner the Polygons them- 
ſelves do at laſt end in the Circle, 


If, to wit, the Arches being biſected with- Fig. 1. 
out end, mine and mans Sides be orun Rr Th. Ar 
about and inſcrib'd in the Circle. chimedes. 

Part I. Let there be underſtood to be in- 
ſcrib'd in and defcrib'd about a Circle regular 
Polygons; whether it be done fo as is ſet 
down, pr. 12. J. 4. or as in the preſent Fi- 
gure, the Thing will be the fame. It is ma- 

5 Sy nifeſt 
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nifeſt (per Coroll, 1. p. 4. J. 6.) that Fl is to 
CE (that is, the whole Circuit circumſcrib'd, 
unto the whole Circuit inſcrib'd) as I A is to 
CA. But IC, the Exceſs of the right Line 
I A above CA, becomes at length leſs than 
any given Line, if more and more Sides be un- 
derſtood to be infinitely circumſcrib'd and in- 
{crib'd ; therefore alſo the Exceſs of the Circuit 
circumſcrib'd above that which is inſcrib'd 
will at length become leſs than any given Line. 
Therefore much more the Exceſs of the Circuit 
circumſcrib'd above the Circumference of the 
Circle will be leſs than any given one. In 
like manner, becauſe I have already ſhew'd the 
Defe& of the Circuit inſcrib'd, whereby it falls 
ſhort of that which is circumſcrib'd, to be leſs 
than any given Line: therefore much more 
will the Defect of the Circuit inſcribed, whereby 
it falls ſhort of the Circumference of that Circle, 
become leſs than any given Line. The Circuits 
therefore, as well that which is inſcrib'd, as 
that which is circumſcrib'd, do at length 
(Defin. 6. I. 12.) end in the Circumference. 
Which was the firſt Part. To demonſtrate 
theſe Things further 1s not worth the while, 
ſeeing they are manifeſt 
Part II. Becauſe it hath already been ſhew'd 
that the Exceſs FI above the Side E C becomes 
at length leſs than any given (for Fl is to EC, 
as IA to CA); therefore alſo the Exceſs of the 
Square of FI above the Square of EC will 
become at length leſs than any given. But as 
the Square of Fl is to the Square of EC fo 
( per 20. J. 6.) is the Polygon circumſcrib'd 
to that which is inſcrib'd. Fherefore the Ex- 
ceſs of the Polygon circumſcrib'd above that 
which is inſerib/ will alſo become at length 
-  _ 
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leſs than any given one, Therefore much more 
will the Exceſs of the Polygon circumſcrib'd 
above the Circle become at laſt leſs than any 
given one; and conſequently, the Defect alſo 
of the Polygon inſcrib'd, whereby it falls ſhort 
of the Circle, will at length become leſs than 
any given Defect. Therefore Polygons, as well 
inſcrib'd as circumſcrib'd, do at laſt (Defin. 6. 
J. 12.) end in the Circle. Which was the ſe- 
cond Part. | 


PROP. IV. Thecrem. 


A2 c Polygon (FINTR) cir- Per Def. 


cumſerib'd about a Circle is equal to 
a Triangle, whoſe Baſe is the Circuit of the 
Polygon, and its Height the Radius of the 
Circle. | 
And a regular Polygon inſcrib'd in a Circle 
is equal to a Triangle, which kath for its 
Baſe the Circuit of the Polygon, and for its 
Height the Perpendicular (A O) let doen 
into one Side from the Centre, 


Part I. The Radius AB drawn to the Point 

of Contact is (per 18. J. 3.) perpendicular to 
the Tangent IF. Wherefore if the right Lines 
AF, Al, AN, Sc. being drawn, the Poly- 
gon be reſolv'd into Triangles, the Radius A B 
will be the common Altitude of all; and conſe- 
quently it is manifeſt that the Triangles are 


equal. Therefore a Triangle, which hath its 
Baſe equal to the Sum of the Sides FI, I N, 
NT, Sc. and AB for its Altitude, will (as is 
manifeſt from 1. J. 6.) be equal to them all, 
that is, to the whole Polygon circumſcrib'd. 
Part 


\ 
0 
© 
« 
q 
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Part II. This may be concluded by the 
ſame Reaſoning as the other. 


PROP. V. Theorem. 


Circk is equal to a Triangle, which 

hath for its Baſe the Circumference, 
and for its Height the Semidiameter of the 
Circle. 


Regular Polygons circumſcrib'd about a 
Circle, and Triangles which have for their Ba- 
ſes the Circuit of the Polygon, and for their 
Altitude the Radius of the Circle, are always 
(by the foregoing Prop.) equal. But Polygons 
circumſcrib'd infinitely about the Circle end in 
the Circle (by the 3d of this Book); and in 
like manner Triangles (as I will ſhew by and by) 
which have for their Baſe the Circuit of the cir- 
cumſcribed Polygon, and for their Altitude the 


Radius AB, at laſt end in a Triangle, which 
hath the Circumference for its Baſe, and for its 


Altitude the Radius AB. Therefore (by the 
firſt) a Circle and a Friangle, which hath the 
Circumference for its Baſe, and the Radius for 
its Altitude, are equal. 

But that Triangles contain'd under the Circuit 
of the Polygon, and the Radius of the Circle, 
end at laſt in a Triangle, which is contain'd un- 
der the Circumference and the Radius, I thus 
ſhew : Triangles under the Circuit of the cir- 
cumſcribed Polygon and the Radius A B are to 
the Triangle which is under the Circumference 
and the Radius AB (by 1. J. 6.) as Baſe to 
Baſe, that is, as the Circuit of the Polygon to 
the Circumference ; fince this Triangle and the 

other 
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other have a common Altitude. But the Circuit 


of the Polygon (by the 3d) ends in the Cir- 
cumference. Therefore f other Triangles end 
in this. 


Corollaries. 


ROM this and 41. J. 1. it is manifeſt, 
that a Rectangle under the Radius and 
Half the Circumference is equal to the Circle; 
that one under the Radius and the whole Cir- 
cumference is double; that one under the whole 
Circumference and whole Diameter is quadruple 
thereto. 


2. A Circle is an inſcribed Square, as Half F's- 5 
the Circumference (C D E) is to the Diame- © 


ter; but to a Square circumſcribed, as the fourth 
Part of the Circumference is to the Diameter. 
For the Rectangle under C DE, and the Ra- 
dius CA or CF, chat is (by the . 
Corollary) the whole Circle, is to the Re 
G FCE, to wit, the Rectangle under F G and 


CF (that i is, to the inſcribed Square B C DE) 


as (per 1. 1.6.) CDE, Half the Circumfe- 
rence, is to FG or CE the Diameter; which 
was the firſt thing, And conſequently the 
Circle is to the Double of the Rectangle GFCE, 
(that is, to FH the circumſcribed Square) as 
CODE is to the Double of the Diameter CE, 


or as the Quadrant CN is to the Diameter 
CE. 


[ 3- Of Figures which are of equal _—_ Fig. 30. 


rences the Circle is the moſk capacious. Let the 
Circumference of any Polygon 


Inſtance, of a $ 


quare) EGHI be equal 10 the 


Circumference of "the Circle, IT ſay, that the Area 


whatſeever (as, for 


| 
l 
| 
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of the Circle is greater than that of the Polygon. 
For the Area of the Circle is equal to a Triangle, 
whoſe Baſe is the Circumference, and its Altitude 
the Semidiameter FA: And the Area of the Po- 
Mon is equal to a Triangle, whoſe Baſe is the 
Compaſs of the Polygon, which by the Hypotheſis is 
equal to the Circumference of the Circle, and which 
bath for its Altitude the Perpendicular FO, let 
down from the Centre of the Circle unto the Side of 
the Polygon , which, ſince it is always leſs than 
the Radius of the Circle, it is manifeſt that the 
Area of the Polygon is leſi than the Area of the 
Circle. Q. E. D. And, in like manner, amo 
all ſolid Figures contain d under equal Surfaces, 
the Sphere may be demonſtrated to be the moſt capa- 
cious.] 


PROP VI. Thumm. 


HE Circumference of a Circle con- 

tains the Diameter leſs than thrice 
and one Seventh, (or g); and more than 
thrice and 5+. 


For the Demonſtration of this Theorem, Ar- 
chimedes aſſumes regular Polygons, one circum- 
ſcribed about a Circle, the other inſcrib'd, and 
both of them of 96 Sides. And then he ſhews, 
that the 96 inſcribed about a Circle do contain 
the Diameter leſs than thrice and one Seventh ; 
and conſequently that the Circumference, which 
is leſs than them, doth alſo contain the Diame- 
ter leſs than thrice and one Seventh. But the 
96 Sides inſcribed in the Circumference (and 
conſequently the Circumference alſo, which is 
greater than them) doth contain the Diameter 
more than three times 7. But this Demonſtra- 
tion 
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tion is too long to be brought in in this Place. 
Nay, if we be minded to extend our Geometri- 
cal Reaſoning to Polygons of more Sides ſtill, 
we may contract the Limits even now ſet more 
and more without Limit, and fo come nearer 
and nearer for ever to the true Proportion. This 
hath been perſorm'd by Ludolph Ceulen, Grim- 
berger, Mietius, Snellius, and others. The chief 
Proportions hitherto found I ſhall here ſubjoin. 


[ However, fince a Tangent of 30 Degrees mul- 
tiplied by 12 gives the Circuit of @ circumſcribed 
Hexagon; and a Sine of 30 Degrees multiplied by 
12 gives the Circuit of an Hexagon which is in- 
ſcribed: Foraſmuch alſo as in lite manner the 
Tangent of Half a Degree multiply d by 720 yields 
the Circuit of à circumſcribed Polygon of 360 
Sides; and the Sine of Half à Degree, the Circuit 
of an inſcribed Polygon of 360 Sides; and ſo on 
for ever : It will not be difficult to underſtand, by 
what Means many ſuch Numbers may be found, 
out of the now given Tables of Sines and Tangents.] 


The firſt Proportion, which is that of Archi- 
medcs, is thus: 
The Diameter 7, 
The Circumf. is 22; which is greater than 
the true. 


The Diameter 71, 
The Circumf. is 223; leſs than the true one. 


The Proportions of 22 to 7, and 223 to 71, 
if they be reduced to a common Conſequent. 
(which is done after the fame manner, in which 
Fractions are reduced to the fame Denomination) 
will be thus: 1562 to 497, and 1561 to 497. 
Therefore, the Diameter being {uppos'd 497 

Parts, the Circumference greater than the true 


one 


10 
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one will be 1562, and the Circumference leſs 
than the true 1561. 

Both of them therefore differ from the true, 
by a ity leſs than vy Part of the Diame- 
ter. But if the Proportions of 7 to 22, and 71 
to 223, be reduced to a common Conſequent, 
there will ariſe the Proportions of 1561 to 4906, 
and of 1562 to 4906. 

Therefore, the Circumference ſuppos'd 
to be 4906 Parts, the Diameter leſs than the 
true will be 1561, the Diameter greater than 
the true 1562. 

122 from the tree Dicanccer 
by Quantity leſs than 75> Part of the Circum- 


The Proportion deliver'd by Mztius is much 
more accurate than this of Archimedes. Accord- 


ing to this, 
The Diameter is 113. 
The Circumference 355. 
Amongſt all Proportions conſiſting of ſmall 
Numbers, none comes nearer to the true one ; 
for from this, the Diameter being ſuppos'd of 


10,000,000 Parts, the Circumference comes to 


be of 31,415,929, which differs from the true 
one only in the firſt Figure 9, and this by an 
Exceſs but a little greater than two ten-millioneth 
Parts of the Diameter. 

But more exact than both is that double Pro- 
portion of Ludolpbus 3 Ceulen; the former of 
which conſiſts of 21 Figures, and the latter of 


36. 
The Diameter, 
100, ooo, ooo, ooo, ooo, ooo, ooo. 
The Circumf. greater than the true, 
314.1892635, 358979, 32384). 
The Circumf. leſs than the true, 
314.1592635, 358979, 323846. The 
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The Difference of both the Circumferences is 
one Particle of the Diameter denominated from a 
Number, which conſiſts of a Unity and 20 Cy- 
_ and conſequently, as well this as that 

differs from the true Circumference by a Quanti- 
ty leſs than is the ſaid ſmall Part of the Diameter, 
to wit, one hundredth of a millioneth of a mil- 
lionerh of a millioneth Part. 


The Diameter, 
1 
The Circumf. greater than the true, 
3141 N 


Circumt. leſs than the true, 
314159,265358,979323,846264,338327,950288. 


The Difference of both the Circumferences, 


betwixt which is the true one, is that ſmall Part 


of the Diameter, denominated from a Number 
which conſiſts of Unity and 35 Cyphers ; which 
ſmall Part bears a lefs to the whole 
Diameter, than one little Grain of Sand doth to 
the whole Globe of the Earth. For the whole 
Globe of the Earth doth not conſiſt of ſo many 
little Grains of Sand, as are the little Parts of the 
faid Sort which are contain'd in the Diameter. 
It is needlefs to go any further. Nevertheleſs 


may proceed infinitely, if you be minded to 
pers. Geometrical Reaſoning, an 


Method of which is deliver'd by Snellius. 
[ The Circumference being ſuppos'd of 


,000000,000000,000000,000000,000000,000000,000000 Parts, 
The Diameter will be, as near as may be, 


0,318309,886183,790671,537767,926745,023724 Parts, 
Scholium. 


H E moſt excellent Advantages of the 


Proportion now deliver'd are theſe which 
follow. The 
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The Invention of the Diameter from the Circum- 


ference. 


E T the greater Term of one of the Pro- 

portions, which have been now deliver'd, 
in the firſt place, the lefſer in the ſecond, the 
Circumference in the third ; by theſe three 
Numbers let there be by the golden 
Rule a fourth Proportional : That is the Diame- 
ter ſought. 

As it the Circumference of the greateſt Circle 
of the Earth be ſuppos'd to contain 25000 
Engliſh Miles of 5280 Feet each, and the Dia- 
meter be ſought, the Terms will ſtand thus: 

355— 113 — 25000 —7854. 
Multiply now the ſecond by the third, and di- 
vide the Product by the firſt, and there will 
ariſe 78 54 Miles for the Diameter of the Globe 
of the Earth. 


The Finding out of the Circumference from the < 
Diameter. 


ET the leſſer Term of one of the - 
tions above deliver'd be ſet in the firſt 


place, the greater in the ſecond, the known 


Diameter in the third; wy > Ay enced vom 
bers let there be ſought a fourth Proportional : 
T hat will give the ſought Circumference. 

As if the Diameter of the Globe of the Earth 
be ſuppos'd to contain 7854 Exgliſb Miles, and 
the Gtrcuit is ſought, the Terms will ſtand 
thus : 


I — ANTS PACED: 5000. 
Then multiply the ſecond by the third, and 
divide the Product by the firſt, there will ariſe 


2 5000 
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25000 Miles for the Circumference of the Globe 
of the Earth. 

How little this Circumference exceeds the 
true one was faid above, to wit, by an Exceſs 
but a little ter than are two ten- millioneth 
Particles of the Earth's Diameter; that is, by 
9 or 10 Feet. But, if we uſe the Ludolphin Pro- 
portion, even the former, the Terms whereof 
conſiſt of 2 i Figures, there will he found a Cir- 
cumference inſenſibly differing from the true, 
not only when the given Diameter is of 78 54 
Miles, ſuch as is the Diameter of the Earth; 
but alſo although the Diameter be ſuppos'd of 
an 100 Millions of thoſe Miles. For, this be- 
ing ſuppos'd, there will ariſe a Circumference 
differing from the true one by a Quantity abour 
one hundred-millioneth Part of a Foot. But, if 
to find out the Circumference of the Globe of 
the Earth we make uſe of the Proportion of 
Archimedes, the Interval of the two Circum- 
ferences, the one greater, the other leſs than the 
true one, will exceed 20 Miles. Archimedes's 
P ion therefore is not to be uſed but in 
ſmall Meaſures ; nay, it will always be expe- 
dient to uſe that of Metius, which both —_— 
of ſmall Terms, and is above 1000 Times 


The Meaſuring of a Circle. 
HE Semidiameter multiplied by half the 


Circle; as is maniteſt from Coral. 1. Prop. 5. 


of this Book. 

As if the Semiciameter of the Earth, which 
contains 3926 Miles, be multiplied by halt its 
Circumference, to wit, by 12500, there will 

8 ariſe 


Circumference produceth the Area of the 
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ariſe 49,075000 Miles ſquare for the Area of 
the greateſt Circle of the Earth. The Diffe- 
rence of the circular Area thus found from the 
true is had, if the Difference of half this found 
Circumierence from the true half Circumference 
be multiplied by the given Semidiameter ; or 
the Difference of this Semidiameter from the 


true be multiplied by the — Semi- circum- 
ference. 


The Menſuration of Cylinders and Cones. 


Put this here, becauſe it depends upon the 

Menſuration of a Circle. A Cylinder 
therefore, and any Priſm whatloever, is pro- 
duced from the Altitude multiplied by the Baſe : 
A Cone and Pyramid from the third Part of 
the Altitude multiplied by the Baſe ; for they 
are third Parts of Cylinders and Priſms, having 
the fame Baſe and Altitude with them, by 10, 
and 7. J. 12. 

Let the Baſe of a Cylinder or Cone be of 
50 ſquare Feet, and the Height of 100 Feet. 
Multiply 100 by 30, and there ariſe = 
cubic Feet for the Solidity of the Cylinder 
Multiply the third Part of the 42 100, 


which is 333 by 50, there ariſe 16663 cubic 
Feet for the Solidiry of the Cone. 


PROP. VI. Theorem. 


HE GCircumferences of Circles have the 
fame Proportion betwixt themſebves, 


which their Diameters have. 


For 
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For the Circuits of like Polygons, which 
may be inſcribed in a Circle without End, are 
always betwixt themſelves as the Diameters 
AF and IC by (Corel. Pr. 1. I. 12.) But theſe 
Circuits (by the third Pr. of this Book) end at 
length in the Circumference. Therefore their 


Circumferences alſo are betwixt themſelves as 
their Diameters. Q: E. D. 


PROP. VIII. Theorem. 
T HE Super ficies of a Priſm, as well 


that which 1s circumſerib d about, as 
that which is inſcrib d in a Cylinder, is equal 
to a Rectangle whoſe Height is the Sy of 
the Cylinder, but its Baſe equal to the Circuit 
of the Baſe of the Priſm. 
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Part I. The Superficies of the circumſcribed Fig. 3. 


Priſm touches the Cylinder according to the 
Lines E A, NF, Sc. which are the Sides of 
the Cylinder; but theſe (becauſe by the Hypo- 
theſis the Cylinder is a right one) are right to 
the Plain of the Baſe, and conſequently right 
allo (by Deyn. 3. I. 11.) to the Lines CG, 
GM, Sc. But they are alſo equal betwixt 
themſelves. Therefore one Side of the Cylinder 
is the common Height of all the Rectangles 
CO, OM, MH, Sc. Therefore the Super- 
ficies of the circumſcribed Priſm is equal (as is 
manifeſt from 1. J. 6.) to a Rectangle contain'd 
under the Circuit of the Bate of the Priſm, 
and the Side of the Priſm or Cylinder. 

Part II. The Reafon of this is the ſame. 
For the Side of the Cylinder is again the com- 
mon Altitude of the Rectangles BDIK, 


S 2 KIQ 
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K1QP, Sc. which conſtitute the Superficies 
of the inſcribed Priſm. 


PR OP. IX. Theorem. 


HE Sufperficies of a regular Pyramid 
circum 22 14 5 Come is 
equal to a Triangle, which hath for its Baſe 
the Circumference (F H L D) of the pyra- 
midal Baſe, but its Height the Side of the 
Cone (BG). 

Aud the Superficies of a regular Pyramid 
inſcribed in a right Cone is equal to a Tri- 
angle, which hath for its Baſe the Circum- 
pyramidal Baſe, but for its 


Height the Perpendicular (B O) lit down 


from the Top unto @ Side of the Baſe. 


Part I. Let there be drawn unto the Con- 
tacts, G, K, M, the right Lines BG, BK, 
BM. Theile will all be Sides of a right Cone, 
and conſequently And, becauſe (by the 
Hypotheſis) the Axis BA is perpendicular to 
the Plain of the Baſe FK D, the Plain alſo 
GBA (per 18. J. 11.) will be perpendicular to 
the Plain FK D. But HG (per 18. J. 3.) is 
perpendicular to A G, the common Section of 
the Plains FK D and GBA. Therefore HG 
fas is gathered from Defin. 4. I. 11.) is alſo 
perpendicular to the Plain GBA. And con- 
ſequently is alſo icular to BG. There- 
fore the Side GB of the Cone is the Height 
of the Triangle FB H. In the fame manner 
the Side cf the Cone will be the Height of the 
reſt HBL, LB D, Sc. Therefore the Tri- 
angle comprehended under the _; x - 
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FHLD and the Side of the Cone is equal to 
the Superficies of a Pyramid circumlcribed, 
without the Baſe. Which was the firſt Part. 
Part Il. The Demonſtration of this Part is 
almoſt rhe ſame with that of the former. 


PROP. X. Theorem. 
HE Superficies of a regular Priſm 


carcumjcrib'd about a right Cylinder 


(Defin. 6. I. :2.) in the Superficies of 
the Cylinder ; and the Superficies of a Pyra- 
mid circumſerib'd about a right Cone ends 
in the Superficies of the Cone. 


Part I. The Superficies of regular Priſms, 
deſcribed about and inſcribed in a Cylinder 
without End, will have at laſt a Difference be- 
twixt themſelves leis than any which can be gi- 
ven. Much more therefore will the Superficies 
of a circumſcribed Priſm differ from the Super- 
ficies of the Cylinder, which is in the middle 
between the inſcribed and circumſcribed Super- 
ficies, by a Difference leſs than any given one 
whatſoever ; that is, (Def. 6. J. 12.) will end 
in the cylindrical Superficies, whilſt it conti- 
nually exceeds it leſs and leſs. 


Part II. This may be ſhewed in the ſame Pig 4 


manner from the gth and 3d of this. 

In the Figures there are only exhibited the 
Halves of the Cylinder and Cone, left a Mul 
titude of Lines ſhould breed Confuſion. But 
the Cylinder and Cone are to be conceiv'd in 
the Mind entire, and as having thus circum- 
icribed Priſms and Pyramids encompaſſing them. 
For thus it more clearly appears that plain Sur. 

3 are: 
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faces circumſcribed are greater, according to 
the 3d Axiom. 


A Lemma 1 the fellowing Propoſition. 


ET AB, CD, EF, be proportional, and 

let KB be halt AB, and E G, double 
EF; KB, CD, EG, will allo be proportional. 
The right Line KB is to AB as EF is to 
E G. Therefore the Rectangle K B, E G 
(per 16. J. 6.) is equal to the Rectangle A B, 
E F. But this (by 17. J. 6.) is equal to the 


Square of CD. Therefore alſo the Rectangle 


k 8, E G, is equal to the Square of CD. 
Therefore (by 17. J. 6.) KB, CD, EG are 


pi oportional. 


PROP. XI. Theorem. 


Circle, whoſe Radius (G H) is a 

mean Proportional betwaxt the Side 
Ha rigbt Cylinder (BC) and the Diameter 
of the Baſe (B D) is equal to the cylindrical 
Superfictes. 


Let the regular and conſequently like Poly- 
gons, N M, RS, be underſtood to be circum- 
ſcribed about the Circles ABN, GPH; and 
upon tl. Polygon N M let a Priſm be con- 
ceived to be erected, with which the Cylinder is 
circumſcribed. Becauſe BD, GH, BC are 
by the Hypotheſis proportional, A D alſo (or 
AN) GH, and the Double of B C will by the 
Lemma be proportional, Now the Triangle 
contain'd under AN and the Circuit of the 
Polygon M N is equal to the Polygon circum- 
ſcribed NM (by the 4th of this Book): and 
dae 
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ectangle under BC, or EF, and the fame 
Circuit N M (that is, as is manifeſt from 41. 
J. 1. the Triangle under the Circuit NM, and 
the Double of B C) is equal (by the Sth of this 
Book) to the Superficies of a Priſm circum- 
{crib'd about the Cylinder. But a Triangle 
under the Circuit NM and AN is to the Tri- 
angle under the Circuit N M, and the Double 
of BC (by 1.1. 6.) as AN is to the Double 
of BC. Therefore the Polygon N M allo is 
to the Superficics of a Priſm circumſcribed about 
a Cylinder, as AN is to the Double of BC. 
But becauſe I have already ſhew'd AN, GH, 
and the Double of B C to be proportiona!, the 
Proportion of AN to the Double of BC is (by 
Defin. 10. l. 5.) duplicate to the Proportion of 
AN to GH. Therefore the Polygon N M 
hath to the Superficies of the Piiſm a Propor- 
tion duplicate to the Proportion of AN to 
GH. But the Polygon N M hath alto to the 
Polygon like to it GRQS a Proportion dupli- 
cate to the Proportion of AN to GH, as is 
eaſily gathered out of r. J. 12. Therefore the 
Polygon NM hath the ſame Proportion to the 
Superficies of the Priſm, which it hath to the 
Polygon GRQS ; which conſequently is equal 
to the Superficies of the Priſm. In the fame 
manner, I might ſhew that the priſmatic Super- 
ficies, which are circumſcriptible infinitely about 
the Cylinder, are always equal to the Polygons 
which may be circumſcribed infinitely about the 


Circle GPH. Wherefore ſecing both the priſ- 


matic Superficies (by the 10th of this) end in 
the Surface of the Cylinder, and the Polygons 
in the Circle GP A (by the 3d of this) the 
Superficics of the Cylinder alſo will be cqual 
to the Circle GPH. Q, E. D. 
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From this admirable Theorem, a Circle is 
-- which 1s equal to a cylindrical Super- 
cies. 


Corollaries. 


HE Superficies of a right Cylinder is 
equal to a Rectangle contain'd under 
the Side (BC) and the Circumference of the 


Baſe 


The double of BC (as hath been ſhew'd 
above) is to GH, as GH is to BA, or AN; 
that is (by the 7th of this) as the Circumfe- 


rence P is to the Circumference BN. There- 


iore the Triangle under the firſt, to wit, the 
double of BC; and the fourth, to wit, the 
Circumference B N, is equal to a Triangle un- 
der the ſecond GH, and the third, to wit, the 
Circumference P (as appears from 16. J. 6.) 
But the Triangle under G H and the Circum- 
ference P js (by the 5th of this) equal to the 
Circle GP H, that is (by the Wr 
the cylindrical! Superficies. Therefore alſo the 
Triangle under the Double of BC and the Cir- 
cumference BN (that is, as appears from 41. 
4. 1. the R which is under B C and the 
Circumſerence BN) will be equal to the cylin- 
drical Superficies. Q. E. D. . 

From this Corollary it is manifeſt, that the 
Properties of Rectangles are common to them 
with right cylindrical 5 Therefore 
let this he Corollary 2. 

. The cylindrical Superficies (BM, QN) 


which are I the ſame Height, are betwixt 


themſelves as the Diameters of their Baſes) B F, 
QR). 1 
or 
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For the Rectangles under the Circumferences 
(CL, SE) and the equal right Lines FM, 
RN, to which (by Corol. 1.) the cylindrical S- 
perficies are equal, are betwixt themſelves (by 
1. J. 6.) as the Baſes, to wit, the Circumfe- 
n 
BF, QR (by the 7th of this). 

3. cylindrical Superficies (CI, AR) 
which have equal Baſes are betwixt themſelves, 
as their Altitudes (T I, BR). 

For the Rectangles contain'd under the equal 0 23. 
Circumferences G H, M Q and the Sides T I, 7+ 
B R, to which (by Cural. 1 .) the cylindrical © 
Surfaces are ual, are betwixt themſelves (by 
1. J. 6.) as TI, B R. 

4. Like cylindrical Surfaces (BM, RI) have Fig. 2o, 
betwixt themſelves a Proportion duplicate wo 2. 
that, which (BF, QR) the Diameters of the © 
Baſes have. 

Seeing the Cylinders are ſuppos'd to be like, 

M F will be to I Q (by Defin. 4. I. 12.) as 
B F is to QR; that is, (by the 7th of this) as 
the Circumference C L. to the Circumference 
SE. Wherefore the Rectangles alſo which are 
contain'd under the Circumferences CL, SE, 
and the Sides MF, I Q, will be like; and con- 
ſequently they will have betwixt themſelves (by 
20. J. 6.) a * duplicate to that which 
MF hath to ] that is, BF to QR. 
Therefore the cy indrical Surfaces alſo have the 
ſame. 

5. Cylindrical Surfaces (BM, RI) have The fame 
berwixt themſelves a Proportion compounded Figure. 
of the of the Sides (E M, IQ). 
and the Diameters of the Baſes (B F, QR) as 
is manifeſt from 23. 1. 6. 6 

6 
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6. It cylindrical Surfaces (AR, FD) be 
equal; as the Diameter (AB) is to the Dia- 
meter FN) fo reciprocally (by 14. J. 6.) the 
Altitude (F H) will be to the Altitude (K B) ; 
and converſly. 

7. Laſtly, from the ſame 1ſt Corol. is had 
the Meaſure of a cylindrical Superficies ; to 
wit, if the Cs of the Baſe be multi- 
plied by the Altitude. As if the Altitude be 
of 20 Feet, the Circumference of the Baſe of 
6; multiply 20 by 6, there ariſe 120 ſquare 
Feet for the cylindrical Superficies. 


PROP. XII. Theorem. 
HE Superficies of a right Cylinder is 

t; *h» Baſe (ABN) as the Side of the 
Cylinder ( C is to (BO) the fourth Part of 
the 4 — of the Baſe. 


Let GH be a mean Proportional betwixt 
BC the Height, and BD the Diameter of the 
Baſe, and conſequently (by Lemma before 
Prop. 11. of this) a mean Proportional betwixt 
AN and the Double of BC. The Circle 
GPH of the Radius GH is (by the 11th ot 
this) equal to the curve cylindrical Superfcies 
CD. But the Circle GPH hath to the Baſe 
of the Cylinder ABN a Proportion duplicate 
(by 2. J. 12.) to the Proportion of GH to 
AN; that is, the ſame which the Double of 
BC hath to the Radius B A (by the Hypothe- 
fis, and Def. 10. J. 5.) that is, the fame which 
BC hath to BO, the fourth Part of the Diame- 
ter. Therefore the cylindrical Superficies alſo 
is to the Baſe ABN, as BC is to BO, the 
fourth Part of the Diameter. Q. E. D. 
Corollary, 
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Corollary. 


H E Superficies of a Cylinder, which hath 
its Side equal to the Diameter of its Baſe, 
is tourfold of the Baſe. But, if the Side be a 
fourth Part of the Diameter of the Baſe, the 
Superficies of the Cylinder will be equal to the 


Baſe. Both theſe are manifeſt from the Propo- 
ſition, 


P R OP. XIII. Theorem. 


Proportional betwixt the Side (BC) 
a right Cone, and the Radius of the Baſe 
(AC) ts equal to the conical Superfictes. 


Let regular Polygons E F, I N, be under- 
ſtood to be circumſcrib'd about the Circles 
ACG, OPL, and a Pyramid circumſcrib'd 
about the Cone to be erected upon the Polygon 
EF. 

Becauſe, by the Hypotheſis, AC or AG is 
to OL, as OL is to BC, the Proportion of 
AG to BC will (Defr. 10. J. 5.) be duplicate 
to the Proportion of A G to OL. But, as AG 
is to BC, ſo is the Triangle under A G and the 
Circuit E F to the Triangie under BC and the 
ſame Circuit EF. Therefore the Proportion 
of the Triangle under A G and the Circuit EF, 
to the Triangle under B C and the fame Circuit, 
is alſo duplicate to the Proportion of A G to 
OL. But the Triangle under AG and the 
Circuit E F is equal to the Polygon EF (by 
the 4th of this): And the Triangle under BC 
and the fame Circuit E F (by the gth. of this) is 


equal 


Circle, whoſe Radius (O L) is a mean pig. 8, 0 


23 


24 


Fig. 8, 9. 1. 
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equal to the Superficies of the circumſcribed Py- 
ramid. Therefore the of the Poly- 
gon EF to the Superficies of the Pyramid is al- 
ſo duplicate to the Proportion of AG to OL. 
But the Proportion of the Polygon E F to the 
Polygon IN, which is by the Conſtruction like 
to it, is (per 1. J. 12.) alſo duplicate to the 
ion of A G to OL. Therefore the Po- 
lygon E F hath the ſame to the Su- 
perficies of the Pyramid, and to the Polygon 
IN, which conſequently are equal. In the 
fame manner I might ſhew, that the Superficies 
of Pyramids, which may be circumſcribed about 
a Cone infinitely more and more, are always 
equal to Polygons which may be circumſcribed 
infinitely about the Circle OPL. 8 
ſeeing both the Surfaces of Pyramids (by the 
roth of this) do at laſt end in the Surface of the 
Cone, and Polygons (by the 3d of this) in the 
Circle OP L, = Superficies of the Cone and 


the Circle O P L ſhall likewiſe be equal. 


9. E. D. 
From this excellent Theorem a Circle is found, 
which 1s equal to a conical Surface. 


Corollaries. 


HE Superficies of a right Cone is 
equal to a Triangle comprehended un- 
der the Side of the Cone (B C) and the Circum- 
ference of the Baſe (C G.) 

Let OL the Radius be a mean Proportional 
wixt A C and BC. Then, becauſe (by the 
th of this) the Circumference CG is to the 
Circumference P, as the Radius A G is to the 
Radius OL; that is, by the Hypotheſis, as 
OL ns to BC; *» to 


wit, 


a 
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wit, the Circumference CG and under the 
fourth BC (as appears from 16. J. 6.) will be 
equal to the Triangle under the ſecond ; to 
wit, the Circumference P, and the third OL; 
that is (by the 5th of this) to the Circle OPL,; 
that is, to the conical Superficies (by the 13th 
of this) BCD. 2. E. D. 

From this Corollary it appears that conical 
Surfaces have the ſame Propertics with Triangles. 
And ſo it follows, 

2. That the conical Superficies (B A F, Fig. 20, 
QX R) having their Sides (B A, QX) equal, # 
are betwixt themſelves as the Baſes ot their Dia- 
meters (BF, QR.) And, 

3. Thoſe which have equal Baſes CF T, Fig. 23, 
AZ B, are betwixt themſelves as their Sides 20 Lit. 
(CF, AZ.) And, 

4. Thoſe conical Superficies (B AF, QZ R) Fig. 20, 
which are like, have betwixt themſelves a Pro- 21. J. 12. 
portion duplicate to that which is betwixt the 
Diameters of the Baſes. And, 

5. All conical Superficies whatſoever have The ſame 
betwixt themſelves a Proportion, which is com- Figure. 
pounded of the Proportions of the Sides (B A, 
QZ) and of the Diameters (BF, QR) which 
are in the Bafes. And, 

6. Thoſe which are equal have their Sides and 
the Diameters of the Baſes reciprocally propor- 
tional ; and thoſe which have them fo are 

ual. 

All which is demonſtrated from Coroll. 1. as 
above we deduced the Corollaries concerning the 
cylindrical Surface out of the firſt Corullary 
there. 

7. Laſtly, we may meaſure a right conical Fig. 25. 
Surface, if we multiply the Side FC by Half “12 
the Circumference of the Baſe. As if the Side 

be 


26 


Fig. 27. 
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be of 5 Feet, the Circumference of the Baſe of 
203; multiply 5 by 10, and there will ariſe 50 
ſquare Feet for the conical Superficies. The 
Demonſtration is manifeſt from the fame firſt 
Corollary. 


PROP. XIV. Theorem. 


HE Superficies of a right Cone is to 
the Baſe, as the Side (B ©) ; 1s to (AC) 
the Radius of the Baſe. 


Between the Side B C and A C the Radius of 
the Baſe, let OL be a mean Pro 
Therefore the Proportion of BC to AC is du- 
plicate to (Defin. 10. l. 5.) the Proportion of 
OL to AC. Now (by the 13th of this) a 
Circle of the Radius O L is equal to the conical 
Superficies CBD. But the Proportion of this 
to AC G the Baſe of the Cone is (by 2. J. 12.) 
duplicate to the Proportion of OL to AC; 
and conſequently is the ſame with the Propor- 
tion of BC to AC. Therefore the Proportion 
of the conical Superficies CBD is to the Baſe 
ACG, as BCisw AC. 2: E. D. 


Corollaries. 


_ £ es of a right Cone, 
by an equilateral 7. riangle 
turn'd os the P cular (K A) is 


double to the Baſe (YT). 


For the Side K B is equal to B D, and con- 
ſequently double to the Half A B, which is the 
Radius of the Baſe. 


2. The 
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2. The Super ficies of a Cone produc'd by à pig. 24. 
right-angled equicrural Triangle (EBL) ts 
to the Baſe, as in à Square the Diameter is 
to the Side. 


For, the Perpendicular B A being drawn, the 
right Angle B (by 26. J. 1.) is biſected, and 
conſequently A B D is half right. But ADB 
is alſo an half right Angle (by Coroll. 11. Pr. 
32. J. 1.) Therefore DA, BA, are (by 6. 
J. 1.) equal; and conſequently B D is the Dia- 
meter of the Square A K, whereof AD is the 
Side. Now the fame A D is the Semidiameter 
of the Baſe PT, ſeeing the Perpendicular AB 
(by 26. J. 1.) biſects ED. From which and 
this 14th the Corollary is manifeſt. 


3. The Superficies of the right Cylinder pig. 24. 
66 Vis to the Superficies of the right Cone 
(G B N) as the Side of the Cylinder is to Half 
the Side of the Cone. 


For the Superficies of the Cone GBN is to 
the Baſe MI, as the Side BN is to QN the 
Semidiameter of the Baſe (by the 14th of this); 
that is, as Half the Side BN is to the fourth 
Part of the Diameter GN. But the Baſe MI 

by the 12th of this) is to the Superficies of 
the Cylinder GK, as the fourth Part of the 
Diameter is to N K, the Side of the Cylinder. 
By Equality of Proportion therefore the conical 
Superficies GB N is to the cylindrical Super- 
ficies G K, as Half the Side of the Cone is to 
N K, the Side of the Cylinder. Q. E. D. 


A ILIEAu. 
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ALEMM a ts what follows, 


N a Triangle, as NPV, let there be drawn 


D parallel to NV. 
To that the Rectangle under PN and 
under PQ. Q, 


N V is equal to the R 
together with the Rectangle under N Q and the 


ifeſt ; d. 
; (per 1. 
I. 2.) to theſe three Rage, Vn 
NQ and CA (that is, 
that under NQ and NC (tha 
BN) and that under N Q and 
again the Space BN, and con 
Space OB, which (per 43. l. 1.) is equal 
BN. The Propoſition therefore is manifeſt. 


PROP. 
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PROP. XV. Theorem. 


F @ right Cone be cut by the Plain QS R Fig. 11, 
parallel to VZ O; I jay, that the Circle 
G H M, whoſe Radius G His a Mean be- 
tuixt Part of the Side NQ and QD, NV 
(the Radus's of the Circles QS R, NZ O) 
talen together, is equal to the conical Surface 


intercepted betwixt the parallel Circle: QS R, 
N ZO. 


Let G F be the Mean betwixt PN and NV, 
Likewiſe let G K be the Mean betwixt PQ and 
Q; and let there be deſcribed the Circles 
GFL. GK T. This (by the 13th of this) 
will be equal to the conic Superficies QP R, 
and the other to the Superficies N OP. The 
Rectangle P N V (by the Lemma) is equal to 
the Rectangle PQ, together with the Re&t- 
angle under N Q and NV QD taken together. 
But becauſe (by the Conſtruction) G F is a 
mean Proportional betwixt PN, NV; the 
Rectangle PN V is equal to the Square of GF 
(by 17. J. 6.) And becauſe G K is (by the 
Conſtruction) a Mean betwixt PQ. QD, the 
Rectangle (by 17. l. 6.) PQD is cqual to the 
Square of GK: And becauſe G H by the Hy- 
potheſis is a Mean betwixt QN and QD, NV, 
taken together, the Rectangle (by 17. I. 6.) 
under Q N, and QD, NV, taken together, is 
equal to the Square of G H. Therefore the 
Square of GF is alſo equal to the Square of 
GH, and to that of GK. Therefore ſeeing 
Circles are betwixt themſelves (by 2. J. 12.) as 
the Squares of their Radius“, the Circle GI. F 
I WII! 
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will alſo be equal to the two Circles GK T, 
G H M, taken together. But (by the 13th of 
this) the Circle GL F is equal to the conical 
Superficies N PO. Therefore the conical Su- 
perficies N PO is alſo equal to the two Circles 
G K T and GH M. But QPR one Part of 
the Superficies NP O is (by the fame) equal to 
the Circle GK T. Therefore the remaining 
Part, which is comprehended betwixt the pa- 
rallel Circles Z Z, SS, is equal to the Circle 
G HM. 2, E. D. 


ALEUMuNMA to what follows. 


IGHT Lines (BH, CG) which in the 
Circle intercept equal Arches (B C, HG) 
are parallel. 


For let C H be drawn. Becauſe the Arches 
BC, HG are by the Hypotheſis equal, the al- 
ternate Angles alſo (by 29. J. 3.) BHC, GCH 
will be equal. Therefore (by 28. J. 1.) BH 


and CG are parallel. Q; E. D. 


PROP. XVI. Theorem. 
ET there be inſcribed in a Circle a re- 


gular Figure of an even Number of 
Sides, and let it be equilateral ; let EB be 
drawn from the Extremity of the Diameter 
unto B, the End of the Side next to the Dia- 
meter ; and let the right Lines BH, CG, 
D F, join the Angles which are equally di- 


tant from A. 


Lay, that the Reftangle contain d under 
the Diameter A E, and the Subtenſe EB, is 
egual to the Rectangle of one Side of the inſeri- 

bed 
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bed Figure A B, or BC, &c. and of all the 
joining Lines BH, CG, DF, taken toge- 
ther. 


Draw C H, DG: Becauſe BH, CG, DF 
intercept (by 26. J. 3.) equal Arches, BC, 
HG; CD, GF; theſe Lines (by the Lemma) 
will be parallel. By the fame Argument BA, 
CH, DG, E F are parallel. All the Triangles 
therefore (by 27 and 15. J. 1.) BAK, KHL, 
LCM, MGN, NDO, OFE, are equiangu- 
lar. Therefore (by 4. J. 6.) as BK is to KA, 
ſo is HK to KL; and as HK is to KL, ſo 
is CM to ML; and as CM to MI,, fois 
GM to MN; and as GM is to MN, fo is 
DO to ON; and as DO is to ON, fois FO 
to OE. Therefore (by 12. J. g.) as one of 
the Antecedents, BK, is to one of the Conſe- 
quents K A; fo all the Antecedents, BK, KH, 
CM, MG, DO, OF (that is, all the joining 
Lines BH, CG, DF) are to all the Conle- 
quents AK, K L, LM, MN, NO, OE (that 
is, to the Diameter A E.) But (by 8. J. 6.) as 
B K is to A K, ſo is E B to B A. Therefore, 
as all theſe together, BH, CG, DF are to 
AE, fois E B to BA. Therefore (by 15, 
J. 6.) the Rectangle under B A on one Part, 

and all the joining Lines B H, C G, DE, on 
the other, is equal to the Rectangle which is 
under A E and EB. Q. E. D. 


PROP. XVII. Theorem. 


E T there be inſcribed in DAF a Seg- Tig. 14. 
ment of a Circle, ul Baje D F 15 
perpendicular is the Diameter AQ E, a Fi- 


3-2 gure 
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gure equilateral, and of an even Number of 
Sides; and let there be drawn, as in the fore- 
going, the Line E B. 

I jay, that the Rectangle comprebended 
under E B, and AO Part of the Diameter, 
is equal to the Rectangle which is under one 
Side of the inſcribed Figure, and all the join- 
ing Lines B H, CG, &c. taken together with 
DO Half the Baſe. 


The Demonſtration is the ſame with that of 
the foregoing. 


LEMMA I. 0 wheat follows. 


E T there be inſcribed in the greateſt Circle 

of a Sphere a regular Figure, which hath 

its Sides meafured by the Number Four, and 

ſtands about the Axis AE; which Axis re- 

maining unmov'd, let the Circle be turn'd 
round together with the Figure : 

I fay, that there will be inſcrib?d in the Sphere 
a Body contained under conical Superficies. 

It is manifeſt ( ſee Defin. 2. I. 12.) that B A, 
H A, likewiſe DE, F E, deſcribe entire Super- 
ticies of right Cones. Then, becauſe the Lines 
CB, GH, and G F, CD, being produced, do 
concur on both Sides in the ſame Point of the 
Diameter A E, which is in like manner to be 
drawn out, and cuts the joining Lines perpendi- 
cularly; it is alſo maniteſt, that the ſaid Lines 
CB, GH, c. do deſcribe Parts of right coni- 
cal Surfaces, which are intercepted betwixt the 

el Circles, which the Tops of the Angles 


„C, D, deſign in the ſpherical Superficies. 


LE M NM A 
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LEMMA 2. 


ET DAF be the greateſt Section of a 
Segment of a Sphere, whoſe Axis is A O. 
Let there be inſcribed in this a Figure having 
all the Sides equal, the Baſe excepted, and let 
it be turn'd round about the Axis A O. 

I fay, that a Body contain'd under conical 
Superficies will be inſcrib'd in the ſpherical Seg- 
ment. 


This is proved as the foregoing Lemma. 


PROP. XVII. Theorem. 


were in the firſt Lemma; and let the 
right Line (E B) be drawn from the Extre- 
mity of the Diameter unto the End of the Side 
next to the Diameter. 


T ſay, that a Circle, the Square of whoſe 
Radius (T) is equal to the Rectangle AE B 
contain d under the Diameter AE, and the 
Subtenſe E B, is equal to all the conical Sur- 
faces inſcrib d in the Sphere, 


That is, a Circle whoſe Radius (I) is a mean 
Proportional betwixt A E and E B. 
| Becauſe the right Lines BH, CG, DF, are 
equal to the right Lines BK, CM, DO, taken 
twice; (by 1. J. 2.) the Rectangle under one 
Side of the Figure inſcrib'd in the greater Circle 
(to wit, under AB, or BC, or CD, or DE) 
and under all the joining Lines together BN, 
CG, DF, is equal to the Rectingle under A B 
and B K, together with that which is under BC 
13 and 


ET the fame things be ſuppos'd which Fig. 13. 
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and the Compound of BK and CM, together 
with that which is under C D and the Com- 
pound of CM and DO, together with that 
which is under DE and DO; for ſo each of 
the Lines BK, CM and DO, are taken twice. 
But (by the 16th of this) the Rectangle under 
AB, and all the joining Lines BH, CG, DF, 
taken together, is equal to the Rectangle AEB; 
that is (by the Hypotheſis) to the Square of I. 
Therefore the Square of I is equal to the Rect- 
angles under A Band BK, and under BC and 
the Compound of BK and CM, under CD 
and the Compound of CM and DO, and un- 
der DE and DO. Now let P be a mean 
Proportional betwixt AB and BK, andQ a 
Mean betwixt BC and the Compound of B 
and CM, and Ra Mean betwixt C D and the 
Compound of CM, DO; S a Mean betwixt 
DE and DO. The Squares therefore of P, 
Q: R, S (by 17. J. 6.) are equal to the above- 
ſaid Rectangles. Wherefore, ſeeing I have al- 
ready ſhew'd the Square of I to be equal to the 
ſame Rectangles, it muſt alſo be equal to the 
Squares of P, Q, R, S together. Seeing there- 
fore (by 2. J. 12.) Circles are betwixt themſelves 
as the Squares of their Radius's, the. Circle de- 
ſcribed of the Radius I will alſo be equal to all 
the Circles together, whoſe Radius's are P, Q, 
R, S, (as is manifeſt from 22. J. 6.) But the 
Circles of the Radius's P and S are (by the 
13th of this) equal to the conical Superficies 
which the Sides A B, E D have produc'd, for- 
almuch as P is a mean Proportional betwixt AB 
the Side of the Cone, and B K the Radius of 
the Baſe; and S is a mean Proportional betwixt 
E D and DO, and the Circle of the Radius Q 
is (by the 15th of this) equal to that Segment 
| of 
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of a conical Superficies, which is intercepted 
betwixt the two parallel Circles of the Diarmeters 
CG, BH; becauſe Q is a Mean betwixt B C 
and the Compound of BK, CM : And tor the 
ſame Cauſe the Circle of the Radius R is equal 
to a Segment of a conical Surface, which is in- 

betwixt the parallel Circles of the Dia- 
meters CG, DF. Therefore the Circle deſcri- 
bed from the Radius I is equal to the conical 
Surfaces inſcribed in the Sphere taken all toge- 
ther. Q: E. D. 


PROP. XIX. Theorem. 


ET the ſame things be ſupfos d which Fig. 14. 
were in the 2d Lemma, and let 
the right Line E B be drawn from the Ex- 
tremity of the Diameter (A E to the End of 
AB the Side next to the Diameter. 
T jay, that a Gircle, whoſe Radius is a 
mean Proportional betwixt (E B) and (AO) 
the Axis of the Segment, is equal to all the 
conical Superficies inſcribed in the ſpherical 
Segment DAF. 


The Demonſtration is altogether the ſame 
with that of the foregoing, only for Prop. 16. 
let Prop. 17. be cited. 


PROP. XX. Theorem. 


Onical Superficies inſcribd in a Sphere Fig. 15. 
do at length end in the Superficies of 
the Sphere. | 


T 4 Let 
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Let there be given a Supetficies as ſmall as 
you will, as X. It is manifeſt, that within 
the ſpherical Superficies ACE G there may 
be given ſome other concentrical thereto, which 
falls ſhort of this by a Quantity leſs than X. 
Let ACE G, DP LM, be the greateſt Circles 
of both, as cut with a Plain through the Centre. 
Let there be drawn the Diameter A DE, and 
in D let NQ touch it. If the Arch AE be 
biſected in C, and again the Remainder be bi- 
lected, and fo on, there will be left at laſt the 
Arch AB (as is manifeſt of itſelf) leſs than the 
Arch AN. If to this Arch the right Line AB 
be ſubtended, it is manifeſt that it will not reach 
to the Circumference PDM L, and that it will 
be a Side of an equilateral Figure, of an even 
Number of Sides inſcribed in the Circle C A 
GE, no Side whereof reacheth unto the Cir- 
cumference PDM L. Wherefore, if all be 
turn'd round about the Diameter AE, it is 
manifeſt that there will be inſcribed in the ex- 
ter ĩor ſpherical Surface conical Surfaces, which 
include the ſpherical Surface, which is concen- 
trical to the other, and conſequently (by Axiom 3. 
of this) are greater. Becauſe therefore the ſphe- 
rical Surface DP LM falls ſhort of the ſpheri- 
cal Surface A CE G, by a Quantity leſs than 
the given one X ; much more will the conical 
Surfaces fall ſhort of the ſaid ſpherical Surface 
ACEG by a Quantity leſs than the given 
one X, and (by Def. 6. /. 12.) conſequently 
will end in the Superficies AC EG. 2, E. D. 


PROP, 
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PROP. XXI. Theorem. 


Onical Superſicies inſcribed in a ſpbe- Fig 17. 
rical 


Segment D A F end in the ſpbe- 
rical Superficies of the Segment itſelf. 


This may be demonſtrated by the fame Rea- 
ſoning as the foregoing was. 


PROP. XXII. Theorem. 
T was demonſtrated Prop. 18. that a Fig. iC. 


Circle, whoſe Radius is a mean Prefor- 
tional betwixt the Diameter AE the 
right Line E B, which is drawn from the 
Extremity of the Diameter unto the End of 
the Side A B next to the Diameter, is equal 
to all the comic Superficies inſcrib'd in the 
Sphere. | 
T jay, that this Circle (ſee Def. 6. 1. 12.) 
ends at length in a Circle, whoſe Radius is 
AE the Diameter of the Sphere. 


For, if more and more Sides be infinitely in- 
ſcribed in the greateſt Circle (which then being 
turn*d round about AE produce conical Super- 
ficies ) it is manifeſt that the Side AB becomes 
at length leſs than any given right Line, and 
conſequently that the Subtenſe EB approaches 
to the Diameter AE within a Diſtance leſs alſo 
than any given one; from whence it comes to 
paſs that the Difference A E, DE, becomes 
likewiſe leſs than any given one. Therefore 
much more ſhall the mean Proportional betwixt 
AE, BE, which is always greater than B E, 

differ 
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differ om AE at length by a Defect leſs than 
any given one. Theretore the Circle alſo, whoſe 
Semidiameter is a Mean betwixt AE and BE, 
will at length differ from a Circle whoſe Semi- 
diameter is AE, by a Deſect leſs than any gi- 
ven whatſoever; that is, will end (Def. 6. 
l. 12.) in it. Q: E. D. 

This, which is clear enough of itſelf, there 
is no need to demonſtrate more operoſely. 


PROP. XXIII. Theorem. 


Fig. 17. IT was demonſtrated Prop. 19. that a 
Circle, whoſe Radius is a mean Propor- 
tional betwixt E B and the Axis of the Seg- 
ment AO, is equal to all the conical Super- 
fictes inſcrib d in the ſpherical Portion DAF. 
Jay, that this Circle ends in a Circle, 
whoſe Radius is the right Line A D drawn 
from the Vertex of the Segment unto the Cir- 
cumference of the Circle DFN, which is 
the Baſe of the Segment. 


For becauſe it now appears from the fore- 
going Demonſtration that E B doth at length 
end in AE; it will alſo be manifeſt that the 
mean Proportional betwixt EB and A O doth 
at length end in the mean Proportional betwixt 
AE and AO, that is (by Corol. 2. p.8. J. 6.) 
in AD itſelf. It is therefore manifeſt that the 
Circle alſo, whoſe Radius is a mean Proportional 
betwixt E B and A O, doth end in the Circle 
of the Radius AD. 2: E. D. 


Lemma 
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A Lemma to the following Propoſition, 


F the Diameter of one Circle be double to 
the Diameter of another, the one Circle 
will be fourfold to the other. 


This is manifeft from Prop. 2. J. 12. and 
Defin. 10. J. 5. 


PROP. XXIV. Theorem. 
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HE Superficies of every Sphere is four. Fig. 16. 


fold of the greateſt Circle of the ſame 
Shore, greateſt of the /a 


This moſt noble Theorem of Archimedes we 
ſhall from what goes before expeditiouſly de- 
monſtrate in this manner : 

Let an ordinate Figure, the Sides whereof 
are meaſured by the Number four, be under- 
ſtood to be inſcrib'd in the greateſt Circle of a 
Sphere about the Diameter AE. Let this 
Figure be turn'd round about A E, and fo pro- 
duce conical Surfaces inſcrib'd in the ſpherical 
Surface, and let E B be drawn. It hath been 
demonſtrated above (18. of this) that all conical 
Surfaces inſcribed in a Sphere are equal to the 
Circle, the Square of the Radius whereof is 
equal to the Rectangle A E B, that is. whoſe 
Radius is a mean Proportional betwixt AE and 
EB. And this will always happen, although 
the Inſcription be infinitely continued. W here- 
fore ſeeing the infcrib'd conical Surfaces (by 
20. of this) will at length end in the ſpherical 
Surface, and the Circle whoſe Radius is a Mean 
betwixt AE and EB will at length end (by 
22. of this) in the Circle whoſe Radius is * 
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the ſpherical Surface itſelf alſo (by 2. of this) 
will be equal to the Circle of the Radius A E, 
that is, (by the foregoing Lemma) to four 
Times the greateſt Circle ACE G. 2. E. D. 

He that ſhall read Archimedes will find that 
the Way here uſed in demonſtrating this moſt 
noble Theorem is much ſhorter and clearer than 
that of Archimedes. 


Corollary. 


ROM this admirable Theorem, whereby 
Archimedes hath purchas'd to himſelf an 
immortal Name amongſt the Geometricians, a 
Circle equal to a ſpherical Surface is obtain'd; 
that to wit, whoſe Semidiameter is the Diameter 
of a Sphere, or whoſe Diameter is double to 
the Sphere's Diameter. 


Scholium. 


E are now well provided for the Mea- 
ring of a ſpherical Surface, the chief 
among curve ones. And it is perform'd 
theſe t M Ways: 

1. Let the greateſt Circle of the Sphere be 

meaſured (according to Schal. Prop. 6. of this) 
and let it be multiplied by 4. As, if the greateſt 
Circle of the Orb of the Earth be ſound to con- 
tain 49,075,000 ſquare Miles, then according 
to this 196,325,000 ſquare Miles are contain'd 
in the whole ſpherical Surface. 
2. The Diameter of a Sphere multiplied by 
the Circumference of the greateſt Circle gives 
you the ſpherical Superficies. According to 
which, if the Earth's Diameter conſiſt of 7,853 
Miles, and conſequently the Circumference of 
the 
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the greateſt Circle conſiſts of 25,000, the whole 
ſpherical Surface will be in the ſame Miles 
196,325,0c0; for 7 7,853 X 25,000 = 196,325,000, 

n from Coroll. 1. 
Prop. 5. of this; for a R under the 
8 of a Sphere, and the Circumference 
of the greateſt Circle, is according to that Co- 
rollary fourfold of the greateſt Circle. 


PROP. XXV. Theorem. 


whatever (as D A+) is equal to a 
Circle, whoſe Radius is the right Line (A D) 
drawn from the Vertex of the Portion to the 
Circumference of the Circle DFN which 
is the Baſis of the Segment. 


Let a Figure equilateral and of an even 
Number of Sides, the Baſe being ſet aſide, be 
imagin'd to be inſcrib'd in the Section of the 
greateſt Portion about the Axis AQ; this 
Figure being turn'd round about AO will in- 
ſcribe conical Surfaces in the Portion. Let the 
right Line EB be drawn allo as above (in 18 
and 19 of this). All the conical Surfaces 
now inſcribed are equal (by the 19th of this) 
to the Circle whoſe Radius is a mean Propor- 
tional betwixt E B and the Axis of the Seg- 
ment AO. And this will always happen if the 
Inſcription be infinitely continued. Wherefore 
ſeeing both the conical Surfaces inſcrib' in the 
Segmert end at length (by 21 of this) in the 
ſpherical Surface of the Segment, and the Circle 
whoſe Radius is a Mean betwixt E B and AO 
ends (by 23.) in the Circle of the Radius AD; 

the 
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Fig. 18. 
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the ſpherical Surface of the Portion alſo D A F 
(by 2.) will be equal to the Circle of the Radius 
AD. 2, E. D. 

This is another of the more noble Inventions 
of Archimedes, which as the former we have 
demonſtrated in a much ſhorter and clearer 
Way than he did. 


PROP. XXVI. Theorem. 


HE Superficies of a right Cylinder 
circumſerib'd about the 95 e (as the 
Cylinder H PSF) ts equal to t bona of 
the Sphere. 

And if a Cylinder and Sphere be cut by 
Plains perpendicular to the Axis (BG); 
each Segment of the cylindrical Surface will 
be equal to each Segment of the Sphere. 


Part I. Becauſe the Side H P of the Cylin- 
der is (by the Hypotheſis) ws a PE the 
Diameter of the Baſe ;- the cylindrical Surface 
HS will be (by Corall. p. 12. of this) fourfold 
of the Baſe; that is, of the greateſt Circle of 
the Sphere inſcrib'd in the Cylinder; of which 
ſeeing (by 24 of this) the ſpherical Surface itſelf 
is allo fourfold, this will be equal to the cylin- 
arical Surface. Q: E. D. 

Part II. Let the right Lines BO, G O, be 


drawn. Becauſe the Angle BOG (by 31. J. 3.) 


is right, as being the Angle in the Scmicircle, 
and OC falls perpendicular from it upon BG; 


BO (by Corel. 2. p. S. l. 6.) will be a mean 


Proportional betwixt GB and BC, that is, be- 
twixt IT and HI. Therefore the Circle of 
the Radius BO (by 11. of this) will be equal 

ä to 
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cylindrical Surface HT. But the ſame 
Circle is alſo (by the foregoing) equal to the 
Segment of the ſpherical Surface OBK. 
Therefore the cylindrical Surface HT and the 
ſpherical OBK are equal. 

Then, becauſe it is ſhew'd in the ſame manner 
that the cylindrical Surface HX is equal to the 
ſpherical QBR, the remaining cylindrical Sur- 
face IX wi be equal to the remaining ſpheri- 
cal Surface QOKR, which is intercepted be- 
twixt two parallel Circles. 

And from theſe the Propoſition is manifeſt 


CANES. 


' [Coroll. Hence the Superficies of a Cylinder 
circumſcribd about a Circle is double to the Baſes. | 


PROP. XXVII. Theorem. 

1 divided by parallel Circles have that 

roportion among . themſelves, which the 

— x (BC, CD, DA, AE, EF, FG) 

of that Diameter (. BG J which is fer pendi- 

cular to the parallel Circles have among /? 
themſelves. 


It follows from the foregoing. For by that 
the Segments of the ſpherical Surface OB K, 
 QOKR, MQRN, Sc. are equal to the Cy- 
lindrical HT, IX, LN, Sc. But theſe 
(by 13. L. 12.) have the fame Proportion be- 
twixt themſelves which the Segments of the 
Axis BC, CD, DA, Sc. have Therefore 
thoſe alſo have the ſame Proportion. Q. E. D. 


S. holiu m. 


to the 
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Scbolium. 


ROM hence the P of Zones and 
Climates betwixt themſelves becomes 
known. For they are to one another as the 
ts of the Axis, which are known from 
the Table of Sines. 
From the fame alſo we learn to meaſure the 
ts of a ſpherical Surface. For becauſe 
both the whole Surface of the Sphere is known 
from Schol. Prop, 24. and the Proportion of 
the Segments, the ſame as that of the Parts 
of the Axis, is alſo given; it is manifeſt that 
each of the Segments become known. 
Now both the foregoing, and all the reſt 
of the Theorems which follow, are altogether 
ſingular and admirable, and well worthy that 
thote who are ſtudious of Geometry ſhould 
give all Diligence to underſtand them. 


A Lemma to the following. 


F a Plain (Q N) touch a Sphere in (O) a 
right Line (A O) from the Centre to the 
Contact is perpendicular to the Plain. 
Let QN the touching Plain and the Sphere 
be cut through the Contact with two Plains, 
which in the Sphere may produce the Circles 
OG. OD, but in the Plain QN the right 
Lines CO, IO, which ſhall touch the Circles 
min O. Therefore by 18. J. 3. AO is perpen- 
dicular to both 1O and CO, and confeq quently 
2 
PROP, 


by 4. J. 11. perpendicular to the Pam 
2 E.-D. 
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PROP. XXVIII. Theorem. 
Very Sphe 


Radius of the Sphere; and the Baſe (Z) 
equal to the Superficies of the Sphere. 


Let ſome polyedral Body be underſtood to 
be circumſcribed about the Sphere, and let the 
ſolid Angles thereof be cut off by new Plains 
touching the Sphere. Which being done there 
will ariſe another polyedral Body containing the 
Sphere, but leſs than the former, and conſiſt- 
ing of more Angles, and having a Surface 
compounded of more tangent Plains in Num- 
ber but leſs in Magnitude. If the ſolid Angles 
of this Polyedrum be again cut off by new 
tangent Plains, and the Angles of the third 
Polyedrum thence ariſing. likewiſe, and ſo on 
for ever; it will come to, paſs at length that 
both the Polyedrum will the Sphere by 
a Solid leſs than any given one whatſoever ; 
and the Surface thereof compounded of tangent 
Plains (which, as I faid, are endlefly lefs in 
Magnitude, and more in Number than they 
were before) will exceed the ſpherical Surface 
alſo by a Plain leſs than any given one what- 
ever. Both which Things, although they might 
be demonſtrated, yet, becauſe they are of them- 
ſelves manifeſt enough, I ſhall for Brevity's 
fake take for granted. Theſe Things being 
thus ſtated, we proceed. 

The Polyedrum now deſign'd is compounded 
of Pyramids, the common Top whereof is the 
Centre of the Sphere, and the Bates are tangent 
Plains, which conſtiture the Surface of the Po- 

* U lyedruin. 


re is equal to a Cone (Z O) Tig 10. 
whoſe Altitude (K O) ts equal to the ' 
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lyedrum. And becauſe the right Lines, drawn 
from the Centre A unto the Contacts of each 
of the Plains, are (by the foregoing Lemma) 
icular to each "of the Plains; therefore 
the Height of all the Pyramids, whereof the 
Polyedrum conſiſts, will be equal; to wit, AB 
the Radius of the Sphere. If therefore the 
Plain X be ſuppoſed equal to the Surface of 
the Polyedrum itſelf, and upon it there be 
erected a Pyramid at the Height MN, which 
is alſo equal to the Radius of the Sphere 3 It is 
manifeſt (by 6. J. 12.) that all the aboveſaid 
Pyramids, that is, the whole Polyedrum, are 
equal to the Pyramid X N. After the fame 
manner all the reſt of the Polyedrums contain- 
ing the Sphere, which from the per Ab- 
ſciſſion of the ſolid Angles will ariſe one after 
another infinitely, are always equal to the 
ramids (repreſented by X N) the Akitudes 
| whereof MN are the Radius of the Sphere; 
but the Baſes (X) equal to the Surfaces of 
Polyedrums encompaſſing the Sphere. Where- 
fore, ſeeing at length both the Polyedrums (as 
I faid above) do end in a Sphere, and the Py- 
ramids (X N) as I will ſhew by and by, do 
end in the Cone Z O, the Sphere alſo (by 1. 
of this) will be equal to the Cone. 2. E. D. 
But that the Pyramids X N end in a Cone, 
I thus ſhew : The Surfaces of Polyedrums end 
in the Surface of the Sphere, as it was taken for 
granted above. But the Baſes X of the 
mids XN are always ſuppog'd equal to the Sur- 
faces of the Polyedrums ; and Z, the Baſe of the 
Cone Z O, is by the Hypotheſis equal to the 
Surface of the Sphere; therefore the Baſes X 
alſo will end in the Baſe Z; and con 7 
ſeeing the Pyramids X N be to the Cone, which 


by 
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2 is of equal Height (by Corol. 
| 12.) as the Baſe X is to the Baſe 
z% Pyramids alfo will end in the Cone. 
I . —2 2 of this Propoſition and 
the following is altogether diverſe from that 
which Archimedes made uſe of, which indeed is 
very ſubtile and ingenious, but prolix and dif- 
ficult; to which there are premis'd two Poſi- 
tions that are manifeſt, and eleven Propoſitions, 
beſides others not a few, on which they depend. 
But the Theorem itſelf, as propounded by Ar- 
chimedes, is thus; every Sphere is fourfold of a 
Cone, which hath a Baſe equal to the greateſt 
Circle of the Sphere, and its Altitude equal to 
the Radius. 


Scholium. 


R OM this noble Theorem is deduc'd the 
Menſuration of the moſt noble of ſolid 
Figures 


For if the fixth Part of the Dia- 
meter, or the third Part of the Semidiameter be 
multiplied by the Surface of the Sphere, al- 
ready known by Schol. Prop. 24. there will 
ariſe the Solidity of the Sphere. 

Suppoſe the Superficies of the Earth be found 
to contain 196,325,000 ſquare Miles, and let 
the third Part of the Semidiameter conſiſt of 
1309 ſuch Miles. Multiply the two Numbers 
t , the Product 2 36, 989, 423, 00 will 
be the Number of the cubic Miles of the 
Earth's Solidity. 

For ſeeing a Sphere (by this Prop.) is equal 
to a Cone whoſe Altitude is the Radius of the 
Sphere, and its Baſe the Surface of the ſame 
_ and the Solidity of the Cone (by Scbal. 
Prop. 6. of this) is 2 from the third 

U 2 Part 
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Part of the Altitude (that is, of the Radius of 
the Sphere) multiplied by the Baſe (that is, the 
Surface of the Sphere) the Sphere's Solidity al- 
ſo is obtain'd from the 3d Part of the Radius 
multiplied into the Superficies. 


PROP. XXIX. Theorem. 


Very Sector of @ Sphere is equal to 4 

Cone, whoſe Altitude is the Radius of 
the Sphere, and the Baſe the ſpherical Su- 
perficies of the Sector. 


Firſt, let the Sector AE CG be leſs than an 
Hemiſphere. Let a right-lin'd polyedral Body 
be underſtood to be circumſcrib'd about the 
Sector. Now, if all the remaining Ratiocination 


Fig. 23. 
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ight is the Radius of the 
the whole 8 ies; 
by 11. J. 12.) to two Cones which 
Height, but have their Baſes 
of the ſpherical Superficies 
G. 21 
is 2M than an Hemiſphere, 
a Cone, wok Aled i G 
Baſe the Surface ECG. 
the other Sector AEBG is equal to 
Cone whoſe Height is the Radius, 
2 E 3 A ſpherical Surface 
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Corollary. 


EEING (by 25. of this) the Superficies 

ECG is equal to the Circle of the Radius 
CG, and the Superficies EBG equal to the 
Circle of the Radius BG; the Sectors AECG 
and AE BG will be equal to Cones whoſe Al- 
titude is the Radius of the Sphere, and their 
Baſes Circles of the Radius's CG and BG. 


Scholium. 


ſuring both of Sectors and 
3 of Sectors (as ap from Schol. 
Prop. 6, of this) if the third Part of the Radius 
be multiplied by the ſpherical Surface of the 
Sectors, which is already known from Scbol. 
Prop. 27. or by the Circle of the Radius CG 
or BG; and of Segments, if the Cone EAG 
de meaſured, and be taken away from the 
Sector, if it be leſs than an Hemiſphere; but 
added thereto if it be greater. 


U 3 The 


Segments of 


ROM theſe Things is deduc'd the Mea- Fig. 23. 
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The Segment (MQR N) which lies betwixt 
two Circles, whether or not parallel, is 
meaſured ; if the Segments QBR and MBN, 
already known, be ſubtracted one out of the 
other. 


PROP. XXX. Theorem. 


N Hemiſphere (EOBD) is double 
to the Cone (E B D) which hath the 


ſame Baſe and Altitude with itſelf. 


The Cone whoſe Baſis is the hemiſpherical 
Superficies EOBD, and its Altitude the 
Radius AB, is to the Cone EB D (by 11. 
J. 12.) as Baſe is to Baſe; that is, as the hemi- 
ſpherical Surface EOBD is to the greateſt 
Circle PT. Therefore, ſeeing the hemiſphe- 
rical Superficies EOBD is double to the 
greateſt Circle (by 24. of this) the Cone alſo 
which hath the Superficies EOBD for its Baſe, 
and the Radius A B for its Altitude, is double 
to the Cone EB D. Bur (by 28. of this) the 
Hemiſphere 1s equal to a Cone which hath the 
Radius for its Altitude, and the hemiſpherical 
Superficies for its Baſe. Therefore the Hemi- 
ſphere is alſo double to the Cone E BD. 
9. E. D. 


PROP. XXXI. Theorem. 


ET a Sphere be divided into two Seg- 
ments ILBG, ISKG, by the Plain 
19GT which doth not paſs through the 
Centre A; and let the Diameter BO K be 


perpendicular to the cutting Plain. 


As 
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As the Altitude OB of the Segment 

ILBG is to the Radius of the Sphere AB : 
fo ket O K, the Altitude of the other Segment, 
be made to the other Line K N. 
In lite manner, As O K, the Altitude of 
the Segment IS K G, is to the Radius AK 
er AB, fo let the Altitude O B of the other 
Segment be made to the other Line B D. 
Which Things being ſuppos d, I ſay, 

1. The Cones ING and IDG whoſe 
Altitudes are ON, O D, and IQ GT their 
common Baſe, are equal to the ſpherical 
Segments. 

2. There is the ſame Proportion of the 
Segments as there is of the right Lines DO, 
NO. 

3. The Segment IS K & is to the greateſt 
Cone IK G inſcribed in it, as NO is to 
KO; and the Segment ILBG is to the 
greateſt Cone IB G inſerib'd in it, as DO 
16 to BO. 


Part I. Let the Sphere and Cones be cut by 

2 Plain through the Diameter B K. There will 
be produced in the Sphere the greateſt Circle 
BLK G, and in the Cones the Triangles BI G, 
IKG. And becauſe BOK the Diameter is 
(by the Hypotheſis) perpendicular to the Circle 
QT, IOB (by Def. 3. I. 11.) will be a right 
Angle. The Angle in the Semicircle is alſo a 
right one (by 31. J. 3.) Becauſe therefore in 
the Triangle BIK there is drawn from the 
right Angle I O perpendicular to the Baſe BK, 
BI will be to I O, as (by 8. /.6.) BK to KI. 
Therefore the duplicate Proportion of BI to 
U4 10 
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nne of BK 
to KI; that is (becauſe B K, KI, K O (by 
Corel. 2. Pr. 8. 1. 6.) are three Pro ) 
equal to the P of B K to K 
Then, becauſe OB is (by the Hypotheſis) 
to BD, as OK is to the Radius AB; by In- 
verſion it will be always thus: DB is to BO, 
as AB to OK; and by Permutation thus: DB 
is to B A, as BO to OK; and by Com 
ing thus: DA is to BA, as BK is to OK. 
Becauſe therefore I have already ſhew'd the Pro- 
tion of BK to OK to 2 plicate to the 
Proportion of BI to I O, ** (by 
2. J. 12.) equal to the ion betwixt the 
Circles deſcrib'd by the Radius's BI, IO; 
DA will alſo be to BA, as the Circle of the 
Radius BI to the Circle of the Radius I O. 
Therefore the Cone under the Altitude D A, 
and for the Baſe, the Circle of the Radius IO; 
that is, the Circle Q T is equal to the Cone un- 
der the Altitude B A (by 15. J. 12.) which 
hath for its Baſe the Circle of the Radius BI; 
that is (by Corel. 29. of this) the ſpherical 
Sector AIBG. Wherefore, if the ſame Cone 
I AG be added, as well to the Sector AIBG, 
as to the Cone under DA, and the Circle QT, 
the Wholes will be equal; to wit, the ſpherical 
Segment I L BG will be equal to two Cones ; 
whereof one is that which is under the Baſe 
QT and the Altitude DA, and the other 
r 
3 O A. But theſe two Canes (by 
. 12.) make up the Cone ID G. Therefore 
the Segmem IRE will be equal to the Cone 
1D G. 2. E. D. 
By the ſame Reaſoning the Segment IS K G 
will be equal to the Cone ING, with this only 
Change, 
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Change, that the Cone I A G, which before 
was added, be now taken away. 


Part II. This is manifeſt out of the firſt. 
For the Cones ID G and I NG are betwixt 
themſelves (by Pr. 14. J. 12.) as are DO and 
NO. Therefore the Segments alſo I LB G, 
ISKG, equal to thoſe Cones, are betwixt 
themſelves, as the right Lines D O, NO. 


Part III. This likewiſe is manifeſt from the 
firſt. For the Cone IDG is to the Cone IBG 
(by the ſame) as D O is to BO. Therefore 
the Segment alſo II. B G, which is equal to the 


Cone I DG, is to the Cone I B G, as DO is 
to BO. 
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Scbolium. 


ROM the firſt Part of this 

there ariſes another Way of 
ſpherical Segments, and that a very 
if, to wit, the Cones I DG, ING, 
ſured 3 which will be done, if the third 


of the right Lines DO, N O, be drawn i 
the Circle QT. 


PROP. XXXII. Theorem. 


Right Cylinder (G K) is both in Fig 24. 
Solidity and the whole Superficies 


to the Sphere about which it is circumſcrib d, 
as 3 to 2. 


Let BQ be the common Axis of the Sphere 
and Cylinder, and E BD the greateſt Cone in- 
dd in the Hemiſphere E OB D. Becauſe 
the Cylinder E K (Half of GK) is (Þy 10. 


J. 12.) 
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J. 12.) treble to the Cone EB D, while the 
Hemiſphere is double to the fame Cone (by 30 
of this) it is manifeſt that the Cylinder EK is 
to the Hemiſphere as 3 to 2. Therefore alſo 
the whole Cylinder G K is to the whole S 
QEBD as 3 to 2. Which was the firſt Part. 
Then, becauſe the Side of the Cylinder K N 
is equal to GN the Diameter of the Baſe, its 
ies without the Baſes will be fourfold 
(by Carol. Pr. 12. of this) of the Baſe MI, and 
conſequently taken together with the Baſes, 
that is, the whole Superficies of the Cylinder, 
will be ſixfold of the Baſe M I, which is equal 
to the greateſt Circle of the Sphere. But the 
Superficies of the Sphere is fourfold of that 
greateſt Circle. Therefore the whole Superfi- 


cies of the Cylinder G K is to the Superficies of 


n Which 
was the other Part. | 
Therefore a Cylinder is both in Solidity and 


the whole Superficies to the about which 
it is circumſcrib'd, as 3 to 2. Q. E. D. 


Scholium. 


T is an Argument what a great Value Arcbi- 

medes puts upon this Theorem, that he 
would have a Sphere inſcrib'd in a Cylinder ſet 
upon his Tomb. And perhaps, amongſt fo 
many other famous Diſcoveries, this chiefly 
and above all others pleas'd him, for this Rea- 
ſon, to wit, becauſe there was one and the ſame 
rational Proportion both of Bodies, and of the 
Surfaces which contain them. We have de- 
monſtrated a like Identity of Affections betwixt 
Rings, and the Surfaces of Rings, in the 4th 
Book of our Cylindrics and Annularies, Prop. 13, 
I4, 
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14, 15. And another famous Example of the 
fame hath alſo offer'd irſelf to me in the Sphere 
itfelf. For I have found, that like as a Sphere 
is to a right Cylinder which encompaſſeth it 
(which will neceſſarily be equilateral) as 2 is to 
3, and this both in reſpect of Solidity and Sur- 
— un — 1 os — 

ng it, rtion 
which 4 hath to 93 2 of 
Solidity and Superficies. From which this alſo 
follows, That the ſeſquialteral Proportion found 
by Archimedes in the Sphere and Cylinder is 
continued in three Solids, Sphere, Cylinder, 
and equilateral Cone. The Demonſtration of 
both which things, with ſome other Theorems 
of my own, in which the wonderful Nature of 
the Sphere will more appear, I ſhall ſubjoin in 
the thirteen following Propoſitions. 


PROP. XXXII, Theorem. 


to the Superficies of a ſquare Cylinder 
mnſcrib'd in the ſame Sphere. 


Let A KL be the Square inſcrib'd in the 
greateſt Circle of a Sphere, from which turned 
round there is deſcribed a ſquare Cylinder; and 
let A L be drawn as a Diameter common to the 
Cylinder and Sphere. Becauſe the Square A L 
is (by 47. L. 1.) equal to the equal Squares 
AK, K L, it will be double to one AK. 
Therefore alſo the Circle of the Diameter A L 
is (by 2. J. 12.) double to the Circle, whoſe 
Diameter is AK; to wit, to the Circle C N. 
But the Superficies of the Sphere is (by 24 of 
this) fourfold to the c. whoſe Diameter is 


AL; 


55 


HE Super ficies of a Sphere is double Fig. 26. 


IK K A (by the Hypotheſis) are 
cylindrical Superficies A C L is (by 
12. of this) of the Circle C N. 
fore, ſince the Superficies of the Sphere is ei 
fold of the fame Circle, it will be double to 


cylindrical Superficies. : E. D. 
PROP. XXXIV. Theorem. 


HE Superficies of a Sphere hath that 

Proportion to the whole Superficies of 
a ſquare Cylinder inſerib'd in it, which 4 
bath to 3. 


Let the ſame things be ſuppogd which were 
in the 


foregoing Demonſtration. Becauſe by 

LK, the Side of the Cylinder, 
and A K, the Diameter of the Baſe thereof, are 
equal, the cylindrical Superficies CL. will be 


be bo oo, ok ot pon 
1s to both Baſes 
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Corollary. 


HE whole of a right Cylin- 
— lateral A Bog 

an ylinder in- 
ſcrib'd, as 2 is to 1. 2 circumſcrib'd is 
to the ſpheric cies as 12 is to 8 (by 32 
of this.) But the ic is to the inſcrib'd as 8 
is to 6 by this tion. Therefore 
the circumſcrib'd is to the inſcrib'd, as 12 is to 
6, or 2 to 1. 


PROP. XXXV. Theorem. 
cal Su 


Portion of 


Proportion to the Superficies of the greateſt 
znſcribed Cone, which (B G) the Side of the 


Cone bath to (G O) the Radius of the Baſe. 


Becauſe (by 25. of this) the Superficies of the 
Portion ILBG is equal to the Circle of the 
Radius BG; the Proportion thereof to QT, 
that is, to the Baſe of itſelf and of the Cone, 
will be duplicate to the Proportion ( by 2. /. 12.) 
of BG to GO; that is (by 14. of this) of the 
P of the conical Superficies I BG to 
the ſame Baſe QT. Therefore it is manifeſt 
(by Def. 10. J. 5.) that the Superſicies I LB G 
is to the conical Superficies I B G, as the fame 
conical Superficies IBG is to the Bale QT. 
Wherefore, ſeeing the conical Superficies IB G 
is to the Baſe QT, as BG (by 14. of this) is 
to G O, the Superficies of the Portion will alſo 
be to the conical Superficies I B G infcrib'd in 
it, as B G is to GO. 2. E. D 

PROP. 


perficres Fig. 26, or 
whatever (as IL BG) hath the ſame ** 
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Fig. 24. 


Fig. 6. J 4. 
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PROP. XXXVI. Theorem. 


HE Superficies of the Hemiſpbere 


(EOBD) hath that Proportion to 


(EBD) the Super ficies of the greateſt right 
inſcribed Cone, which in a Square the Dia- 
meter kath to a Side; and that P Tian to 


the Superficies of a like Cone circum as 


the Side in a Square hath to the Diameter. 


I. The Demonſtration of the firſt Part is 
manifeſt from the ing. 
Su perficies of any Portion whatever, and conſe- 
A is to the conical Su- 
cies inſcribd, as BD is to DA. But 
ADK isa whoſe Diameter is BD 
and the Side D A. 


Let EBC be Half of the 
circumſcrib'd about the Circle ( whoſe Centre is 
A); which E BC being turn'd about the Axis 
4th 2 TO CR ID JIIO'S 6 Sas 
ircumſcribed the Hemi . Now, 
. I. 1.) double 
the Circle of the 
1 ) 1 L 323.) ble to 
the Circle whoſe Diameter is GI, that is, to 
the Circle HG DI. But (by 24. of this) the 
Superficies of the Hemiſphere included in the 
Cone EBC is double to the ſame Circle. There- 
fore the Circle of the Diameter E C is equal to 
the hemiſpherical Surface. Wherefore, ſeeing 
the conical Superficies EBC is ( by 14. of this) 
to the Circle of the Diameter E C, to wit, to 
its own Baſe, as the Side abbr, > 
ius 


For EOBD che 
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Radius of the Baſe, it will be alſo to the he- 
— Superficies inſcribed in it, as BE is 
A; that is, as the Diameter in a Square is 
8 2. E. D. 


PROP. XXXVII. Theorem. 


Sphere hath the ſame Proportion to @ The fame 


conical Rhombus circumferibed Figure 
about it both in reſpect of Solidity and Sur- Pig. 


face, which in a Square the Side bath to the |. 5. 
Diameter. 


Let the EB CF be circumſcrib'd a- 
bout HG DI, the greateſt Circle of a Sphere; 
from which Square, as turn'd round about the 
Axis BF, let a conical Rhombus encompaſſing 
the Sphere be produc d. 

As EB a Side of the Square (fee Fig. 6.1. 4.) 
is to the Diameter E C, even ſo let S be made 
to R; (fee Fg. 13. L. 5.) and let this 
tion be continued t four Terms, 8, R. 
Q O; the then of S to O will be 
triplicate to the ion of S to R; that is, 
of EB to EC; and the P ion of O to R 
will be duplicate to the Proportion of O to 
or of R to S; that is, of EC to EB; 
conſequently (by 20. J. 6.) O is to R, as the 
Square of E. C is 7 E B; from whence (by 
Schol. Pr. 6 and 7. J. 4.) O is double to R. 
Theſe things being * ſettled, let the Sphere 
EB CF be underſtood to be circumſcribed a- 
bout the conical Rhombus. Thus the Sphere 
H G DI will be to the Sphere EB CF (by 18. 
J. 12.) in the triplicate Proportion of the Dia- 
meter GI or E B to the Diameter EC; that is 

(as 
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(as I have already ſhew'd) it will be as S to O. 
But the Sphere EB CF is to the conical Rhom- 
bus inſcribed in it (by 30. of this) as 2 is to 13 
„ e 
Therefore, by Equality Proportion, the 
HG DI is to the ſame Rhombus, which 
is deſcribed about it, as Sis to R; that is, as 
in a Square the Side E B is to the Diameter E C. 
Which was the firſt Part. Then, from the ſe- 
cond Part of the foregoing, it appears that the 
Superficies of the Hemiſphere is to the Superfi- 
Saperfcis of the whole Iphere i ws e 
S cies is to the 

ficies of the whole Rhombus EB C F, as in a 
Square the Side is to the Diameter. Therefore 
the Sphere, as well in Solidity as in Superficies, 
is to the ſquare Rhombus EBC F, as in a 
Square the Side is to the Diameter. 2. E. D. 


PROP. XXXVII. Theorem. 


HE Superficies of the Portion (B G 
K D) which contains an equilateral 
Cone (BK D) 7s double to the Superficies of 
the ſame Cone. 


This is manifeſt from 35. For the Superfi- 
cies of the Portion B GK D is to the inſcrib'd 
conic Superficies (by 35. of this) as BK is to 
B A. But, becauſe the Cone B K D is ſuppos'd 
to be equilateral, K B is equal to B D, and con- 
ſequently double to B A. Therefore the Super- 
ficies BGKD is alſo double to the inſcribed 
conical Superficies. Q: E. D. 


PROP. 
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PROP. XXXIX. Theorem. 


whole Superficies of an equilateral 
Cone inſcribed in it, as 16 18 to 9. 


Let Z be the Centre of the Sphere, and BK D 
the equilateral Cone inſcribed, and K Z A O the 
Axis common to the S and Cone. If the 
Sphere and Cone be cut through this, there 
will be produced in the Sphere the greateſt 
Circle, and in the Cone the equilateral Triangle 
Side whereof will be the Diameter 


G. BAK 3 l. AF will be a 

Therefore the Square of B A is 
ro the Rectangle K A O (Coral. 1. Pr. 17. 
becauſe the Side of the ys 


— O, the R will be 
AO (by 1. L. 6.) 


is — . $.) 1 of the 
Square of A O, the Square of the Radius Z O 
will be to the Square of the Radius B A, as 4 
is to 3. Therefore the Circle OB KD is alſo 
(by 2. J. 12.) to the Circle QT, as 4 is to 3. 
Therefore four Circles OB K D, that is (by 24 
of this) the whole ſpherical Superficies DG is 
to the Circle QT, as 16 is to 3. But (Carol. 1. 
Pr. 14. of this) the Superficies of the equilateral 
Cone BK is to the Circle QT, to wit, its own 
Baſe, as 2 is to 1, and conſequently the whole Su- 
perficies of the Cone * D, that is, including 

2 ts 
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HE Superſicies of a Sphere is to the Fig. 27: 


Fig. 28. 


ARCHIMEDES's Theorems, 
its Baſe, is to the Baſe, to wit, the Circle QT, as 
3 is to 1, or 9 to 3. Therefore, ſeeing ] have 
ſhew'd that the Superficies of a Sphere is to the 
ſame Circle as 16 1s to 3, the Superficies alfo of 
the Sphere DG will be to the whole | 
of the equilateral Cone as 16 is to 9. & E. D. 


Or otherwiſe thus : 


Ecauſe by Corol. 5. Prop. 15. J. 4. the 

Side BD of the equilateral Triangle cuts 
off a 4th Part of the Axis A O, the ſpherical 
Superficies BO D will be a 4th Part by 27 of 
this, and conſequently the Superficies BG DR 
three 4th Parts of the ies of the whole 
Sphere. Wherefore, if the whole 
be ſuppos'd to be 16, the Superficies BGKD 
will be 12. But (by the foregoing) the Super- 
ficies BGKD is double to the conical Super- 
ficies BKD, and tly is to it as 12 
to 6. Therefore the whole ies of the 
Sphere is to the conical BK D as 16 is to 6. 
Then, becauſe the Superficies of the Cone BE D 
(as being equilateral) is (by Corol. 1. Pr. 14. of 
this) double to the Baſe QT, it is manifeſt that 
the conical Superficies BK D (to wit, without 
the Baſe) is to the whole Superficies of the Cone 
as 2 is to 3; that is, as 6 to 9. Therefore, by 
Equality of Proportion, the whole : 
of the Sphere is to the whole ies of the 
equilateral Cone inſcrib'd, as 16 to 9. Q. E. D. 


PROP. XL. Theorem. 


HE Sufperficies of a 8 bears the 
Proportion to the whole Superficies of 
an equilateral Cone circumſcribd about it, 
that 4 doth to q. Ler 
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Let there be circumſcrib'd about the greateſt 
Circle of a BPM the equi Tri- 
angle DO F, by which, as turn'd round about 
the Axis O AB, let there be produc'd an equi- 
lateral Cone circumſcrib'd about the S 
And let there alſo be circumſcrib'd about the 
equilateral Triangle DOF the Circle NDLOF, 
which, as is manifeſt, is concentrical to the for- 
mer ; and let the Axis O AB be produc'd to 
N. Becauſe BN is a fourth Part of the Axis 
ON, as is manifeſt (from Coroll. 5. Pr. 15. 
J. 4.) ON is double to KB. Wherefore, the 
NP n betwixt Circles being duplicate ( by 

12.) of the Proportion of the Diameters, 
the Circle BP M will be to the Circle N DL 
OF, as 1 to 4. But it hath already been ſhew'd 
in the firſt foregoing Demonſtration, that the 
Circle NDLOF is to the Circle QT, the 
Baſe of the equilateral Cone inſcrib'd in the 
Sphere FL, as 4 is to 3. Therefore, by E- 
quality of Proportion, the Circle BPM is to 
the Circle QT, as 1 is to 3. But the whole 
Surface of the Cone DOF 1s ( by Cor. 1. Pr. 
14. of this) treble to QT. Therefore the 
whole Superficies of the Cone is ninefold of the 
Circle BPM. Wherefore, ſeeing the Superfi- 
cies of the Sphere T P is quadruple ( by 24. of 
this) of the ſame Circle BPM, the whole Su- 
perficies of the equilateral Cone DO F is to the 
Superficies of the Sphere to which it is circum- 
ſcrib'd, as 9 is to 4. Q,E.D. 


[Coroll. 1. From this Demonſtration it is ma- 


nifeſt, that the Axis BO of an equilateral Cone 
circumſcribd about a Sphere is one and an half 
of the Diameter of the Sphere E K, ar as 3 10 2. 


X 2 2. That 
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2. That QT the Baſe of the Cone DOF is al. 
fo one and an half of bath Baſes of the Cylinder 
circumſcribd about the ſame Sphere. For QT is 
to BPM as 3 te 1. Therefore QT is io BPM 
twice as 3 is 10 2. 

3. That the Super ficies of the Cone DO F is one 
and an half of the Super fictes of the equilateral 22 
linder circumſcribd about the ſame Sphere. 

per C. that * is double to QT, <obile this is quadruple to 
yol.1.p.14 BPM“. Therefore the conical Super ficies will be 
of this. to the Cylindrical, as twice 3 to four times 13 


26 & this. 7Þat is, as 6 to 4, or as 3 40 2.] 


PROP. XLI. Theorem. 


Fig. 28. HE whole Superficies of an equilate- 

ral Cone circumſcrib'd about a Sphere, 

is quadruple to the whole Superficies of a Cone 
inſcribed in the ſame Sphere. 


By the foregoing, the whole Superficies of 
the equilateral Cone DO F circumſcrib'd is to 
the Superficies of the Sphere, as 9 to 4; and 
the Superficies of the Sphere is to the whole Su- 
perficies of the inſcribed Cone SK T, as 16 to 
9 (by 39. of this.) Therefore, by Perturba- 
tion of Equality of Proportion, the whole Su- 
perficies of the circumſcribed equilateral Cone is 
to the whole Superficies of the equilateral inſcri- 
bed, as 16 is to 4, or as 4 to 1. Q E. D. 


PROP. XLII. Theorem. 


Sphere hath that Proportion to B K C, 
an equilateral Cone inſcribed in it, 
which 32 hath to . 


Fig. 25. 


Let 


through the common Axis O 


equilateral Triangle BK C. 
Plain being drawn through the Centre 
A perpendicular to O K, let the Hemiſphere 
FGKI be cut off, in which let the 
Cone FK I be underſtood to be inſcriocd. Now, 
becauſe (by Cor. 5. Pr. 15. J. 4.) the Side BC 
of the equilateral Triangle cuts off a fourth Part 
to 
2, that is, as 9 to 6. But the Baſe QT is to 
the Circle OF KI, that is, to the Bate ND, 
as 3 to 4, that is, as 6 to 8, as appears from 
what was demonſtrated Pr. 39. Wherefore, 
I Proportion of the Cone BK C to the 
FKI is (by Scbol. 2. Pr. 15. J. 12.) com- 
of the Proportion of the Altitude P K 
to the Altitude A K (that is, of the Proportion 
Proportion of the Baſe 
( that is, of the Pro- 
Cone BK C will be to 


9 g 

(by 30. of this) the Sphere C G is quadruple 
one FKI, the equilateral Cone BK C 

will be to the Sphere CG, as 9 to 32. Q. E. D. 


PROP. XLIII. Theorem. 


a Sphere, is erghtfold of an equilateral 
Cone inſcrib d in the ſame Sphere. 

Let SK T and DOF be the equilateral 
Cones inſcribꝰd and circumſcrib'd, and let OKB 
be the common Axis. Then let as well both 
the Cones as * 

ng 


the greateſt Circle OFKI, 


N equilateral Cone circumſcrib d about Fig. 28. 
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two equilateral Tri and the 
BPM. About the Triangle DO F likewiſe 
let there be underſtood to be deſcrib'd the Circle 
NDO F, but let the Axis O K B be uc'd 
unto N. Now, becauſe the Side DF of the 
Triangle doth (by Corel. 5. Pr. 15. 
1."4.) cut off NB the fourth Part of the Axis 
ON, it is manifeſt that O N is double to BK. 
In like manner, becauſe the Side 8 T of the 
other Triangle cuts off BC the fourth 
Part of the Axis BK, NO will be 

N 


the Axis; their Sections will be 
greateſt Circle 


BK is to CK; and by 
to B K, ſo is BO to CK. Bur 
to BK. Therefore BO is likewiſe 
CK. Therefore, becauſe of the Simili 
the Triangles, DOF, SKT, DF and 
ſo, to wit, the Diameters of the conical 
will (by 4. in a double Proportion 

twixt themſelves. Wherefore, ſeeing the Cones 
DO F, SKT, be like, and conſequently (by 
12. J. 12.) their is triplicate to the 
Proportion of the Diameters DF and ST; 
which is that of 2 to 1, the Cone DOF will 
be to the Cone SKTas8tor. 9. E. D. 


PROP. XLIV. Theorem. 


Sphere hath the ſame Proportion both 
A in reſpect of Solidity and Surface to 
the equilateral Cone DO F circumſerib'd 
about it, which 4 hath to 9. 


The Sphere TP is (by 42. of this) to the 
equilateral Cone 8 K T inſcribed in it, as 32 is 
to 9. But (by the foregoing) SK T the equi- 
lateral Cone inſcribed is to DOF the equilateral 

Cone 


ARCHIMEDES's Theorems. 
Cone circumſcribed as 1 is to 8, that is, 9 to 
Therefore, by Equality of Proportion, 


about it, as 4 is to 9. L. E. D. =. 


That therefore which Archimedes was ſurpriz'd 
at, in a and Cylinder encompaſſing it, 
we have allo now demonſtrated in a Sphere and 
an equilateral Cone encom to wit, that 
there is the ſame rational 10n of the So- 
lidities berwixt themſelves, which there is of the 
Surfaces. For, as he found that the Sphere is 
to the Cylinder, as well in Solidity as rfici 
as 2 to 3; ſo we have now taught, that the | 
Sphere is in reſpect both of Solidity and Surface 1 
to an equilateral Cone encompaſſing, as 4 to 9. <-> 

=. Gans, Gur te very” Progr, 3 
bour, s « very jon, 
to wit, the ſeſquialteral, which Archimedes ſhew'd 
to be betwixt the Sphere and Cylinder, is conti- 
nued by the equilateral Cone circumſcrib'd both 
in the Solidity and Superficies ; and fo we ſhall 
put an End to the preſent Work. 


PROP. XLV. Theorem. 


N equilateral Cone circumſerib'd about See the Fi- 
a Sphere, and a right Cylinder in fun pre- 
like manner circumſcrib d about the fame gu Trg. 
Sphere, and the ſame Sphere itſelf, continue die. 


the 


R ad N 


. - 
„„. 
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ane Proportion ; to wit, the ſeſquialte- 
el as well in refpett of the Salidity, as of 
be whole Super ficies. 


at 
AL w_m_ For, by 32. of this Book, the right Cylinder 
4 WE? GK cncompatting the 5 is to the 
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x [PROP. XVI 

AJ HE fame ſeſquialteral ; 
1 and Cylinder circumſcrib d about the ſame 
= Sphere, in reſpect of their whole Surfaces, 
dad imple Surfaces, their Solidities, Alti- 


This Propoſilion is manifeſt, as to the whole 
Surfaces and Solidities, from the foregoing ; as to 
the ſimple Surfaces, from Coroll. 3. Pr. 40. of 
this ; as to their Altitudes and Baſes, from Coroll. 
1 and 2. of the ſame 40th Propoſition.] 
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